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S ATEGS.

CHAPTER 1.

THE COMPOSITION AND EQUILIBRIUM OF FORCES ACTING UPON
A MATERIAL PARTICLE.

11. Wusx a single force acts upon a particle, it is clear,
from the meaning we attach to the term force, that the particle
cannot be at rest,

Experience shews us, however, that two forces may coun-
teract each other’s effects in producing motion. In such a
rase the forces, even though they originate from different
causes, are said to be equal; since they are measured by their
effects. Experience likewise shews us that three or more
forces may be in equilibrium with each other, if their directions
and magnitudes are properly adjusted. The object of the
Science of Statics is to determine the relations which must
exist among the forces, in magnitude, direction, and points of
application, that they may produce equilibrium when acting
on a body.

12.  Now any given number of forces acting upon a par-
ticle must either be in equilibrium, or else produce an effect
on the particle which some single but unknown force would
produce. For if the forces be not in equilibrium, the particle
will begin to move in some determinate curve line immediately
the particle is abandoned to the action of the forces. It is
clear, then, that a single force may be found of such a mag-
nitude, that if it act along the tangent at the commencement of
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the curve, and in a direction opposite to that in which the mo-
tion would take place, this force would prevent the motion,
and would consequently be in equilibrium with the other forces
which act upon the particle. If, then, we were to remove the
original forces, and replace them by a single force, equal in
magnitude to that described above, but acting in an opposite
direction, the particle would still remain at rest. This force,
which is equivalent in its effect to the combined effect of the
original forces, is called their resulfant, and the original forces
are called the components of the resultant.

13. It will be necessary, then, to begin by deducing
rules for the composition of forces ; that is, for finding their
resultant force. After we have determined these, it will be an
:asy matter to deduce the analytical relations which forces in
equilibrium must satisfy, by equating the expression which
gives the magnitude of their resultant to zero.

Pror. 7o find the resultant of a given number of forces
acting upon a particle in the same straight line : and to find
the condition that they must satisfy, that they may be in equi-
librivm.

14. When two or more forces act ona particle in the
same direction, it is evident that the resulting force is equal to
their sum, and acts in the same direction.

When two forces act in opposite directions on a particle,
it is equally clear that their resultant force is equal to their
difference, and acts in the direction of the greater component.

When several forces act in different directions, but in the
same straight line, on a particle, the resultant of the forces
acting in one direction equals the sum of these forces, and acts
in the same direction: and so of the forces acting in the op-
posite direction. The resultant, therefore, of all the forces
equals the difference of these sums, and acts in the direction of
the greater.

If the forces acting in one direction are reckoned positive,
and those in the opposite direction negative, then their resultant
equals their algebraical sum; its sign determining the direc-

tion in which 1t acts.
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15. In order that the forces may be in equilibrium,
their resultant, and therefore their algebraical sum must equal
Zero.

>» " ) v .
Pror. To find the resultant of two forces acting upon
a particle not in the same straight line*.

16. Let P and Q represent the magnitudes of the two
forces: A the particle (fig. 1.), AP, AQ the directions in which

* The following proof of the Parallelogram of Forces given by M. Duchayla,
is well worthy of attention for the simplicity of its demonstration.

1. To find the direction of the resultant of two forces acting upon a point.

When the forces are equal, it is clear that the direction of the resultant will bisect
the angle between the directions of the forces : or, if we represent the forces in mag-
nitude and direction by two lines drawn from the point where they act, the diagonal
of the parallelogram described on these lines will be the direction of the resultant.

Let us assume that this is true for two unequal forces, p and m: and also for
p and n. We can prove that it must then necessarily be true for two forces, p and
m+ 1.

Let A4 (fig. 2.) be the point on which the forces p and m act, AB, AC their
directions and proportional to them in magnitude: complete the parallelogram B, and
draw the diagonal 4D : then by hypothesis, the resultant of p and m acts along AD.

Again, take CE in the same ratio to 4C that n bears to m. Since it is an ex-
perimental fact that the point of application of a force may be transferred to any point
of its direction, without disturbing the equilibrium, so long as the two points of appli-
cation are invariably connected, we may suppose the force » to act at 4 or C: and
therefore the forces p, m and n, in the lines AB, 4C, and CE are the same as p and
m+n in the lines AR and AE.

Now, replace p and m by their resultant, and transfer its point of application from
A to D: then resolve this force at D into two, parallel to 4B and AC ; these resolved
parts must evidently be p and m, p acting in the direction DF, and m in the direction
DG. Transfer these two forces, p to €' and m to G.

But by the hypothesis, p and » acting at € have a resultant in the direction CG;
let then p and » be replaced by their resultant, and transfer its point of application
to G. But m acts at G.

Hence by this process we have, without disturbing the equilibrium, removed the
forces p and m+n which acted at A4 to the point G.

Therefore the resultant of » and m+n acts in the direction of the diagonal 4G,
provided our hypothesis is correct.

But the hypothesis is correct for equal forces, as p, p, and therefore it is true for
fforces p, 2p; consequently for p, 3p, and so it is true for Ly 1o
| Hence it is true for p,7.p and p, 7. p, and consequently for 2p, r.p, and so
forth; and it is finally true for s.p and 7.p, r and & being positive integers.

We have still to shew that the Proposition is true for incommensurable forces.

Let AB, AC (fig. 3.) represent two such forces. Complete the parallelogram BC.
Then if their resultant do not act along A0, suppose it to act along AE ; draw EF

parallel to BD. Divide 4B into a number of equal portions, each less than DE;
mark
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the forces act: « the angle between these directions. Let R
represent the magnitude of the resultant, and suppose AR is
the direction in which it acts, this line being in the same plane
as AP, AQ, and lying between them: let 6 be the angle be-
tween AP and AR. Draw a line P,4Q: in the plane of the
forces through the point A, and perpendicular to AR.

Now let us imagine that P is the resultant of two forces
P, and P, acting in the directions AR, AP,; and that Q is the
resultant of two forces @, and Q,, acting in the directions AR

and 4Q,. Then (Art. 14.)

R=P +Q
} SR
and 0=P, — Q,

P, and P, are functions of P and 0: and Q, and Q, are similar
functions of Q and a—@. Since P, P,, P, are merely the
numerical ratios which the corresponding forces bear to the
unit of force, and since the relation they bear to one another
must manifestly be independent of the unit we choose to adopt,
the relation between P and P, must be of the form

s ]
—}-)1 = function of @ = f (0) suppose;
P,
and .. 7; =f (g— 9} 2
We have, then, to determine the form of f (6).

mark off from CD portions equal to these, and let G be the last division, this evi-
dently falls between D and F; draw GK parallel to AC. Then two forces repre-
sented by 4C, AG have a resultant in the direction 4K, because they are cominen-
surable : and this is nearer to 4G than the resultant of the forces represented by AC,
AB, which is absurd, since 4B is greater than AG.

In the same manner we may shew that every direction besides 4D leads to an
absurdity, and therefore the resultant must act along AC, whether the forces be com-
mensurable or incommensurable.

2. To find the magnitude of the resultant.

Let AB, AC be the directions of the given forces, 4D that of their resultant:
(fig- 4.) take AE opposite to AD, and of such a length as to represent the magnitude
of the resultant. Then the forces represented by 4B, AC, AE balance each other.
Complete the parallelogram BE.

Hence AC is in the same straight line with 4F: hence D isa parallelogram :
and therefore AE =FB=AD.

Or the resultant is represented in magnitude as well as in direction by the diagonal
of the parallelogram.
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We assume that a force can produce no effect in a direc-
tion perpendicular to its own direction.

This principle points out to us two general conditions
which P, and P, must fulfil; for since P can produce no
effect in a direction at right angles to its own, it follows that
the sum of the resolved parts of P, and P, in a dircction at
right angles to that of P must equal zero; and the sum of
their resolved parts in the direction of P must equal P

These conditions furnish the equations

J&=i

P f ( - 0) - P.f () =o,

R G 0)=P.
Chen, by putting for P, and P, their values Pf(6) and

P f (— - H}5 and dividing by P, we have the first equation
5 g b)

identical, and the second gives

(O +{r :’_T—H) Ml conlh 80 e
This is the equation which S (0) is to satisfy ; but it admits of
an infinite variety of solutions, and we assume (as the result of
experiments allows us) that P, bears a determinate ratio to P,
or f(0) has a determinate value, for every value of §. There
must consequently be some other conditions, arising from the
nature of the question, which £(#) must satisfy ; and which
are to be our guides in selecting the proper solution of the
equation just deduced.

The direct process would be, first to obtain the general
solution of our equation, and then to determine the values of
the arbitrary quantities involved in the general solution by the
particular values of £(0) for particular values of  given by
the nature of our problem. We may, however, reverse the
process, and first search for the particular values of f(6), and
use these as our guides in detecting the proper solution

B




10 STATICS.

Now the principle which has hitherto guided us—viz. that
a force produces no effect in a direction at right angles to its
own—furnishes us with new conditions which point out which
of the solutions of equation (2) is to be chosen.

For whenever the direction of P, is at right angles to the
direction of P, then P, =0 and P, =P or - P; and when-
ever the direction of P, is at right angles to that of P, then
P,=0and P,=Por — P as exhibited below ;

when 6= 0 , P, =0, IR oo fO); =1,
6= E, APl R P Ff (Z)r) e
B, - Pomils (ol =g s J4w) =5l
= ”‘Tﬁ, P, =0, P ==—F: ST (;) =0,
0=27, P, =0, P.=P; o fem) =1

and all these cases are (-mn]'n'isod in the formula

7 (n%) = COS (Hg) (B

n being an integer.

These equations (2) and (3) are the only conditions which
£(8) is to satisfy : and since, as we have observed, f(6) must,
from the nature of the question, have a determinate form, it
follows that there is only one form of (@) which satisfies both
equations (2) and (3)5 consequently if we can find ome, this
is the solution we are seeking.

Now equation (3) suggests £(0) =cosB; this fully satisfies
both (2) and (8), and 1s consequently the required solution.

Hence equations (1) become

R = PcosO + Qcos(a — 0)

0= Psind — Qsin(a—0)......(4);3
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adding the squares of these,
Al L SR Qleosar . b Lk

Equation (4) determines the direction of the resultant, and
(5) its magnitude.

17. 'These equations point out the following geometrical
construction, (fig. 1.)

Take 4B, AC in the ratio of P to Q, through B draw
BD parallel to 4C and cutting AR in D: join CD. Then
by 'J‘rigonc_nm-[,r‘\-,

sin 6

BD = 4R — =
sin (a = (‘))

Q
AB P by (4) = 4C

by the construction.

Hence BC is a parallelogram : and its diagonal is the
direction in which the resultant of P and Q acts.

Again, h_v Triguncmletr}',
AD? = 4B + AC* + 2 ABAC cos a.

Compare this with equation (5), and we see that the diagonal
represents the magnitude of the resultant on the same scale
that the sides of the parallelogram represent the forces P
and Q.

This Proposition is, in consequence of the property just
proved, called The Proposition of the Parallelogram of Forces.

8 Cor. 1. Any force acting on a particle may be re-
placed by two others, if the sides of a triangle, drawn parallel
to the directions of the forces, have the same relative propor-
tion that the forces have.

This is called the resolution of a force.

19. Cor.2. When three forces acting on a particle are
in equilibrium, tllcy are rcspuctively in the same proportion as
the sines of the angles included by the directions of the other

two.
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For if we refer to fig. 4, we have
P:Q:R: AB : AC (or BD) AD

sin ADB : sin BAD : sin ABD

sin CAE : sin BAE : sin BAC.

Three forces act wpon @ particle in directions
making right angles with cach other: requived to find the
magnitude and direction of their resullant.

Pror.

T

920. Let 4B, AC, AD represent the three forces X, ¥, Z
in magnitude and direction : fig. 5.

Complete the });11‘;1“(310;:1‘:1111 BC, and draw 4F: then AE
represents the resultant of X and Y in magnitude and direc-
tion, by Art. 17. Now the resultant of this force and Z,
which are represented by 4, AD, is represented in magnitude
and direction by 4F, the diagonal of the parallelogram DE.

Hence the resultant of XYZ is represented in magnitude
and direction by 4F.

Let R be the magnitude of the resultant, and abe the
angles the direction of R makes with those of XYZ

Then, since AF?® = AE* 4 AD*
= 113‘ =+ JI( f‘i -+ jl ])l":

RR= X + PP+ 7

Al AR X
Also, cos @ = L .
0, COS ¢ e
AC )
cos b =- =—,
Ar R
AD Z
e08 0 =
AF R

Whence the magnitude and direction of the resultant are de-
termined.
21. Cor. Any force R, the direction of which makes

the angles abe with three rectangular axes fixed in space,
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may be replaced by the three forces R cos a, I{ cos b, R cosc,
acting simultaneously on the particle on which R acts, and
having their directions parallel to the axes of co-ordinates re-
spectively.

Prov.  dny number of forces act upon a particle in any
directions : required to find the magnitude and direction of
their resultant.

22. Let PP, ...... be the forces, and aﬁﬂy, @i o e
the angles their directions make with three rectangular axes
drawn through the proposed point.

Then the component parts of P in the directions of the
axes are, by Art. 21,

Pcosa, Pcos3, P cos v
e X, Y 7, suppose.

Resolving each of the other forces in the same way, we
reduce the system to three forces, by adding those which act
in the same lines (Art. 14.), we thus have

P cos a + P, cos T e or 2.Pcosa or 2.
Pcos 3+ P,cos B3, + ......... or . P cos B or 2. X
and P cos oy + P cosvy + ......... or 2. Pcosy or 2.7,

acting in the directions of the axes of a, y and z.

The symbol ¥ indicates that we are to take the sum of all
the quantities in the system which are symmetrical with that
before which it is placed.

If we call the resultant R, and the angles which the di-
rection of B makes with the axes a, b, ¢, we have, by Art. 20.

Bi= (Z.X0 - @E.V4Lc. 28
; 2 R 52
and cos a = , cosb= sl GOS8 €=,
y 4 R s

to determine the resultant
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Pror. 7o find the conditions of equilibrium when any
number of forces act wpon a material particle.
93. When the forces are in equilibrium, we must have
] ’
R =05
C. X2+ E.YP+(2E-Z2)=0;

».X=0, S =0 L =

4

and these are the conditions among the forces, that they may be
in equilibrium. It follows, then, that if a material particle at
rest be acted on by forces whose intensities and directions
satisfy these three equations it will remain at rest.

These conditions may be expressed under another form :

and lead to a principle denominated the Principle of Virtual
Velocities.
Pror. 7o prove the Principle of Virtual Velocities when
forces acting on a particle are in equilibrivm.
24. Let ayx be the co-ordinates to the point of appli-
- * ) .
.ation of the forces, and @ +da, y+dy, v+ 0z the co-ordinates
to a point near the former. Draw perpendiculars from this
latter point upon the directions of the forces P, P,...and let
o7, 3-:"...bc the distances of these perpendiculars from the
point @yx: hence
Sr =dw.cosa + 0y .cos3 + d% .cosry
R N e ] e AL I
or, = dw . cos (i Sy - CO8 [5, + 0% . COSy,
If then we multiply the equations
3. Picosial=10,  E.PeosB=0, Z.Pcosty=0
by da, dy, é=, and add the equations, bearing in mind that
S@, dy, Oz are independent of the forces, and may therefore
be written inside the symbol Z, we have
S. P(dacosa + dycos B + dxcosy) = 0,

or 2. Pér =0,
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which proves the following }nmclp]c- That if any number
of forces acting upon a particle be i oqulhbruun, and the
point of app]lmtmn be moved oonmottlcttllv through any small
space, then the sum of the products of the forces and the spaces
described by the point of application relatively to the direc-
tions of the forces will vanish: these spaces bemn‘ reckoned
]m~.1t1w when drawn in the direction in which t]le force acts,
and vice versa.

This is termed the Py inciple of Virtual Velocities, since
the spaces above mentioned measure the relative veloc ity of the
geometric motion in the direction of the forces. We shall
see in the next Chapter that this Principle is true for any
system of forces.




CHAPTER IL

ACTING ON

THE COMPOSITION AND EQUILIBRIUM OF FORCEE

A RIGID BODY

25. A sorip or fluid body is conceived to be an aggre-
finitely small material particles or molecules,

gation of inde
by their mutual affinities. This ap-

which are held together
s to be a safe hypnthosis, since experiments shew that any
into successively smaller and smaller p()rtim;ﬁ
ce be exerted to overcome the

pet
body is divisible
without limit, if sufficient for
mutual action of the parts of the body.

26. By the term rigid we mean to express that the mole-
cules of the body are held together in an invariable form; so
that the intensity of the molecular forces is infinitely greater
than that of the other forces which act upon the body. Were
this mot the case, the figure of the body would depend upon
the forces which act upon it.

Now, in matter of fact, no body is ])erﬁ'cﬂy rigid; every
body }'iulds more or less to the forces by which it is acted on.
If, then, in any case this compre
we shall suppose that the body has assumed its figure
the points of :1]1])1icatinh of

gsibility is of a sensible mag-

nitude,
of equilibrium, and then consider
the forces as a system of invariable form.

We are quite unuc-qunintod at present with the laws

7.
a mass of matter act upon

according to which the molecules of
In consequence of this, we must look for some
will enable us to calculate the effect of forces
rigid body, without bringing the molecular

each other.
]:l‘inciplc which
acting upon a
forces into the caleulation.

And now we fall upon a case
different from anything we have yet met with. In considering

of the action of force totally
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its action on a single particle, the force was supposed to act
on the whole of the particle: but now we have to consider
the effect of forces acting on individual particles of an as-
semblage held rigidly together by their mutual affinities. The
force which acts upon any particle of the body must in some
way have its effect propagated through the whole system of
particles, in consequence of their invariable connexion. SLlndl'_v
experiments have led philosophers to the following principle ;
which, as will be seen, exactly answers our purpose.

28. When a force, acting in combination with others,
holds a solid body in equilibrium, the equilibrivm of the body
will not be disturbed if we transfer the point of application
of the force to any other point whatever in the line in which
the force is acting.

We shall commence with the simplest case of a rigid body
acted on by forces, and so ascend to the most general.

Pror. Two forces act upon a rigid body in the same
plane but not at the same point : required to find their re-
sultant.

29. Let 4, B (fig. 6.) be the points upon which the forces
£and @ act: 4P, BQ thelr directions- join 4B, and pro-
duce P4, QB to cut each other in C, and let af3 be the
angles which 4P and BQ make with 4R produced : then, by
Art. 28, we may suppose P and Q to act at C, the point C
being rigidly connected with 4B.

Take Ca, Cb along C'4, CB, in the ratio of P to Q: and
on these describe the parallelogram b, and draw the diagonal
Cd: and let it be produced to cut AR in D.

Then, by Art. 17, Cd represents the resultant of P and Q
in magnitude and direction: let R be the resultant: then
since

C&=Ca® + CV -~2Ca.Cb cos (a + B);

R'=P° 4 Q' 2 PQ cos (a + ),
this gives the magnitude of the resultant.

Let @ be the angle which the direction of B makes with
AB : then
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P Ogi (Call sin@Cdioiiisin DCB
(_J AT T sinaCd sin DCA
sin (3 + 0)
sin (0 — a)
sin 3 4 cos 3 tan 0
tan @ cos ¢ — Sin a
7

P ; ; i
. tan @ Scosa— —cos B! =sin o+ sina —,
14 (2 ! L) B (e

0 e oo
this determines the direction of the resultant.
Let AD=a: AB=a: then
d—w DR DB DC

gEeesain ) Sl Y
A sin (3 +0) sin a

sin 3 : :-‘.-11177(9 - a)

sina P }
“snpQ
@ Q sin 3

‘e Psina+Q Vsin'B’

this determines the point of application of the resultant.
a—a :
30. Cor. 1. From the value of —— we obtain
@

P (a- ) sin B

Q @ sin a

pcrpendiculur from D on Q's direction

perpendicular from I? on P’s direction

This shews us that if the point D be a fixed fulcrum, about
which the body can turn, then, in order that P and Q may
be in equilibrium about this fulerum, in which case their
resultant must pass through D, they must be inversely pro-
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portional in magnitude to the perpendiculars drawn from the IR,

-

fulerum on their directions.

31. Cor. 2. The product of a force and the distance of
its direction from a given point is called the moment of the force
with respect to the point. {

If through the point an awis be drawn at right angles to
the plane, passing through the point and the direction of the ’(
force, this product is called #he moment of the force with L
respect to the awis. "

Hence when P and Q, acting in the plane through D, are
in equilibrium about D, we learn by Cor. 1. that their moments
with respect to D, or the axis through D, must be equal and
Opposite.

If the two forces P and Q are parallel to each other, their
directions will not meet when produced : and therefore the
demonstration of the last article must not be received ; but, by

.

a simple artifice, we can easily remedy this dilTicult.y.

Prov. 7% find the resultant of two parallel forces acting '
in the same plane on a rigid body. [

32. Let P and Q be the forces; 4, B (fig. 7.) their points
of application: let P and Q act in the same direction, making
angles « with 4B. The state of equilibrium of the body will
not be altered if we apply two equal and opposite forces, each
equal to §, at the points 4, B, acting in the line AB.

Then P and & acting at 4, are equivalent to some force
P’ acting in some direction 4P : and Q@ and § acting at B,
are equivalent to some force Q' acting in some direction BQ’
inclined to A P.

Produce P'A, QB to cut each other in C, and draw CD
parallel to 4P and BQ, and cutting AB in D,

Transfer P’ and Q' to ¢, C being rigidly connected with
AB, and resolve them along C'D and parallel to 4B ; the latter
parts will be § and § acting in opposite directions, and the
sum of the former is Q + P.

Hence R, the resultant of P and Q, = Q+ P. Also since 9
the sides of the triangle 4CD are parallel to the directions of
the forces P, §, P': (see Art. 18.)
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P (GD
S D4’
Ehy: S DB
and similarly, -Q = (,'D;
P DB a-a
R )
if AB=a and 4D =a;
a Q
L Q+ ol e
& this determines the point of application of the resultant Q.
. /
33. If the force P act in a direction opposite to that of
! Q, (fig. 8.) a similar process will lead us to
. R=0-—F,
\
5 Q
' e Q=P

\ but these are included in the formulaz of last article by putting
R i (o) B
™S~ 34 We also observe that the formulae of Art. 29. com-
prehend those for parallel forces, although we thought it best
not to assume this. We must put 3=ao —a or 27 —a ac-
cording as P and Q act in the same or opposite directions.
» 35. If P=@Q in Art. 33., then R=0and @ = &, a re-
el sult perfectly nugatory. It shews us that two equal and op-
A posite parallel forces do not admit of a resultant, In fact the
o //~,/ addition of the forces §, S still gives, in this case, two equal
. Ve forces parallel and opposite in their directions.

Such a system of forces is called a Couple : the tendency
of a couple is to fwist the body upon which it acts.

We shall return to this subject, and investigate the laws
of the composition and resolution of couples; since to these
we shall hereafter reduce the composition and resolution of
forces of every description acting upon a rigid body. Pre-

vious to this, however, we proceed to determine the resultant
of any number of parallel forces.
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Pror. 7o find the resultant of any nwmber of parallel V4
Jorces acting wpon a rigid body.

=
S

36. Let the points of application of the forces be re-
ferred to a system of rectangular co-ordinate axes (fig. 9.)
MMy eeevennn. the pmnt\ of dpp]l(.ltlon D1Y1%1s BYo¥gs eavnn.
their co-ordinates . P, P, ...... the forces acting at these points,
those being reckoned positive which act in tho direction of P,
and those negative which act in the opposite direction. Jom
mym,: and take the point %, on m,m, such that

B,
Moy Ty = ————— . T M

PR

then n, is the point of application of the resultant of P, and P,,
that is, of P, + P,: see Arts. 32, 33.

Draw m,a, n,b, m.e perpendicular to the axis of @, and
1 sC PEL]
m, de parallel to the axis of @, cutting n,6, m,c in d and e.
Then, by similar triangles,

mn, md ab Ab-a
v et = — - :‘
mm, me ac «z.’g — @
])
A4b — 2y =— . (m, - @) 3
P, + P,

A4b, the abscissa to n,,

131‘1‘1 st 1,;"?‘::
P, + P,

Then, supposing P, and P, to be replaced by (P, + P,) acting
at n,, the abscissa to the point of apphmtmn of the resultant

of (B + P,), P,
A [’). Ab + P.{. 7

7‘-_(_p + 1)) +1) §
Py, + Py.ay+ Py,
])l F ]):.{ + ‘D::

Let B be the resultant of all the forces, and a, ;,r. > the

co-ordinates to its pnm! of .n}lp]u‘(mnn
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R=Z2.P,

S e
e
SR
iy ST SRR ot
Similarly # = ey G maee
: Bk S B

These determine the magnitude and point of application of the
resultant.

37. These co-ordinates are independent of the angle
which the directions of the forces make with the co-ordinate
axes. Hence if these directions be turned about the points of
application of the forces, at the same time preserving their pa-
rallelism, the point of application of the resultant will not move.

For this reason that point is called the centre of the
parallel forces.

38. A heavy body consists of an aggregation of material
particles, each of which, in consequence of the Earth’s at-
traction, tends towards the Earth’s centre.

The weight, then, of a body may be considered as the
resultant of the weights of the different elementary portions
of the body acting in parallel and vertical lines.

In this case the centre of parallel forces is termed #he
centre of gravity of the body. The obvious property of this
point is, that if it be fixed, the body will rest in any position ;
no forces but the body’s weight being supposed to act.

39. The expression P.x is denominated the moment of
the force P with respect to the plane y=. This must be care-
fully distinguished from the moment of a force with respect to
a point mentioned in Art. 3

In consequence of the above definition, the equations for
determining the position of the centre of parallel forces shew
that the sum of the moments of any number of parallel forces
with respect to any plane equals the moment of their resultant.

40. We shall now investigate the laws of composition
of couples, since we shall hereafter reduce to these the com-
position of forces of every description acting on a rigid body.

We have already (Art. 55.) mentioned that by a couple we
mean a system consisting of two equal parallel and opposite
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forces acting on a body not on the same point. This system
does not admit of a single resultant force, as we have shewn :
but two or more couples acting upon a body may be replaced
by a single couple: this we proceed to demonstrate, after
proving some of the properties of couples.

41. Dgerinitions. The arm of a couple is the distance
between the directions of its forces.

The moment of a couple is the product of the force at
either extremity and the arm: (see Art. 81).

The awis of a couple is a straight line perpendicular to
the plane of the couple and proportional in length to the mo-
ment.

Pror. The effect of a couple upon the equilibrium of a
body is not altered, if its arm be turned through any angle
about one ewtremity in the plane of the couple.

42. Let the plane of the paper be the plane of the couple
(fig- 10.) and 4B the arm: AR’ its new position : the forces
P, P, are equal, and act on the arm AB.

At 4 and B’ let the two pair of equal and opposite forces
P, P, P, P;, each = P, or P, be applied, acting perpendi-
cular to AB": this will not affect the equilibrium.

Let BP,, B'P, cut in C: join AC': AC manifestly bisects
the angle BAR'.

Now P, and P, are equivalent to some force in direction C4,
2 3
Piand P, .. e Taree L e e
.. Py P, Py P, are in equilibrium with each other ;

therefore the remaining forces P;, P; acting at B' 4 pro-
duce the same effect as P, and P, acting on 4B. Hence the
proposition is true.

Pror. The effect of a couple on the equilibrium of a
body is not altered if we transfer the couple to any plane
parallel to its own, the arm remaining parallel to itself.

43. See fig. 11. AB the arm: A'B' the new position
parallel to AB. Join 4B, A'B bisecting each other in G.
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At A' B’ apply two equal and opposite forces each = P,
or P,: and let these forces be P, P, P, P,: this will not alter

the effect of the couple.

But P, and P, are equivalent to 2 P acting at G in direction Ga
1 1 | 1 b L]

and P, and P; ...i-. R S LR T e o 7h.

Hence P, P, P, P, are in equilibrium with each other,
and may be removed ; therefore the remaining forces Py Py,
acting at 4’ and B produce the same effect as P, and P, acting
on AB.

Hence the proposition is true.

44. Cor. Combining these two propositions, we see that a
couple may be any how transferred so long as its plane remains
parallel to itself.

Pror. The effect of a couple on a body at rest will not
be altered if we replace it by another whose moment is the
same : the plane remaining the same, and the arms being in
the same line, and having a common extremity.

45. Let AB be the arm, (fig. 12.): P, P the forces: and
suppose P = Q + R: let AB = a: and make AC, a new arm,
= b: at Capply two equal and opposite forces @, Q: each = Q:
this will not alter the effect of the couple.

Now R at A and Q, at C will balance Q + R or P at B,
if AR : BC = Q, : R (Art. 82.),
orif AB : 4C :: Q, : @+ R= P,
oraaf Q..b=P.a,

we then have remaining the couple Q, Q. acting on the arm 4C.
Hence the couple P, P acting on AB, may be replaced
by the couple @, Q acting on 4C, if Q.b= P.a; thatis, if
their moments are the same.
Proe. To find the resultant of any number of couples

acting upon a body, the planes of the couples being parallel
to each other.

46. First suppose the couples all transferred to the
same plane (Art. 48.): next let them all be transferred so as
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to have their arms in the same straight line, and one extremity
common (Art. 42.): and lastly let them all be replaced by
others having the same arm (Art. 45).

4 R ey S i be the forces, and
@y whifie L A be their arms,
we shall have replaced them by the following forces, (sup-

posing « the length of the common arm)
@ b c .
' SRR A NS - e e MM e acting on the arm q.
a a o k

Hence their resultant will be a couple whose force

a b e

Vs S AR s R e and arm = q,
“ a [#]

or whose moment = P . g Qb e

Hence the moment of the resultant couple is equal to the
sum of the moments of the original couples.

If one of the couples, as (8, §), act in a direction oppo-

site to the couple (P, P), then the force at each extremity of

the arm of the resultant couple will be

a b ¢ d
By Qo= Bl = e e

a o [} a
and the moment of the resultant couple will be
P.a+Q.b+R.c—8.d+

or the algebraical sum of the moments of the original couples ;
the moments of those couples which tend in the direction
opposite to the couple (P, P) being reckoned negative.

Prov. 7o find the resultant of two couples not acting
in the same plane.

47. Let the planes of the couples intersect in the line AB,
which is perpendicular to the plane of the paper (fig. 13.), and
let the couples be referred to the common arm 4B, and let
their forces, thus altered, be P and Q.

e % .

& e
j 0/..’&4

e —
e ———

Ihrortrr~ &4 Lo
QL2 Lbd

e ——— et et
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In the plane of the paper draw Aa, Ab perpendicular to
the planes of the couples (P, P) and (Q; Q): and equal in
length to their awes, (Art. 41).

Let R be the resultant of the forces P, Q at 4d; and P, Q
at B.

Since 4P, AQ are parallel to BP, BQ respectively, there-
fore AR is parallel to BR.

Hence the two couples are equivalent to the single couple
(R, R) acting on the arm 4B.

Draw Ae perpendicular to the plane of (R, R), and in
the same proportion to Aa. Ab that the moment of the couple

(R, R) has to those of (P, P), (Q, Q).
Then Ae is the awis of (R, ).

Now the three lines Ada, A¢c, Ab make the same angles with
each other that AP, AR, AQ make with each other ; also they
are in the same proportion in which
AB.P, AB.R, AB.Q are
or in which P, R, Q are.

But R is the resultant of P and Q ;
therefore e is the diagonal of the parallelogram on Aa, Ab
(see Art. 17).

Hence if two straight lines, having a common extremity,
represent the axes of two couples, that diagonal of the paral-
lelogram described on these lines, which passes through their
common extremity is equal in magnitude and direction to the

axis of the resultant couple.

Pror. 7o find the magnitude and position of the couple
which is the resultant of three couples which act in planes at

right angles to each other.

48. Let AB, AC, AD be the axes of the given couples,
(fig. 5). Complete the parallelogram CB : and draw AE the
diagonal. Then AE is the axis of the couple which is the
resultant of the two couples whose axes are ABAG.

Complete the parallelogram DE, and draw AF the dia-
gonal. Then 4F is the axis of the couple which is the re-
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sultant of the couples whose axes are AFE, 4D, or of those
whose axes are 4B, 4C, AD.

Now AF® = AE* + AD*
- AB* + AC*® + AD?,

Let G be the moment of the resultant couple, L, M, N those
of the given couples ;

G = L? + M? + N?;

and if X, u, v be the angles the axis of the resultant makes with
those of the components
AB L U4 N

=5 COSu = - COS p = — ,

4P 6 &’ G

COs ,\ =

49. Cor. Hence conversely any couple may be replaced
by three couples acting in planes at right angles to each other,
their moments being

Geos A, Geosu, Gcosy,

where G is the moment of the given couple, and A, u, v the
angles its axis makes with the axes of the three couples.

Proe.  To find the resultant of any number of forces
acting on a rigid body in the same plane.

50. Let the system be referred to any pair of rectangular
co-ordinate axes A, Ay in the given plane: (fig. 14).

Liet . Py i Py, . oo e the forkss:

EE e e the angles which their directions
make with the axis of .

Yy Y1y ByYss oo.... the co-ordinates to their points of

application.

Let B be the point of application of P: join BA : the
points B and 4 are rigidly connected. At 4 apply two equal
and opposite forces, each equal and parallel to P. This will
not affect the equilibrium Draw Ap perpendicular to PR

produced if necessary
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Hence P acting at B is replaced by P acting at 4, to-
gether with a couple (P, P) acting on the arm Ap, or a
couple whose moment = P. Ap, and tending to turn the body
from the axis of @ to the axis of y.

Now Ap = @ sin a — Y cOs a.
Hence the moment of the couple (P, P)
= P . (« sin a — y cos a).

The moments of those couples are reckoned positive that tend
to turn the body from the axis of @ to the axis of y: and
those negative that tend the other way.

The other forces may be similarly replaced.

Hence our system is reduced to the forces

7k S s R acting at 4

in directions parallel to those of the original forces; and the
couples whose moments are

P o sina —y cosa i,

P, {2, sin a; — 4, €os ay},

D . i g ) 4
P, S, sin a; — ¥, €OS az§,

acting in the plane of the paper.
Tet B be the resultant of the forces acting at A, a the
angle which R makes with the axis of #; G the moment of the

resultant couple: then, by Art. 22,

]
Y

R cos a . P cos a,

R sina=2.Psin a,

Il

and, by Art. 46, G=2.P (v sin a — 4 COS a),

and if P cos a =X, and Psina=1Y, these may be written
A U
3 1 < & T [\ 2 ‘ Al ==l
R:=(C. X)+ (2.Y), tana STX

nd G ~§ :‘ v X _F,i';-
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51. Let the arm of the resultant couple be turned in the
plane of the forces and about its extremity 4, till it is per-
pendicular to the direction of B. Art. 42 (fig. 15).

Let AR be the direction of BR: 4B = a, the arm of the

resultant couple, and, consequently, ~ the force at each ex-
a
tremivy : let this = R’

Hence the forces are all reduced to a force R+ R' acting
at 4 in the direction 4R, and R’ acting at B in the direction
BR', parallel to AR. The resultant of these is R, acting at a
point C' in the direction CR parallel to AR, the distance AC

; il e
being = 7 4B (by Art. 32.) = —.

R

Wherefore the resultant of all the forces e (s
force R acting in the straicht line whose equation is
y+ AC cos @ = tan a (v — AC sin @),

which simplified becomes

AC
@ tan @ — y = — )
i Ccos @
or @ sina — ycos a = AC,
or . 2.Y-y.2. X= G,

the direction in which R acts will be determined by the sign of
tan a.

52. Cor. If it should happen that the forces are such
that R = 0, then we are left with the couple whose moment is
G, and there is not a single resultant force,

Proe. 7o find the conditions of equilibrium of any

number of forces acting on a rigid body in the same plane.

53. We have shewn in the last Prop. that the resultant
of any number of forces acting in the same plane on a rigid
body equals a force R acting about the origin of co-ordinates,
at a distance

G : : : :
= — where R? = (}...,\r)' S B T s
t

md G =3 VYo — Xyt
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Now when the forces are in v(;uilihrium their resultant

must vanish, therefore R =0; also G =0, since the distance

r A 4 . ik . Al w "
must be indeterminate and not infinite; for if 1t were 1n-

finite, then the resultant of the forces would be a couple:
see Art. 35.
Hence the conditions of equilibrium are
S X=0, Z.2=0,
: < s 2 e
and 2.3Y .24 - X .y; =0
These may be written

S i Pcosa=0, =.Pmnag=0;

0.

and 2. P(axsina —ycosa)

Pror. To find the two resultants of any number of
forces acting upon a rigid body in any directions.

54. Let the forces be referred to three rectangular axes
Az, Ay, Ax; and suppose PP,P,...ar¢ the forces, ayz,
2,9y %15 BaYps...the co-ordinates to their points of application,
and afBry, aBivis ay 3,7 - -.the angles their directions make
with the axes: fig. 16.

Let m be the point of application of P, m P its direction
Ar=a, rn=y, nm=x: An in the plane @y, also ns parallel
to Aw.

Now P may be replaced by its three components

Pcosa, PcosB, Pcos~y, (or X, Y, Z suppose)
parallel to the axes, (Art. 21.)

Z produces the same effect if it be transferred to #n. Now
the equilibrium of the body will not be disturbed if we apply
at 4 and also at r two opposite forces, each equal and parallel
to Z. Then Z at m is equivalent to Z at A, and the two
couples of which the moments are Z.rn and Z.dr and the
axes coineide respectively with the co-ordinate axes of @ and .

Hence Z at m is replaced by Z at 4, and the two couples
7.y and — Z.a acting in the planes perpendicular to @ and ¥
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respectively : the moments of those couples which tend to turn
the body from the axis of @ to that of y about the axis of
from 4 to ¥ about @, and frmn & to @ about y, are reckoned
positive, and those in the opposite direction negative.
In the same manner we may substitute for ¥ and X
Wherefore the force P acting at m may be replaced by
X, Y, Z acting at 4 along the axes, together with the

couples

Z.y and - ¥Y.x in plane perpendicular to axis of a
T = 0 B Lo e B NS Y
Flwcand = Xyl L R SRR S ¥

or, by adding the moments of the couples acting in the same
pdm”ul planes (Art. 46.)
P is replaced by X, ¥, Z acting at 4 and the couples
whose moments are

Z.y~-Y.% in plane perpendicular to axis of z

i o A R R S e ek A
gy B e IR e Salr gl T

By a similar resolution of all the forces, we shall have
them replaced by the forces

R, i 2

acting at A along the axes: and the couples

2 1Z.y-Y.2l=L acting in the plane perpendicular to axis of 4
Boihe o) <M PR ST E s
BT -X.yla 0 GRS ks 0 vl LRI

Let R be the resultant of the forces acting at 4; a, b, ¢
the angles its direction makes with the axes of co- mdllmtv
then (Art. 22.)

" Rl 15, ) TR b T2
B = i3 X0 i3

Y e
€osa = ——, cosh= S
R
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Let G be the moment of the couple which is the resultant
of the three couples above mentioned ; A, m, v the angles its
axis makes with the axes of co-ordinates; then (Art. 48.)

G* = I? + M* + N?,

[4 Jf ;'\r
COSA=—, COSu=—, COSV=-7.
G G (G

55. We may still further reduce the forces in the fol-
lowing manner.

Let the plane of the couple be turned round its axis till
the projection of the direction of R on this plane is perpen-
dicular to the arm. Let a be the length of the arm chosen

; : ik Gl : N
arbitrarily. Then — is the force at each extremity. Also

a
let  be the angle between the directions of R and the axis
of G. Hence the whole force at 4 is =

W AR
N LT A
a”

a

where cos@ = cos @ cos A + cosb cos u + COSCCOS v -

‘

» - . . n

and the second force is —, acting at the other extremity ot
a

the arm.

These two forces cannot in general be reduced to a single
force, since their directions do not meet.

In one case, viz., when the directions of these two forces

imeet, they can be reduced to a single force.

Pror. 7o prove that G is the principal Moment of the
Forces.

56. The Principal Moment means the Moment of greatest
Magnitude.

The qumutitics L, M, N are the sums of the moments of
the forces with respect to the axes of @, y, x respectively

(Art. 31), and they are equivalent to L4+ M*: 4+ N? (= G);
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the moment of the forces with respect to an axis which makes

. . E M J\fr
angles with the axes whose cosines are oG
r r r

Now G, the resultant moment of the forces, must be in-
dependent of the directions of the axes of co-ordinates*: but
L, M, N depend upon these directions. But since I? + MF 4
N* = @, it shews that the greatest value of L is G, in which
case M =0 and N = o, (fonquuonlly (+ 1s the principal mo-
ment about the given centre,

57. The values of L, M, N in the general case (Art. 54.)
shew that the moment about an axis Hu‘;)ugh the given centre,
and making an angle ¢ with the axis of principal moments,
equals G cos P-

Pror. 7% Jind the locus of the centres which give the
least principal moments ; the magnitude of these moments and
the position of their awes.

58. Let 2,4,%, be the co-ordinates to a centre which gives
a minimum principal moment: let L, M, N, G, be the values of
LMNG at that point: then these are found by putting # — a,
Y=Y, % -z forwys in LMUNG;

Li=L —4,5.7 LR
Mi=M-%3.X +a3. Z,
No=MN - 3. B i

GP=L2+ M2+ N2

3

* We might prove this in the following manner :

Eebirs s i be the distances of the points of application of the forces P, b i
from the origin of co-ordinates : that is, from the centre of moments : /m ny Fminyi.....
the angles that », +/,...... make with the axes: also let CERY, (Br)) L represent
the angles between straight lines drawn through the origin parallel to the directions of
Pand P, of P and r, and so on. Then

L =3, P (cos m cos y—cosncos ), M=3.Pr(cosncos a—cosl oS ),
N =3. Pr (cos Z cos B — cos m cos )
- G*=L%+ M2+ N? (after reduetion)

’

= 2. P2 sin? (Pr) + 22, PP'r+' { cos (£ P') cos (r+')— cos (P+') cos ()b,
and this is independent of the directions of the axes of co-ordinates, though it does
depend on the situation of the centre of moments.

E
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—(L-yS.Z+23.V)+(M-»2. X+22.2)
+ (N-2,2. Y+, 2. X)>

When this is a minimum, its three partial differential coeffi-
cients with respect to @,y,%, must vanish : hence three equa-
tions which may easily be written in the form

Raoy=@2. X+3hZ.V+ 7 2.Z)E. X+ N2.Y - M. Z,
Ry =@Z.X+5Z.Y+32. %) .Y+ L3 .Z-NZ.X,
R =(2X+yZ2. Y+2.7) S.Z+M.X-LZ.Y.

If we multiply these respectively by =. X, 2. Y, and
S .7, we find an identical equation : which shews that these
three are equivalent to only two equations : and since they are
simple equations in @,#,%,, we learn that the centres of mini-
mum principul moments lie in a straight line, any two of the
above equations being the equations to this line.

It is evident that G, increases indefinitely with @,9,%,, and
therefore does not admit of a maximum value.

59. If we climinate the second terms of the above equa-
tions, they become of the ordinary form of equations to a line :
we have

(LE. X + MZ.Y + NE.Z)2-X

L-y2.Z+xZ. Y= -,

H 2

(LE-X MZ.}’%—N‘S. Z)Z. Y

M-z52. X+02.Z= - & .
R?

S. X+ M2.Y+NZ2.Z)2. X

N-ao.Y+y2.X= ( e e Dzt

60. The minimum ])rincipal moment 18

CUER X3 ME. X+ N2
(rl - —— -—*—P _—

i

61. Let a; 3, . be the angles which the axis of G, makes
with lines parallel to the co-ordinate axes: then

L. M, N,

— y COS YY) =5
G,

i G,

cos a, =
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and these become, by the above equations,

2. X 3 S 2.7

COS a; = - : COS ) = —— COS ryy, = —,

R Ly K R

which shew that the axes of all the minima principal moments
are parallel to each other, and to the direction of the resultant.

Pror. Required to find the condition among the forces
that they may have a single resuitant.

62. In order that this may be the case, it is clear that the
force B must be in the plane of the couple G. For then the
force resulting from the composition of B with one of the
forces of the couple will, when produced, meet the other force
of the couple, and, being compounded, will thus produce a
single resultant. Now this condition is satisfied when the angle
between R and the axis of G equals 90”: or when the cosine
of this angle equals zero: that is, when

COS @ Cos A + cos b cos M+ COS5 € CoOsv=0;
therefore the condition is that
EOL+E-VM+E.2)N_
R.G
or (Z. X)L+ (Z.Y)M+ (3. ZYN = o,
unless Z or G vanishes.

This is no condition when R = 0: that 15, when 2. X = 0,
2.Y=0, 2.Z =0, for the above equation is then identical.

In fact we then have only the couple G': which does not
admit of a single resultant.

Also this is no condition when G = 0, for then L = o,
M =0, N=o0, and the equation is again identical.

But in this case it is evident we have a single resultant R.

Pror. When the Jforees are reducible to a single resultant,
required the magnitude of this Jorce and the equations to the
line in which it acts.

63. 1In this case the force B is in the plane of the couple
of which the moment is
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Let the arm of the couple be turned about its extremity 4
(see fig. 15), and in the plane of the couple, till it is perpen-
dicular to the force R: and let 4B =a be the arm of the

g . G ]
couple: then the force of the couple (R') = —; and the single
a

resultant equals R acting at C' in the direction C'R parallel to

AR, C being in BA, produced and determined by the equation
ST G

AC =— AB = - .
R R

64. We must now find the equations to the line in which
this resultant acts.

Let @, 1, %, be the co-ordinates to some point in this line;
then, transferring the origin to this point, it is clear that the
body must have no tendency to revolve about the origin.

Therefore the new values of L M N when we put 2, +&;

Y1+ ¢, =+ for ays must =03
0==.P.5(y, +y).cosy— (s +7) cos B%,
or 0=L+32. Z-52.F seeveiiannen (1).
Similarly,

e M+ 2.2, Xy B el aevvererns (3

0=N+22.V—yZ. X . eeeeeeenn (3).

These three equations are equivalent to only two: for if we
eliminate #, from (1) and (2), we have

0o LS. s Ay Sl ST S AR
But IZ. X+ M2 YL N2.Z=0, by Art. 62 ;
S0 =N oy Ee —i RS

and therefore equation (3) is a necessary consequence of (1)
and (2) : wherefore any two of equations (1), (2), (3) are the
equations to the line in which the single resultant acts.

Pror. 7o find the conditions of equilibrium of any

number of forces acting wpon rigid body in any directions.
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65. We have shewn that the forces are in the general
case reducible to two acting in different planes. These forces,
then, must each vanish when there is equilibrium.

Hence (Art. 55.)

G\’ 2RG .
+ (—) + sin@ = o,

a a

G
and — =0, a being arbitrary ;

K*=0, and G* =0, or
E.X)Y+C.Y)P+3E.2)?=0and L*+ M? + N* = a,
and these lead to the six conditions
Do X=0, Z.¥=0, B.Z=0,

05 BNy = Za)=0, Z.(¥o - X)) =0,

2.(Zy-Yz)
These may be thus written :
Z.Pcosa=0, Z.PcosfB=0, Z=. Pcosry =0,
Z.P(ycosy —zcosB) =0, =.P(xcosa—axcos v) =0,
Z.P(wcos 3 —ycosa) = 0.

66. If we derive the conditions of equilibrium from the
case where the forces admit of a single resultant, we shall
arrive at the same conclusion. For we must have the force

.
R =0, and also the distance — at which it acts must be
R
arbitrary and not necessarily infinite: hence also G =0, and
the conclusions are the same as before*.

* We have remarked in Art. 25, that the property of the divisibility of matter,
leads us to the supposition that every body consists of an assemblage of material par-
ticles, or molecules, which are held together by their mutual attraction. Now we are
totally unacquainted with the natare of these molecular forces : if, however, we assume
the two hypotheses, that the action of any two molecules on each other is the same, and
also that it acts in the line joining their centres, two suppositions which appear to be
perfectly legitimate, then we shall be able to deduce the conditions of equilibrium of a
rigid body from those of a single particle.

Pror. To find the conditions of equilibrivm of a rigid body from those of a

single molecule.

Liet
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Pror. To find the conditions of equilibrium of forces
acting upon a rigid body when one point is fived.

67. Let the fixed point be taken as the origin of co-

ordinates.

Let the body be referred to three rectangular co-ordinate axes : and let 2yz be the
co-ordinates to one of its constituent particles: X% the sums of the resolved parts
parallel to the axes of the forces which act upon this particle, neglecting the molecular
forces: P, P’ ... the molecular forces acting on this particle; «fy, &'y .. the
angles their respective directions make with the three axes of co-ordinates.

Then we may suppose the rest of the body to be removed, and this particle held in

equilibrium by the above forces. Hence by Art. 23.

X4 Pcosad P eosa £ oooeeeiiiiniiiiinnin = 0
Y4+ PcosB+ Peosf + ccoonnimnerrnnnnireaiaiiinienees = {1 2 . A(a).
Zg Peosy+ P eosy 4+ coovniniiiniinieinsn, =0

We shall have a similar system of equations for each particle in the body : if there
be n particles, we shall have 3n equations. These 3n equations will be connected one
with another, since any molecular force which enters into one system of equations must
enter into a second system ; this is in consequence of the mutual action of the molecules.

There are two considerations which will enable us to deduce from these 37 equa-
tions, siz equations of condition, independent of the molecular forces. These will be
the equations which the other forces must satisfy, in order that the equilibrium may be
established.

The first consideration is this, that the molecular actions are muiual; and that,
consequently, if P cos « represent the resolved part parallel to the axis of x of any one
of the molecular forces involved in the 3% equations, we shall likewise meet with the
term — P cos a in another of those equations which have reference to the axis of 2.
Consequently, if we add all those equations together which have reference to the same
axis, we have the three following equations of condition independent of the molecular
forces

=.X=0, X =0, T .&=0.

The second consideration is this :—that the straight lines joining the different parti-
cles are the directions in which the molecular forces act.

Thus let P be the molecular action between the particles whose co-ordinates are
(zyz) and (2,9, %))

P cos a, P cos B3, P cos vy,

— Pcos a, — P cos f3, — P cosy,

the corresponding resolved parts of P for the two particles.
"\1 — &

Then cosa=———

v (.'l 1

(.";’\ _.’1').
A _?1’1;7-3;‘
V(v — a2+ (3 —¥)° + (= -

cos B =

o8y =

v (_'r, “‘I')" 1 (:;fl 7?")! i

I'hest
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Now the action of the forces on the body will produce
a pressure on the fixed point, and this will act in some definite
direction.

Let X'Y'Z’ be the resolved parts of this pressure parallel
to the axes.

If then we consider the forces — X', — ¥, — Z’' in con-
nexion with the given forces, we may suppose the body to be
free, and the equations of equilibrium give

2 X=X =20, 2. PV =0 B ey,

2

L=0, M=0, N=0.

These enable us to obtain three more equations free from molecular forces: for if
we multiply the first and second of equations («) by % and @ respectively, and then
subtract them, we have

Y& — Xy + cverivn +Pi{acosf—ycosal + ... =0,
and by the same process, we obtain from the system of equations which refer to the
particle (2, y,2,),
Vie,— X+ oooocc. — P{@ycos B —y, cosa Y =0.
But the values of cosa and cos@, given above, lead to the condition
(@) —@)cos B — (9, — y)cos a = 0.
Wherefore the equation
Yoo = XYk o ‘{
+ V.8 =Xt + e
will not involve P, the molecular action between the particles whose co-ordinates are
vy z and x, ¥, =, respectively.

It follows readily from what we have shewn, that if we form all the equations

Yooy — X
Y,

and add them to those above, we shall have a final equation
6 P Uy
independent of the molecular forces.
In like manner we should obtain
2. (X.2-Z.2)=0,
2. (Z.y—-Y.=z)=0.

These six equations are the only conditions which can be obtained independent of
the molecular forces : they must he satisfied by the forces which hold in equilibrium
the assemblage of molecules, whaiever be the laws of their molecular action.

Now in the case of a rigid body, the molecular forces are supposed to be themselves
in equilibrium independently of the extraneous forces ; hence the above six equations

express the conditions of equilibrium of a rigid body.
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The first three equations give the resolved parts of the
pressure on the fixed point: and the last three are the only
conditions to be satisfied by the given forces.

Proe. 7o find the conditions of equilibrium of a body
which has two points in it fived.

68. Let the axis of ¥ pass through the two fixed points:
and let the distances of the points from the origin be & and &".
Also let X'¥V'Z', X"Y"Z" be the resolved parts of the pres-
sures on these points.

Then, as in the last Prop. the equations of equilibrium
will be
Boar L Vo0 B Y Ve 0 Ll - B0,

L=V, o ¥ om0, MEX.%¢X 5 =0,
N =0,

The first, second, fourth and fifth of these equations will
determine X’ X"Y'Y": and the third equation gives Z’+ Z,
shewing that the pressures on the fixed points in the direction
of the line joining them are indeterminate, being connected
by one equation only.

The last is the only condition of equilibrium, viz. N =0.

Pror. 7o find the conditions of equilibrium of a rigid
body resting on a plane.

69. Let this plane be the plane of xy: and let #'y’ be
the co-ordinates to one of the points of contact, R’ the pressure
which the body exerts against the plane at that point. Then
the force — R’, and similar forces for the other points of con-
tact, taken in connection with the given forces ought to satisfy
the equations of equilibrium. ‘

Hence £.X=0, 2.¥=0, 2.Z-3Z.R =0,
LaB Ryeo, M-Z. Rt N=o

If only one point be in contact with the plane, then the
third equation gives the pressure, and we have five equations
of condition,
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2.X=0, 3.Y=0, L+¢S.Z=0,
M-2'2.Z=0, N=o.

If two points be in contact, then
Ry + ]i’”_?/” = -k, Rla PRz’ M,
; La" + My’ La — My
give R'= - —— "~ ',f s R'= ——— r'.}: »
ya' — a'y ya'-a'y
and the equations of condition are
I (.1,—" — }»’) + Jl[(_",i” + _i[’) 5

¢l roIr
Yo —ay

Z=00 B Ve e n .

o “

and N = 0.
If three points be in contact, then the pressures are deter-
mined from the equations
RyB+R"=3 7
Ry +R'y'+R"y" =- L
Ro+R'a" + R"2" = M
and the conditions of equilibrium are

e = (SN0 R T

e

If more than three points are in contact, then the pres-
sures are indeterminate, since they are connected by only three
equations : but the conditions of equilibrium are still

Z. X =0, Z'¥Y =01 Nl

did ¢ e




CHAPTER IIL

THE EQUILIBRIUM OF A SYSTEM OF RIGID BODIES.

70. Ix order to obtain the conditions of equilibrium of
two or more rigid bodies connected together in any way what-
ever, we must substitute unknown forces in the place of the
mutual actions at the points of connexion, and then write down
the equations of equilibrium of each body. These systems of
equations will be connected together, since a force depending on
the mutual actions of any two of the bodies must enter both the
systems of equations, which correspond to those bodies.

Pror. 7o find the conditions of equilibrium of a system
of bodies acted on by given forces.

71. Let any one of the bodies 4 be acted on by the
given forces X, Vs s ... at the points (2,4 %,); ......
also suppose that in consequence of the connexion of the system
that a mutual force P acts between the bodies 4 and B, making
angles o 3~y with the axes: and let @y, %, be its point of
application in 4, and 2,'y, %, the point of application in B.

Now if we suppose the force P to act on 4 and analogous
forces for all the other mutual actions arising from the con-
nexion of the system, the body 4 may be supposed to be in
equilibrium under the action of these forces and the forces
X,Y.Z, ...... Hence, by Art. 65,

P N Peosadt e =0, 2. it Pcos 3+ ....-- =0,
S.Z, +Pcosy+ .cooee =0,

3. (Z,y, - Yi#) + P (3 cos oy — % cos B) + iseses =0,
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L

2. (X% = Zy2) + P (3 cosa — @, cos R s swia =10,

L4

(Y@, = Xiy) + P(w/ cos B -y, cos @) + ...... =0

In the same manner for the body B,

2 = Ploos g L =0, Z.Y,~ Pecos Byl =0
2.2y~ Pcosey 4 ...... =0,

2.y, — Yox) — P (y,) cosy —2,) cos BYE e )

(X2 — Zyw)) — P (3, cosa — @, cos o 2 =

%
Ii

1/

2. (N, - Xoy,) - P (2, cos B~y cosa) + ...... =0.

If we add the second set of <-||1|.1t1<)ns to the first set, each to
each, we shall have six equations free from P: for P L\ldont[y
/anishes from the first three; and it enters the fourth in the
form P {(y," —y,) cos v = (2 —=)/) cos B} : and this va-
nishes when the bodies are in contact, because then ' =g
and 2" = z,/: also it vanishes when the bodies are not in con-
tact, bc cause then P must act in the line passing through the

points (x,'y," 2,"), (2, v, %,); and then, r being the lh.stanu
between these points,

reosy == -2, rcosfB=y - Ys 3
(n' — v.)) cos v — (%' — %)) cos 3 = 0.
and in the same way P disappears from the fifth and sixth
equations.

Hence the six final equations are free from P: and, by
adding together the equations referring to all the bodies, each
to each, we shall have finally

2 X =00) B0 S e
2:(2y - ¥o)=0, 3.(Xs—Za)=0.%. (Yo — Xy) =0,
free from all the mutual actions of the bodies of the system.
We might have been led to this conclusion by remembering
that the cqulhblmm of the system would not be disturbed lw
supposing the bodies, when at rest, to become united rigidly at

the points of mutual action, and so considering the system as
one rigid body
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Pror. To prove that the Principle of Virtual Velocities
is true of any system of forces which keep any material system
® in equilibrivm.
ﬁ-‘ 72. We shall first enunciate this Principle.

L}{ Suppose a material system is held in equilibrium by the
action of a system of forces: suppose the points of application
of the forces are geometrically moved through very small spaces
in a manner consistent with the connexion of the parts of the
system one with another. Suppose perpendiculars drawn from
the new positions of the points upon the directions of the forces
acting at the points in their positions of equilibrium. The
distances of any ])L‘:'pcn(lic11hzl‘ from the original point of appli-
cation of the corresponding force is called the virtwal velocity
of the point with respect to that force, and is estimated positive
or negative, according as the perpendicular falls on the side of
the point towards which the force acts or the opposite side:
then the Principle is this,

The algebraical sum of the products of each force of the
system and the corresponding virtual velocity vanishes.
——— 73. 1. Suppose the system consists of only one rigid body.
We must cause the different particles to describe small
spaces consistent ith their connection ; this will, in the case of
a rigid body, be as well accomplished by supposing the co-
ordinate axes to receive a slight alteration of position.
Suppose the axes to revolve round z through a small

angle 6: then
@, y, & become @ + 46, y-— 8. =
neglecting small quantities of the second and higher orders.
Next, suppose these new axes to revolve through a small
angle ¢ about the new axis of y: by these means the original
values @, ¥, ¥ become
(@+90) —2¢p, y—20, z+(@+ yo) ¢,
or @+ 40— ::(j), Y — x0, =+ @ -
Next, suppose the axes to revolve about the new axis of @,
through a small angle ,, and the co-ordinates become
@+y0—z¢, y—af+x, I+ @ =y,

omitting small quantities of the second and higher orders
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Lastly, let the origin be shifted to a point whose co-ordi-
] aQre 3. » :F Q o Q 3
nates are a, b, ¢: hence, if Jw, dy, d% be the total changes in
¥, Y, % produced by these changes of axes,
9

CL=a Ul —mh o5tk e Y

SJ} =h -+ 2l — )H R T N (2),

[
¥=c+ap—yyr....... i ()
Now multiply the equations of equilibrium
2A=0 B.F=0, 3. Z=0,
2 (Xy-FYao)=0, =.(Zx- Xz)=0, 2.(¥Yz—-Zy)=0,
by a, b, ¢, 6, ¢, \r respectively, and add ;

24X (a+y0-2p)+ Y (b+2y—00)+ Z (c +ap-yy)} =o0;

and, consequently,

2. {Xdw+ ¥y + Z3=) =o.
74. Let R be the force, of which XYZ are the compo-
nents : @, b, ¢ the angles which the direction of R makes with
the axes;

X=Rcosa, Y=Rcosb, Z=R cosc.

Also let s be the small geometric displacement of the point
of application of R, of which da, dy, d% are the resolved parts :
@, b, ¢’ the angles ds makes with the axes: then

I\ 2 D 2 ’
da =ds.cosa/, Sy =20s.cosb, Oz =Js.cosc;

g o 8 a
. Xéw + Yoy + Zdx = Rs (cos a cos a’
+ cos b cos b + cosecosc) = Ror

where dr is the resolved part of ds in the direction of R’s
action ; that is, the virtual velocity of the point (x y %) with
respect to R.

Hence . Rdr =0,

and the Principle of Virtual Velocities is true of a system of
forces holding a rigid body in equilibrium.
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75. II. Suppose the system consists of any number of
rigid bodies,

Let P be the mutual action of any two of the rigid bodies,
whether by contact or by any means of connexion whatever :
let a3~ be the angles which its direction makes with the
axes, and let @ y %, @’y & be the co-ordinates to the points
where the force P acts.

Now each of these bodies is in equilibrium under the action
of its own forces, together with the force P, and the mutual
actions it has with the other bodies of the system. Hence, by

the first case,

S.R3r + P(Swcosa + dycos B+ dxcosy) + ... =0...(1);3
also for the other body on which P acts,

S.R 8 — P (8« cos a + dy cos B + 8%’ cosy)+...=0...(2);

and P will not occur in any of the equations that have reference
to the other bodies.
Adding equations (1) and (2), will give
ci s “ oo o ?
S.R3r+3.R'& + P{(w — da’) cosa
r D
+ Oy — 8y) cos B + (8= — 8x) cosy} + ...... = 0.
Now in consequence of the geometric displacement of the
system, suppose the points (zyz) and (#'y’ %) describe the
o o . A 3
small spaces ¢ and 8#, making respectively with the axes the
angles m, m’, m" and n, n', n": hence

] [
of cosm’,

Il

gy 2 2 ’ 2
@ =otcosm, oY =otcosm, o

Q2

Il

oy [ ) W e a [ 7
Sa’ =8¢ cosn, &y =df cosn/, % =d¢ cosn”.

Hence (3o — 8a’) cosa + (8y — 8¢/) cos 3 + (8x — 02") cosy
= ¢ (cos m cos a + cos m’ cos [3 + cosm” cos 7y)
— 8¢ (cos n cos a + cos 7 cos (3 + cos n' cos ry)
= resolved part of ¢ — resolved part of ot in direction of P
= sum of virtual veloc. of the pnts. (vy=), (¢'y'&") with resp. to P

;. [\
=0op +op Sll]'ll)(]ﬁ(‘.
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Wherefore if we form the equations analogous to equations
(1) and (2) for all the bodies, and add them together, we shall
have, supposing = now to extend through the whole system,

S.Rér+3.P (@p + op’) =o0.
and the Principle of Virtual Velocities is still true.
I

76. Cogr. 1. If the force P be the mutual normal pres-
sure of two surfaces in contact, then by giving the system such
a geometric motion that these surfaces shall remain in contact,
we shall cause P to disappear from this equation, because then

2 Do
op + op = 0.

T Cag. 2, ' If the points (2y%) and (2'y's’) are con-
nected invariably, as for instance by an inextensible string,
then P disappears from the equation of Virtual Velocities, since

31: - 3:11' =0

Proe. When a system of rigid bodies is in equilibrium
under the action of no forces but their weights, mutual Jforees,
and pressures wpon smooth immoveable surfaces, then the
centre of gravity is in the lowest or highest position it can
possibly attain by moving the system consistently with the
connewion of its parts one with another.

78. For let the axis of + be taken vertical: and lot /e
P,,...be the vertical forces with which the different particles
tend downwards by reason of the attraction of the Earth:
) ¥...the vertical ordinates to their points of application, =

the vertical ordinate to the centre of gravity (see Art. 36.)

Now suppose the system to receive a slight displacement
of its parts consistent with their connexion, and let %, 0%,dx,...
be the vertical displacement of the points of application of
P, P, P;...(these are the virtual velocities of the points) ; and

75 = 1y
let z become z + 8=

<3
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Pids, + Podzy+ Pod®s + caneen
gl D :
1 + 2 1 9 e e

M, I)LS‘:{ st-:':: ¥ ])33:':; + oeeneen

 + Pe+ Py + ...

(=2
|

But by the principle of Virtual Velocities, the numerator
of this fraction vanishes when there is equilibrium ;

=0,

Qo
|

and = is a maximum or minimum: and the centre of gravity
is in its highest or lowest position.

Pror. To prove that when the centre of gravity has
its lowest position the equilibrium is stable, and when it
has its highest position the equilibrium is unstable,

79. When a system of bodies is in equilibrium and an
indefinitely small motion is given to the parts of the system
so as to disturb the state of rest, the equilibrium is said to be
stable or unstable according as the parts of the system do or
do not return to their original positions of rest.

Now suppose the pressures (mentioned in the last Prop.)
and the weight of the parts of the system are not in equili-
brium. We shall prove that the centre of gravity cannot
ascend, but must descend.

The resultant of the weights of the different parts of the
system passes through the centre of gravity of the system.
Let W be the weight of the whole system: and suppose the
centre of gravity would move in the direction GG, (fig. 17.) -
making an angle @ with the vertical drawn downwards from
G, if not prevented by a force P acting in the opposite
direction and combining with the pressures to preserve equi-
librium: GG, = a: then by Virtual Velocities,

W.acos@ — P.a=0;
P

cosf = fl_/;
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therefore cos® cannot he negative, or @ cannot lie between

T 3 i,
= and ik that is, G' cannot move upwards but must move
downwards when the system is not in equilibrium.

Now if the system be in equilibrium with its centre
of gravity as high as possible, any slicht disturbance must
bring it lower; and since, by what we have just proved, it
can never rise again, it follows that the equilibrium will be
unstable. But if the equilibrium be such that the centre of
gravity is in its lowest position, any disturbance must raise it
higher; and since when left to itself it must fall, it follows
that the centre of gravity will return to its former position, or
the equilibrium is stable.

80. We have in the foregoing part of this work deduced
the conditions of equilibrium of a material system from the
simplest principles, commencing with the equilibrium of a
single material particle: and we have from these conditions
proved the Principle of Virtual Velocities. But we might have
pursued an inverse course and commenced with proving the
Principle of Virtual Velocities, and thence deducing the con-
ditions of equilibrium of a material system.

Proe. To prove the Principle of Virtual Velocities
independently of the Parallelogram of Forces.

81l. The following is Lagrange’s Proof of this Principle.
Let us suppose that the forces are Py, Py, Py...and that they
are commensurable and in the proportion of the numbers
Wy Moy Myy.... let 4,, A, Ay,...(fig. 18.) be their points of
application: 4,a,, 4,a., Azas,... their directions.

Now imagine @, and &, to be two blocks consisting each of
7y wheels of equal size, the wheels in the same block turning
freely about the same axis: and let the centres of these blocks
be in the straight line A4,a, produced. Let @, be connected
with 4, by an inextensible string : and suppose b, is firmly
fixed to an immoveable bheam B,; and a,, b, connected by an
inextensible string passing round their wheels alternately, one
end of the string being attached to a fixed point M any where
in the plane of the first wheel of b, over which it passes; and

G
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the other end being carried (as represented in the figure) to
another system of blocks corresponding to the force P, each
block having =, wheels; and so on: and lastly, let the string
be passed over a simple wheel at C and be stretched by a
weight W hanging by it.

The string is imagined to be perfectly flexible, and the
wheels perfectly smooth: consequently the string will be
stretched uniformly throughout, with a tension equal to the
weight W. It is very evident, then, that since the wheels of
a, and b, are all equal, the portions of string connecting them
are parallel, and (they being 2n, in number) the tension of
Ay, equals the weight 2n, W ; in the same manner the tension
of A,a, is 2m, W3 and so on.

Consequently by this imaginary contrivance the weight W
produces forces at the points 4,4y .c..eenee in the directions
A A and in the proportion of 13 Jenee ; that 1s,
in the proportion of P, P, ......

But P, P, ...... are in equilibrium : and since the unit of
force may be any force, a system of forces inm the same propor-
tion as P\ P, ...... acting at the same points and in the same
directions as P, P; ...... will be in equilibrium.

Hence if we remove the forces P, P ...... and replace
them in the manner described above, W will be at rest: and
this will be the case of whatever magnitude W be, since by
increasing or diminishing W, the forces P, P; ...... are altered
so as to retain their proportion unchanged.

W herefore, however much we alter W, we cannot thereby
cause the moveable block (a,) of any of the systems (as ¢, b))
to move.

This shews that the relation of the magnitudes of the
forces P, P, ..., their directions, and puints of application is
such, that if we forcibly make the block @, , or any other block,
to approach or recede from the other block b, of the system by
an indefinitely small space, then the other moveable blocks will
so shift, that on the whole the length of string given off from
the blocks which approach will exactly equal the length of
string taken in by the blocks which separate. If this were not
the case, this indefinitely small displacement of the system
would give W an indefinitely small motion, and this would
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shew conversely, that it is possible to move W, which (as we
have proved) cannot be done, however much we alter W in
magnitude.

Hence, if dop, dp, ..... - be the spaces through which
@) @y ...... move in consequence of the indefinitely small dis-
placement, those being reckoned positive when the blocks ap-
proach, or string is given off, and the others negative. Then
72,8p, 5 7,0p,, will be the lengths of string given off or taken on
the wheels, according as they are positive or negative ;

ROD) + M8Ps + ciavesnnennd =0,
or Pdp, + Podp. e amran el g 0,
which is the Principle of Virtual Velocities.

82. The displacements dp,, dp, ...... must be taken
indefinitely small, otherwise the equilibrium will be sensibly
disturbed, and W will not remain at rest. In fact the
best way of representing the principle is this; that when any
part of the system is moved through a space less than any
assignable quantity, then W will move through a small space
which varies as the square or some higher power of the dis-
turbance, so that it vanishes in the limit.

Pror. 7% obtain the equations of equilibrium of a rigid
body from the Principle of Virtual Velocities.

83. By this principle we have =. Pdp=0. Let XVZ
be the resolved parts of P: and da, 8y, 8% the virtual velocities
of the point (#yx) with respect to P;

o 2. (Xdw + Yoy + Z3%) = o.
Now, by Art. 73, we must put

ow=a+yl — 2, dy=b+ gy —af, dx=c+ v =y,

in which a, b, ¢, 6, ¢, \r are arbitrary small quantities : hence
2. X165 . ¥ireS 7
2. (Ys - 2Zy) + P2 (Zo - Xz) + 03. (Xy - YVa)=o,
and because a, b, ¢, 6, ¢, \r are arbitrary,
2.X=0, 2.¥Y=0, Z.Z=o,

2.(Y=-2Zy)=0, =.(Za- Xx)=0, Z.(Xy- ¥a)=o,

which are the six equations of equilibrium deduced in Art. 65.




CHAPTER 1V.

CENTRE OF GRAVITY

84. It was shewn in Art. 37. that there is a point in
every body such that, if the particles of the body be acted on
by patallcl forces and this point be fixed, the body will rest
in whatever position it be placed.

85. Now the weight of a body may be considered as the
resultant of the weights of the different element: ary portions of
the body acting in pal.dhl and vertical lines. In this case the
point above de su]hml the centre of parallel forces, is called
the centre of gravity of the body. We intend to devote the
prese nt Chapter to the determin: ition of this point in bodies of
various forms.

86. We shall first give a few geometrical calculations of
the position of the centre of gravity.

Ex. 1. To find the centre of gravity of a triangular

figure of wuniform thickness and density.

Let ABC be one surface of the triangular figure : fig. 19.
Bisect AC in D; join BD: draw adc parallel to 4DC cutting
BD in d. 'Then by similar triangles

ad : AD :: Bd : BD
and de¢ : DC :: Bd : BD

ad : AD :: de : f)(,‘
but AD=DC: ... ad=dec.

Hence BD bisects every line parallel to the side AC: and
therefore each of these lines will balance on BD, and conse-
quently the whole triangle will balance on BD: and therefore
the centre of gravity must be in the line BD
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Bisect AR in E and join CE; let this ecut BD in F.
Then, as before, the centre of gravity must be in CE: but
it must be in BD: and therefore F is the centre of gravity.

Jomm DE.
Then .- 4D = DC and AE = EB:

DE is parallel to BC and B(C =2 . DE,

and by similar triangles
DF BF.
B

L - . DF = } BF;
DE 4
DF = 1 DB.

Hence tq find the centre of gravity of a triangle, bisect
any side, join the point of bisection with the opposite angle,
and the centre of gravity lies a third of the way up this line,

Kx. 2. [T Jind the centre of gravity of a pyramid on
a triangular base.

Let ABC be the base:; V the vertex: fig 20, bisect AC
in D; join BD, DV: take DF = 1. DB, then F is the centre
of gravity of ABC. Join FV: and draw abe parallel to ABC'
cutting VF in f: join bf; and produce it to meet DV in d.

Then by similar triangles, we casily see that ad=de: also

ﬁf‘ - L = df : but DF = ?'; BF

. df = L bf;

therefore f is the centre of gravity of the triangle abe: and
if we suppose the pyramid to be made up of an infinitely great
number ot‘infiniml}' thin triangular figures parallel to the base,
each - of these has its centre of gravity in VF. Hence the
centre of gravity of the pyramid is in VF.

Again, take DH = +DV: join HB cutting VF in G.
Then as before, the centre of gravity of the pyramid must
be in BH : but it is in VF': hence G, the point of intersection

of these lines, is the centre of gravity.
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Join FH: then FH is parallel to VB:

also .+ DF=3DB; .. FH= LVB:
FG
FH
s FG=LGV = L FV.

and

= KG but FH =1 VB;
IfB o

Hence the centre of gr;wity is found to be one-fourth of
the way up the line joining the centre of gravity of the base
with the vertex.

Ex. 8. To find the centre of gravity of any pyramid
having a plane base.

Divide the base into triangles: if any part of the base is
curvilinear, then suppose the curve to be divided into an
indefinitely great number of indefinitely short straight lines.
Join the vertex of the pyramid with the centres of gravity of
all the triangles, and also with all their angles. Draw a plane
parallel to the base at a distance from the base equal to one-
fourth of the distance of the vertex from the base: then this
plane cuts every line drawn from the vertex to the base in
parts, having the same ratio 3 : 1; and therefore the tri-
angular pyramids have their centres of gravity in this plane,
and therefore the whole pyramid has its centre of gravity in
this plane.

Again, join the vertex with the centre of gravity of the
base: then every section of the pyramid parallel to the base
will be similar to the base, and will have its centre of gravity
in this line. Hence the whole pyramid has its centre of gra-
vity in this line.

Wherefore the centre of gravity is one-fourth of the way
up the line joining the centre of gravity of the base with the
vertex.

Ex. 4. To find the centre of gravity of the frustrum
of a pyramid, formed by parallel planes.

Let ABC abe be the frustrum, fig. 20: G, g the centres
of gravity of the pyramids VABC, Vabe: it is clear that the
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centre of gravity of the frustrum must be in g G produced ;
at G’ suppose.

Let GF=u; Ff=c¢; AB=a, ab=5.

Now the smaller pyramid and the frustrum supposed to
act at their centres of gravity are in equilibrium about @ :
hence by Art. 32.

GG weight of smaller pyd.
(r';;- T weight of frustrum
vol. of small pyd. b
~ vol. of large—vol. of small pyd. Iy L
1 Ty 3 T T4 3¢
Gg=VG-Vg=3(VF - = a
Sse LSl
G =
4 o’ - b
AL T i a S d
Also GF =1VF= s (VE-VF ; by similar figures,
a@—b
c @
5 4 a=5 e

a-b g

. e[ a
FG = FG -GG = i { -

; ;EH }

¢ a*+ 2ab + 3b°

b @’ + ab + b
This is true of a frustrum of a pyramid on any base, & and
b being homologous sides in the two ends.

We proceed now to the analytical calculations.

Pror. To obtain formule Jor the calculation of the
co-ordinates of the centre of gravity of a body.

87. Let xy2 be the rectangular co-ordinates to an elemen.
tary parallelopiped of the body, the mass of the element being
dm: then if g be the constant ratio of the mass of a body to
its weight, gdm is the weight of this element: or the force with
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which it presses downwards in a vertical line: gdm.x is the
moment of this force with respect to the plane of yx (see
Art. 89.), and [.gadm is the sum of the moments of the forces
which the parts.of the body exert downwards in vertical lines:
also [gdm is the sum of the forces. Hence if 2 be that co-
rdinate of the centre of gravity of the body which is parallel
to the axis of @, (Art. 36.)

_  [.gwdm adm

= —— =

f-gdm ] .dm
iy s Sk il . f.zdm
H]ﬂl]l.’ll'l.\,', = "—r'}'j; 9§ ] "—f_— (—i—;‘, .

the limits of integration being determined by the form of the
body.

When the body is not bounded by continuous surfaces,
these formulee cannot be used, except in some particular cases,
as we shall see when we come to apply them to examples.
When these formulae will not apply we must divide the body
into distinct portions, of which the respective centres of gra-
vity can be calculated by the above formulze ; and must finally
find the centre of gravity of the whole body by considering
these constituent portions as condensed, each into its centre of
gravity, and so forming an assemblage of particles to which
the formulae of Art. 36. can be applied.

Ex. 1. A straight rod of uniform thickness and den-
{1 sity : (fig. 21.)

AB the rod: P, Q two transverse sections, AP = @,
PQ = da, M the mass of the whole rod and I its length:

do
then the mass of PQ = JIT;

Eud j:_" e T Y 7 i A
e R TS 3 divides out

»
da

|
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Ex. 2. 4 curved line of uniform density and thickness,
the curvature lying in one plane - (fig. 22.)

.

Let AP=s, PQ=ds;

ds dy®
the mass of PQ = M'T\ and ds = ’\/r + —'!ﬂltr,

o
@ and y being co-ordinates to P:

fads IR yds
.j-rl.\' = f(/.\'
between the proper limits.

The two following oxrunplvs are
applications of these formulsae.

¥x, 8

A quadrant of a circle: (fig. 23.)

b

Here 3* = a® — 4%, the centre B being origin: B4 axis of .

dy - ds (7

R e S el s
da \/r;"’ -2 da ‘\/!.'.3 - a*

the limiting values of 2 are 0 and AB =a;

R Lol
0 =

a 2a
= = =—=BH,
% T w
Jo - )
T \/{(“3 - &* Jida _2a HG
£ I adw ik da o !

& ;/_”' — a2 4 ;/}L:;:I“é

Ex. 4. The arc of a semi-cycloid : (fig. 23.)
r Yoo
The axis 4B being the axis of # and the vertex A the origin,

y=a vers.”) — + v/ 200 — o~
C a@
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dy 2a — @ ,\/B(Lfa: ds \/F_'a
= =5 SR = Tl

de ,\/ 2qx — & @ da &

the limits of @ are 0 and 4B or 2a,

2a
2a .,
f(, @ dm
2a
@ =—=AdH,
\/LJ(L 3
—dx
; 20 g , dy
Sty —do 2ty -2 [a? E da

e \/o;i
J’ a “dn

between the proper limits

(or’!) x—2 [2*/20 - wda R 40 _ o

T
(9] ,\/l)g‘ 3

Ex. 5. A curve line of double curvature.

dz? bei
“an ﬁdm, ay = being co-

In this case ds =

ordinates to the variable extremity of : this value of ds put
in z y = will give the required co-ordinates.

Ex. 6. Any portion of a heliz, or the curve of the thread
of a screw: (fig. 24.)

The equations are y = Nt —at, z=mnacos™!—;

dy - de —-na
e i) oL D
da ,\/a.'“ it da \/m'- _.

dif d#* o (4+7°)
det ' do* @ -

and the limits of # are @ and @5
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duw 2 a

.Jle‘fi‘ “—‘—-‘- 77-‘
'\/ a — a°

Ex. 7. A body of uniform thickness and density bounded / 7’?
s g ! / Y
by a plane curve and its ordinate. L/
. ("

Let the plane parallel to the plane faces of the body and
bisecting it be the plane of wy: the centre of gravity is evi-
dently in this plane: M the mass of the body, and A its area:
then the mass of an elementary portion of the area at the point

WA ] r : dady ;

P, of which the co-ordinates are ay, is M — =k and since
divides both numerator and denominator, the co-ordinates of the
centre of gravity become
~  [[edady _  ([ydady

&€

o R Yy = ~ 43
[dady ’ 4 [fdady
between proper limits. :
: A ; 2
We shall sometimes find it convenient to use polar co- A
ordinates : (fig. 25. A"
Let AP=1r, AP =0: dr, rd0 the sides of the ele-
g . rdrdf .
mentary portion of the area at P; then M —— — is the mass
]

of the element at P: and @ = » cos 0, y = r sin 0;

[[r* cos Odrd@ f[+* sin 8drd@

[[rdvd® ° Y7 " [frdrdo
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between the proper limits: the following examples are appli-
cations of these; we shall sometimes use rectangular and some-

times polar co-ordinates.
Ex. 8. Let the curve be the semi-parabola AC, (fig. 28.)

AM = @, 'MP =vy: QM* = 4ma, the equation to AC.
Now @ and g are independent variables, we may consequently
integrate our expressions, first considering y variable and @
constant, and then with regard to #. This admits of an easy
explanation. Integrating our expressions on the supposition
that @ is constant and y variable is the same as calculating the
expressions only for the elementary masses which lie in a sérip
of the area, like QM in the figure, in which PM or y is different
for each element, but 4M or @ is the same : the limiting values
of y in this integration will be y = 0and y = MQ = 2\/%’1 @,
and the result will therefore be a function of @ only: then in-
tegrating this result with respect to & is the same as adding
together the expressions for all the strips like QM, of which
the area consists : the limits of # are 0 and 4B or a;

. [[edady between proper limits = e (y + X) de

x -k . g — TR
(X a function of @) = /"2 \/'Jr.r.tl'}([.i' = —f\/ma.Z,

=

; 3 g 4~ 3
f[[dady between limits = J)* (y + X)de =~ vVma®;

or —_— = (I‘j[

in like manner ¢ =
' 8
g

sa/ma 3 BC
4

If we had taken the double area CAC', the limits of % would
have been yy =—MQ' =— 2 N ma,and y = MQ = 2 \/m.t‘, and

- ol =
we should have found # = — = 4AH, y =0, and therefore [i

)

1s the centre of gravity of the whole



CENTRE OF GRAVITY OF AN AREA 61

1//A f
Ex. 9. Let CAC' be a circular area - (fig. 23.) 77; E-)

=20 — a*: ‘m(l 11 we take a portion 4CB, the limits of
y are 0, and \/,mr — &% and those of @ are 0 and 4B or «a
= fna]'”” adady fu \/,3 ar —-— o do
O T ey e e £ ——.--r_"
Wk dady " \/~3 ax — .‘t"r.";z’

Alsg: 7= bW ydady L fty'de L fe (2a v - o) da
Wl dady S yda [¥a/ 202 - 2° ? 4
1 3 1 3
z(@—-1Lag da
- .L_J‘__) == G
N 3
—a®
4
Ex. 10. Let CAC' be an ellipse. (
Then if we take the quadrant ACB, AB = a, BC = b,
— 4da =R
o im i e
QT &

al

9X. 11. Let CAC' be a cycloid : AB = 2a,

=4‘II'I=:?H£-. ;J/.:H{r':l'{ (?—r———)

9
Ex.12. 4 triangle : (fig. 26.)

Draw 4D perpendicular to BC'; A the origin, AD the
axisof w: DAB = a, DAC = B(=4~ a), AD =¢; & tan a
=1, @tan B = y", the limits of #;

The general form is
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X

_ o (tana +tan B)da _2e
i Jof @ (tan @ + tan [3) L e i
L i & (tan® @ — tan® B) d
i Jo¢ @ (tan a + tan 3) da
AT =8 4D,  GH=X(BD - CD),
and .. £ DE=GH;
. BD-CD=2DE;
BD -DE=CD + DE;
and BE = CE,

and AG =% AE, as n Ex. 1. Art. 86.

= G— (tan a — tan 3) = HG.

As an instance of the application of polar co-ordinates, we
will take the following.

Ex. 13. A semi-ellipse CBC': (fig. 25.)

Let H be its centre of gravity: AP=7, BAP=0.

In this case we must integrate first with respect to » and
then with respect to 0; but not first with respect to 6 and then
with respect to ». Forif we first integrate with respect to r,
we take the sum of the elements in AQ, and the whole area can
be divided into strips like 4Q: but if we begin by integrating
with respect to 6, we take the elements in an annular strip
through P : and the area cannot be divided into strips described
after the same law, hence we should be unable to integrate
again with respect to 7.

, the limits

d e b
The limits of » are 0 and 4Q or —————=
\/ 1—e*cos*@

aw |
of @ are — — and —;
2 9

_ [[+* cos BdBdr
= ffrdédr
o cos 0d@
ab "% (1 — ¢* cos* H)# s
Y deo 9

fu

—a] —¢° cos*f

between these limits
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)f‘,z d.tan 0
2b 7% (1 — & 4 tan® )t ™
= — a -
3 [a d.tan 6 ; 2
““1—¢€®+ tan® @
1 tan a
1l 2h 1o \/1 s éf?:i»_t:l.{lirc_z 2bh 1 la
3 1 ’L.lll il B it At
—————tan=" — = \/1 —é

\/1 - e \/J - €

Ex. 14.  The sector of a circle : (fig. 25.)

Let BP'A be the sector: 2 BAP' = q.

It matters not in this ex cample whether we integrate with
respect to » first or @ first ; since the area may be made up of
either strips like 4Q, or of annular strips like that passing
through P.

el e ey 8dOdr 2a f)" cos 0d8  2a (sin a)

r=— = — — = —— =y

]"_/{, Jd@d? 3 [ de 3a

e “I 0% sin 0d0dr 2a [“sin 0dO 24 1 —cos a
A 0 JO bl 0 »

o il = ?

i (,a rd@dr 3 [, d@ Sa

e

& l—cosa a
2 GAB = tan~! (Z) =tanT! ——— = |

\& sin o 2

g

4@ sin —

_2a - 9
2—2cosa=

Sa Sa

Ex. 15. A4 surface of revolution : (fig. 27.
Let AM =2, MP=y; MM’ =dx: thmunh M and M’

draw two meo at right angles to the axis of tlm figure ; that
is, the axis of . Now every portion of the surface between
these planes is equally distant from the axis, and therefore the
centre of gravity of the surface PQQ'P’ is at M ultimately : let
M be the mass of the whole surface (the thickness and density
being uniform) and & the whole surface :




"rr;da

.. mass of the surface PQR'P = M - g :

A

i das
i 2y o= dw

7 = e = AG, AB = a.

ra d"’
_t‘n Y I da

It is evident that 4 = 0

(]
] Ex. 16. The surface of a portion of a sphere.
\
Vi ds a
=200 — &, — =
da  +/20a - o
P "andy axt @ :
= L—r"—'* = === A(r
fade 2ax 2
‘/:}7 Ex. 17. The surface of a cone.
4>, :
{/ '\
ok ds —
- Y = awx, 7”=\/1 + a;
daw

- [ oade 2@ ;
r="%——=— = dG.
Iy ada 3

Ex. 18. Let the body be any surface of wniform thick-
ness and density : (fig. 28.)

Let #yz be co-ordinates to any point of the surface: the
area of a small portion of the surface at that point is

N AR
1 +——+ dady;
dy*

therefore mass of the corresponding element

v ST,
A) T dat T dy? S
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i \/j d=  de? 1o d
[fa . ‘ ;) o
= T da dy® i Tl
T ey et
AT —dad
I/ d? " dgp 00

between proper limits, and similar expressions for ¢, 2.
Ex. 19. The surface of an eighth part of a sphere.

The origin being at the centre, 2? + ¥+ 2 =a® (fig. 28.)

dg’ ()
S dy s Vit — Yy

We shall consider y to vary, a
is, we shall take all the e

remaining constant: that
lements in the strip QQ': hence the
limits of 4 are 0 and QM or /& —
from the equation to the
limits of 2 are ¢

» which is obtained
surface by putting ¥ =0 :

2 then the
) and 4B or a:

noet e vdady

Y

- @ — @ — g : i

@ e ¥=vd o
[afy — (erdy

Ve — g

o + —@da
2 (/2
e e
_ (2
i ~
i
2
. a @
in the same manner T
1 (8] 3
" : NE ol
Ex. 20. Let the body be a solid formed by the revolu- .

tion of a plane curve about the awxis of x: (fig.

27.)

slice PR’ is evidently at M
the slice is diminished indvﬁnituiy: and

The centre of gravity of the
when the thickness of

M
the mass of this slice = 7 7wy da, V= whole volume;

I
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Ex. 21. Let the body be a hemisphere.

Y =2am — a°
[ (eax® - a)dx ba

a1y ;J:‘" (erj-r‘_f ) doe 8

Ex. 22. Let the body be a paraboloid.

Y = dma

Ex. 28. The frustrum of a paraboloid.

Lot o and b be the radii of the larger and smaller ends
« and (3 the values of # measured from the vertex to the ends

o b*
then = —> L BI=r=5
4m 4m
| 2 +afl+ [
.‘3(;”-—3“’7:{ (l'.+8 {

therefore the distance from smaller end
202 —af3 -3
3(a+ )

¢ = length of the frustrum

ix. 24. Frustrum of a cone
. c b +2ab+ 367
Distance from smaller end = -

P ab - a”

as in Ex. 4. Art. 86.
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Bix. 25.  Let the body be any solid.

We shall first suppose the body referred to rectangular co-
ordinates, as in fig. 29,

Let the body be divided into slices, like Q N M, by planes
parallel to the plane yx: let these slices be divided into prisms,
like QN, by planes parallel to the plane z@: and let these
prisms be divided into parallelopipeds, like PP, by planes
parallel to the plane #y. In this manner the body is divided
into a number of elementary parallelopipeds : those at the ex-
tremities of the prisms will not be perfect ; but when the dist-
ance of the cutting planes is diminished indefinitely, the sum
of these imperfect portions vanishes.

Let # y = be co-ordinates to P: da, dy, dx the sides of the
parallelopiped at P: then dodydz is the volume of this
figure, and ¥ being the volume and M the mass of the whole
body, supposed homogencous, the mass of the element at P

M
= dadydsz;

- [[fedadydz

& 5

[fydadyds

i ,J'_:}']:ﬁlm dy de} 4T 1] da clT, dz ’

- ffzdwdydzx
and s =i
Jjda dy d=

between the proper limits.

We shall now suppose the body is referred to polar co-
ordinates: as in fig. 30.

Let the body be divided into slices, such as CN'N A, by
planes passing through AC: let these slices be divided into
pyramids having their vertices in 4, like AQ, by the rotation
of rays like 4Q about AC, preserving a constant inclination
to AC during the rotation : lastly, let each of these pyramids
be divided into siv-sided Jigures, like PP, by planes per-
pendicular to its length.  In this manner the body is di-
vided into a number of six-sided figures which become paral-
lelopipeds ultimately when the distance of the cutting planes is
diminished indefinitely.

Let CAP=0, AP=v, BAN - b ;
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therefore the sides of the figure at P are dr, rd@, r sin 8ddg,
and its volume ultimately equals the product of these

* sin O drd@ddg.
Also w=rsin@cos¢p, y=rsinfsing, &=rcos Gl
therefore, supposing the body homogeneous,

[[fr* sin® @ cos pdrd@dg
[[[r* sin BdrdBd ¢ .

— [ff+* sin* 0 sin pdrdBdep
[[* sin infdrdfd¢

_l'_-f_-f.?": “i!l_ﬂ cos Hdﬂggdq)
,-‘U r* sin Odr (:'Hd(p

between the proper limits.

Ex. 26. T'he eighth part of a sphere: (fig. 29).

Now #yz, being co-ordinates to any point P in the body,
are independent wv: uml)le : we may therefore integrate with
respect to %, considering @ and ¢ not to vary th.lt is the
same as taking all the olomcnts of the mass in a given prism
QN, since ait]munh ~ or PN is different for each elemmt yet
x and y remain the same: the limiting values of % are 0 and

v*— y* (= &’ suppose) obtained from the equation
to the surface. This integration with respect to < between
limits will leave a result a function of » and y without . We
shall then integrate with respect to Y ¢ considering @ constant ;
this is the same as taking all the prmnw in the same slice as
QN" ; since, although ’lﬂ\f or # is different for each plmn.

yet AM or » is the same. The limits of ¢ are 0 and MN' ¢

\/fr“ — 4* (= o suppose) obtained from the equation to tllL
line BN'. We shall finally integrate with respect to @ from
2 =0to @ = ABor a, which is fho same as taking all the slices,

and therefore the whole body ;

- _u’iw”_f:‘.‘”ife‘#:r'”'5" dydz TR \/(. - - .r/ ydady
.i;""f:i”‘_];‘:.r.’.’}‘f;y dz /n f” -\/ a” R f 2 a rflr




EXAMPLE OF VARIABLE DENSITY. 69

J” - ]i‘l" (H’J - ') da

Lot — % @ 3a
if T T gk Mgk g
a 2 \2 3 X
—(@"—a°)da
4
: . aa = Sa
in like manner we shall find y=— PRIl
8 8

Ex. 27. The same as last evample, but referred to polar

co-ordinates : (fln 30.)

We shall integrate first with respect to 7, then @, and
lastly (,b The llilﬂln of r are 0 and 4Q or a; those of @ are

A T
0 and ; those of ¢ are 0 and —;
5 o

=R y &=

e j‘ % 5in” O cos gbd ¢d Qdr "
B e Tr s OdepdOdr 2

3a ,f”“ p'““ sin® H cos q‘) d (i) do
1 f,, .fr.u sinfdgd ¢ a0

I:( 3 —. -cospdg ;
S 3¢

8 il d([) %

Ex. 28. A4 hemisphere in which the density varies as
the n™ power of the distance from the centre.

We shall use polar co-ordinates.

The volume of an element at P = 2sin OdpdBdr; and if p be
Nt
I

the density at a distance @ the density at a distance ¢ = p { ) 2
{2/

mass of element at P = f)‘ " +2 gin H(lf/)rll‘}rlr

a’
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The limits of

A, f_f(“' f‘?r.[“]u }IE;;

. : T T
are 0 and a; of @, 0 and =3 of ¢, — — and =

sin® 6 cos ¢p d p d@dr

(2 B

m
c

O T sin0dg dodr
n+3 a
N o, 0

GULDINUS's PROPERTIES.

Pror. 7o prove that if any plane figure revolve about
e an awvis lying in its own plane, the content of the solid gene-
rated by this figure in revolving through any angle is equal
to a prism, of which the base is the revolving figure and
height the length of the path described by the centre of gra-
vity of the area of the plane Sigure.

88. Let the axis of revolution be the axis of @, and the
plane of the revolving figure in its initial position to be the
plane of #y; we shall suppose the figure to be wholly on one
side of the axis of «: @ the angle through which the figure
revolves.

Then the elementary area dady of the plane figure in
revolving through an angle df, generates the elementary solid
whose volume is yd@dady; therefore whole solid

L0
= [ [[yd@dady,
the limits of @ and % depend upon the equation to the curve
=0 [[ydady
between the proper limits.

But if y be the ordinate to the centre of gravity of the
plane figure, then by Art.87. Ex. 7.
_ ([ydxdy
e

_{;(L?’(VE[’

the limits the same as before;




GULDINUS'S PROPERTIES, 71

therefore whole solid = @ [[ydady = y0. [[dady
= arc desed. by centre of gravity x area of figure.
Hence the Prop. is true.
Pror. 7o prove that the surface of the solid generated
is equal in area to the rectangle of which the sides are the

length of the perimeter of the generating figure and the
length of the path of the centre of gravity of the perimeter.

89. The surface generated by the arc ds of the figure
revolving through an angle df equals yd@ds:

whole surface = _[I f_r;d(»)rl.s' = 6 [yds between proper limits.
But ¢ = ordinate to centre of gravity . of perimeter

,‘.','(1\'
_/l’/.\

therefore whole surface =48 . [ds

between same limits as before;

= arc descd. by centre of gravity x length of perimeter.
Hence the Prop. is true.

90. It is evident that these theorems are true also when
the generating figure is bounded by a line not of continuous

curvature.

Ex. 1. To find the solid content and the surface of
the ring of an anchor.

Let the radius of the axis be @, and the radius of s
transverse section be &: then the length of the path of th(
centre of gravity of the area of the generating figure = 27 a,
and the area of the figure = 7 5?;

content of solid = 2 r2a b’

Also path of centre of gravity of the perimeter =2 a,
and the length of the perimeter = 27 h;

surface = 4 7%a b.
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Ex. 2. To find the centre of gravity of the area and
also of the are of a semi-circle.

A semi-circle by revolving about its diameter generates

i doqr
a sphere: the content of the sphere =

e

a’, a the radius:

the surface = 47a’:

the area of the semi-circle = the perimeter = wa ;

o]9

therefore distance of centre of gravity of area from diameter

content of sphere la

24 .area of L circle 3=

and distance of centre of gravity of arc from diameter

surface of sphere 2a P

2qr . arc of 1) rcle T



CHAPTER V.

MACHINES FRICTION

91. A MacHINE is an instrument. or a system of solid
bodies, for the purpose of transmitting force from one part to
another of the system.

It would be endless to describe all the machines that have
been invented; we shall consequently confine ourselves to
those of simple construction. The most simple species of
machines are denominated the Mechanical Powers. These
we shall explain, and also a few combinations of them.

92. A Lever is an inflexible rod moveable only about a fixed
axis; which is called the Julerum. The portions of the lever
into which the fulerum divides it are called the arms of the
lever: when the arms are in the same straight line, it is called
a straight lever ; in other cases a bent lever.

Two forces act upon the lever about the fulerum, called
the power and the weight : the power is the force applied by
the hand (or other means) to sustain or overcome the other
force, or the weight. There are three species of levers: the
first has the fulcrum between the power and weight; in the
second the weight acts between the fulerum and the power; and
in the third the power acts between the fulecrum and the weight.

Pror. To find the conditions of equilibrivem of two forces
acting in the same plane on a lever.

93. Let the plane of the paper be the plane in which the
forces act, and also be perpendicular to the axis, of which € is
the projection, and about which the lever can move (fig. 31.),
4, B the points of application of the forces P, W; a, 3 the
angles which the directions of the forces make with any line
@ Cb drawn through C' on the paper. Let R be the pressure

K
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upon the fulerum, and @ the angle which it makes with the line
aCh; then if we apply a force R in the direction CR, we may
suppose the fulerum removed, and the body to be held in equi-
librium by the forces P, W, R.

We shall resolve these forces in directions parallel and
perpendicular to a Cb: and also take their moments about C':
then, by Art. 53, we have the following equations of condition :

Pcosa— Weos 3—Rcos =0 ......... (1),
Psina+ Wsinf3 —Rsinf=0......... (2),
amd P OD = W Gl =100 . uiressi(3)s
CD and CE being drawn pcrpumlicnlar to the directions of P
and W.

These three equations determine the ratio of P to W when
there is equilibrium ; and the magnitude and direction of the
pressure on the fulerum.

For equation (8) gives

P CE perpondiculur on direction of W
W (D:. l)urpcndiculur on direction of P
Also by transposing the last terms of (1) and (2), we have
R cos B = Pcos a— Wecos B,
R sin § = P sin a + W sin 3.
Add their squares;
- R=Py W*—2PW cos(a+ B)
which gives the magnitude of R.
Take the ratio of the above equations ;
0 P sin a + W sin 3
tan = ——m———>
Pcos a — Weos 3
which gives the direction of the pressure.
If we suppose B to be the fulerum and take the moments
about B instead of C, we have instead of equation (3) the
following* :

* This is not a new equation of condition; but is a consequence of the three
already given, (1), (2), (3). To shew this imagine 4D and BE produced to meet
CR:
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P perpendicular on direction of R
R perpendicular on direction of P

It follows, then, that the condition of equilibrium in a lever
of any species is that the two Jorces must be inversely as
the perpendiculars drawn upon their dirvections from the
Julerum.

94. This property of the lever renders it a useful instru-
ment in multiplying the power of a force. For any two forces,
however unequal in magnitude, may be made to balance each
other simply by fixing the fulerum so that the ratio of its
distances from the directions of the forces shall be equal to the
ratio of the forces; an adjustment which can always be made.
If the fulerum be moved from this position, then that force will
preponderate from which the fulerum is moved and the equi-
librium will be destroyed. We are thus led to understand how
mechanical advantage is gained by using a crow-bar to move
hvﬂv_y bodies, as large blocks of stone: a poker to raise the
coals in a grate : scissors, shears, nippers, and pincers; these
last consisting of two levers of the first kind. The brake of a
pump is a lever of the first kind. In the Stanhope printing-
press we have a remarkable illustration of the mechanical
advantage that can be gained by levers. The frame-work in
which the paper to be printed is fixed, is acted upon by the
shorter arm of a lever, the other arm being connected to a
second lever, the longer arm of which is worked by the pressman.
These levers are so adjusted that at the instant the paper comes
in contact with the types, the perpendiculars from the fulera
upon the directions of the forces acting at the shorter arms are
exceedingly short, and consequently the levers multiply the
force exerted by the pressman to an enormous extent.

CR: they will meet this line in the same point, since the distances by these two con-
structions are CD cosec (0 —a) and CE cosec (6 +f); and these are made equal, by
equations (1), (2), (3), if we eliminate P, Q, W. Suppose, then, F' to be the point
in which these lines meet. By multiplying (1), (2), respectively by sin 8 and cos 8,
and adding, we have

P sin (0 +8) FBsin (0+p) _ perpendicular on direction of R i

R™sin(a+p) FRB sin (a+{) perpendicular on direction of P

therefore this equation is a consequence of the equations (1), (2), (3), as might have
been anticipated.
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As examples of levers of the second kind, we may mention
a wheelbarrow, an oar, a chipping-knife, a pair of nutcrackers.

It must be observed, however, that as the lever moves about
the fulcrum the space through which the weight is moved is,
in the first and second species of lever, smaller than the space
passed through by the power: and therefore what is gained in
power is lost in despatch. For example in the case of the
crow-bar: to raise a block of stone through a given space by
applying the hand at the further extremity of the lever, we
must move the hand throngh a greater space than that which
the weight describes.

But in the third species of lever the reverse is the case.
The power is nearer the fulcrum than the weight, and 1is con-
sequently greater ; but the motion of the weight is greater than
that of the power. In this kind of lever despatch is gained at
the expense of power. An excellent example is the treddle of
a turning lathe. But the most striking example of levers of the
third kind is found in the animal frame, in the construction of
which it seems to be a prevailing principle to sacrifice power to
readiness and quickness of action. The limbs of animals are
generally levers of this description. The condile of the bone
rests in its socket as the fulerum; a strong muscle attached to
the bone near the condile is the power, and the weight of the
limb together with any resistance opposed to its motion is the
weight. A slight contraction of the muscle gives a considerable
motion to the limb. A drawing of the human arm is given as
an illustration of these remarks : (fig. 32.)

95. The lever is applied to determine the weight of sub-
stances. Under this character it is called a Balance. The
Common Balance has its two arms equal, with a scale suspended
from each extremity ; the fulerum being above the line joining
the extremities of the arms. The substance to be weighed is
placed in one scale, and weights placed in the other till the beam
remains in equilibrium in a perfectly horizontal position; in
which ecase the weight of the substance is indicated by the
weights by which it is balanced. If the weights differ ever so
slightly, the horizontality of the beam will be disturbed, and
after oscillating for some time (in consequence of the fulerum

being placed above the line joining the points of support of the
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scales) it will, on attaining a state of rest, form an angle
with the horizon, the extent of which is a measure of the
sensibility of the balance.

In the construction of a balance the following requisites
should be attended to. 1. When loaded with equal weights
the beam should be perfectly horizontal. 2. When the weights
differ, even by a slight quantity, the sensibility should be such
as to detect this difference. 3. When the balance is disturbed
it should readily return to its state of rest, or it should have
stability. ~We shall now consider how these may be fulfilled.

Pror. 7o find how the requisites of a« good balance
may be satisfied.

96. Let P and Q be the weights in the scales (fig. 33.):
AB =2a: C the fulerum: 4 its distance from the line joining
A4, B: W the weight of the beam and scales: % the distance
of the centre of gravity of these from €' measured downwards:
0 the angle the beam wmakes with the horizon when there is
equilibrium.

Let us take the moments of P, Q, W about C: their sum
equals zero since there is equilibrium (Art. 53.) Then

since the distance of P’s direc. from C = @ cos @ — hsin @

R (Ve P e @cos@ + ksin @
WES Gl disrbtainms = K RN
we have

P(acos8 —hsin@) — Q(acos® + hsin@) -~ Wksin@=0:

: (P~Q)a

fanifi= e T
Gy 7, e

This determines the position of equilibrium. The first
requisite—the horizontality when P and Q are equal—is satis-
fied by making the arms equal.

For the second we observe that for a given difference of
P and Q the sensibility is greater the greater tan @ is; and for
a given value of tan@, the sensibility is greater the smaller the
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A . ; tan @
difference of P and Q is: hence - is a correct measure

P-Q

of the sensibility : and therefore the second requisite is fulfilled

- . h ke :
by making (P + Q) - + W= as small as possible.
a a

The stability is greater the greater the moment of the
forces which tend to restore the equilibrium when it is de-
stroyed. Suppose P = Q, then P and Q may be placed at the
mid-point between A4 and B: and the moment of the forces
tending to restore equilibrium equals 3(P+ Q)h+ Wikt sin 0.
Hence to satisfy the third requisite, this must be made as large
as possible. This is, in part, at variance with the second re-
quisite. They may, however, both be satisfied by making
(P + Q)h + Wk large, and ¢ large also: that is, by increasing
the distances of the fulcrum from the beam and from the centre
of gravity of the beam and scales, and by lengthening the
arms.

It must be remarked that the sensibility of a balance 1s
of more importance than the stability, since the eye can judge
pretty accurately whether the index of the beam makes equal
oscillations on each side of the vertical line; that is, whether
the position of rest would be horizontal : if this be not the
case, then the weights must be altered till the oscillations are
nearly equal.

97. Another kind of balance is that in which the arms
are unequal, and the same weight is used to weigh different
substances by varying its point of support, and observing its
distance from the fulecrum by means of a graduated scale.
The common steelyard is of this description.

Pror. To shew how to graduate the common steelyard.

98. Let AB be the beam of the steelyard (fig. 34.) A4
the fixed point from which the substance to be weighed is
suspended, Q being its weight: C the fulerum : W the weight
of the beam together with the hook or scale-pan suspended
from A; G the centre of gravity of these.

Suppose that P suspended at NV balances Q suspended from
A, then taking the moments of P, Q, W about C, we have
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QAC-W.CG-P.CN=0:
AT 4 W 1
(,I\' TF.(,(I
Q= ——— P
AC

= w
Take the point D, so that €D = 0 cG;

CN + CD DN
Q= .P= P
AC AC

Now let the arm DB be graduated by taking Da,, Da,,
])(1.,;,......e(1L1e11 respectively to 4C, 2.4C, 84C,......Jet the
figures 1, 2, 8, 4,......be placed over the points of graduation,
and let subdivisions be made between these. Then by ob-
serving the graduation at NV we know the ratio of Q to P
and this latter being a given weight we know the weight of Q.
In this way any substance may be weighed.

99. There is a remarkable balance called after its inventor
Roberval’s Balance: a representation of it is given in fig. 35.
DC’ is a frame of which the opposite sides are equal, and the
extremities are connected by pins at D, C, IV, C' so as to
allow of free motion: this frame is supported by a stand
EE'4, being connected to it by pins at £ and E' so as to allow
of free motion about those points: KE' must be parallel to DC
and D'C’, but not necessarily equi-distant from them: arms
are fixed at right angles to the sides DD, CC to support
weights Q@ and P. The peculiarity of this machine is, that if
P and Q balance in any given position on the horizontal arms,
the equilibrium will remain undisturbed if we shift P or Q or
both of them along their arms in either direction: also if we
push one arm down and consequently raise the other the whole
will remain at rest in the position in which it is left. We
shall prove these facts, and explained the paradoxical cha-
racter of the machine in the Chapter of Problems. We may
however easily prove by the Principle of Virtual Velocities
the facts mentioned above, though the paradox will not be
removed.
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If we lower the arm on which P acts through a space a,
then D' sinks through a space w, and D, and therefore the
- a
arm on which Q acts, rises through a space = which' is
independent of the distances of P and Q along their arms:

@ and o are the lengths DE and ED'.

'

Then P.x — Q. i

il

=0 by Virtual Velocities,

for all positions of the frame and of the weights.

It will be seen upon referring to the Chapter of Problems
that although the equilibrium remains undisturbed when P
and Q have different positions, yet the strains at the joints
D, D, C, C, E, E' and the point of application (B in figure)
of the downward-pressure undergo changes.

It is on the principle of this machine that the balances
used of late years in shops are constructed : the scales rest
each by one point upon the extremities of a lever below them,
and the only motion they are capable of is in a vertical
direction.

100. The second of the Mechanical Powers is the Wheel
and Axle. This machine consists of two cylinders fixed together
with their axes in the same line: the larger is called the wheel
and the smaller the axle: the axis of the axle is generally much
larger than that of the wheel. The cord by which the weight
is suspended is fastened to the axle, and then coiled round it,
while the power which supports the weight acts by a cord
coiled round the circumference of the wheel ; by spokes acted
on by the hand, as in the capstan ; or by the hand acting on
a handle as in the windlass.

Pror. To find the ratio of the power and weight in
the Wheel and Awxle when in equilibrivm.

101. Let 4D be the wheel and CC'B the axle (fig. 36.)
P the power reprt-r.-'.entod by a weight suspended from the ecir-
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cumference of the wheel at A4: W the weight hanging from
the axle at B.

Then since the axis of the machine is fixed, the condition
of equilibrium is that the sum of the moments of the forces
about this axis vanishes (Art. 68.) ;

P.AC-W.CB=0:
W AC rad. of wheel

P BEC rad. of axle

It will be seen that this machine is only a modification of
the lever. In short it is an assemblage of levers all having
the same axis: and as soon as one has been in action the next
comes into play; and in this way an endless leverage is ob-
tained. In this respect, then, the wheel and axle surpasses
the common lever in mechanical advantage. Tt is much used
in docks, and in shipping.

102.  The third Mechanical Power is the Toothed Wheel.
It is extensively applied in all machinery ; in cranes, steam-
engines, and particularly in clock and watch work. If two
circular hoops of metal or wood having their outer circum-
ferences indented, or cut into equal teeth all the way round,
be so placed that their edges touch, one tooth of one circum-
ference lying between two of the other (as represented in the
figure 57.); then if one of them be turned round by any means,
the other will be turned round also. This is the simple
construction of a pair of toothed wheels.

Pror. 7o find the relation of the power and weight
in. Toothed Wheels.

103. Let 4 and B be the fixed centres of the toothed
wheels on the circumferences of which the teeth are arrs nged.
C' the point of contact of two teeth : QCQ a normal to the
surfaces in contact at (. Suppose an axle is fixed on the
wheel B, and the weight W suspended from it at £ by a cord :
also suppose the power P acts by an arm 4D : draw Ada, Bb
perpendicular to QCQ. Let the mutual pressure at €' be Q.
Then since the wheel A is in cquilibrium about the fixed axis
A4, the sum of the moments about A equals zero:

¥,
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I’ . ‘l‘l) — (.J _4 a = 0.

Also since the wheel B is in equilibrium about B, the sum of
the moments about B equals zero:

Q.Bb - W.BE =o.

Then by eliminating Q from these two v.qnations.

2P Q@
wWoQ W
Aa BE
SLOAD BT
moment of P da

moment of W " Bb
when the tecth are small this ratio

rad. of wheel 4

= . very nearly.
rad. of wheel B 3 ,

104. Wheels are in some cases turned by means of
straps passing over their circumferences. In such cases the
minute protuberances of the surfaces prevent the sliding of the
straps, and a mutual action takes place such as to render the
calculation exactly analogous to that in the Proposition.

For the calculation of the best forms for the teeth, the
reader is referred to a Paper of Mr Airy’s, in the Camb. Phil.
Trans. Yol. 11. p. 277.

105. The fourth Mechanical Power is the Pully. There
are several species of pullies: we shall mention them in order.
The simple pully is a small wheel moveable about its axis :
a cord passes over part of its circumference. If the axis is
fixed the effect of the pully is only to change the direction of
the cord passing over it - if, however, the axis be moveable
then, as will be presently seen, a mechanical advantage may

be gained.



MACHINES. PULLIES. 83

Pror. To find the ratio of the power and weight in
the single moveable Pully.

106. 1. Suppose the parts of the cord divided by the
pully are parallel (fig. 38.)

Let the cord 4BP have one extremity fixed at 4, and
after passing under the pully at B suppose it held by the hand
exerting a force P. The weight W is suspended by a cord
from the centre (' of the pully.

Now the tension of the cord 4BP is the same throughout.
Hence the pully is acted on by three parallel forces, P, P,
and W: hence

2P - W=0;
w

P

II. Suppose the portions of cord are not parallel (fig. 39.)
Let a and & be the angles which 4a and Pb make with

the vertical.

Now the pully is held in equilibrium by W in CW, P
inad, Pin b P. Hence by Art. 53,

horizontal forces, Psing — Psina’ = 0.:(1)
and vertical forces, Pcosa + Pcosa’ — W =0...(2)
the equation of moments is identical.
By (1), sina=sina’ and a=d';

I
by (2); o 2 cos @ which is the relation required.

Pror. To find the ratio of the power and weight in
@ system of pullies, in which each pully hangs by o separate
string, one end being fastened in the pully above it and the
other end on a fived beam : all the strings being parallel.

107. Let » be the number of pullies (fig. 40.)

I.  Let us neglect the weights of the pullies themselves.

) . . : 1
Then the tension of b, W= W; ... the tension of @, 0,b, = : W




; : 1 : ‘ 1
tension of a,b,by = = W, tension of aybsec=— W,
PE g8

and so on, and the tension of the string passing under the n™

1
pully = 7 W, and this = P;

II. Let us suppose the weights of the pullies to be con-
sidered : and let w, wyw;...w, be these weights.

Then if p,psps.--p, be the weights which they would
sustain at P and P, the weight W would sustain at P, we

have
Wy ws w, p w
St B G ot s Gl Ph =g MRS o
> L3 by
P=p +Pateeeeect Put Py
] ! S TA77 ) o2 21t =1 1
of 2= R W4+ +2w: + 2w+ ...... + 2 Wy ¢+
If W) = s = W3 Tse-0-. = Wy,
)] 1 5 e n {
i o (9] ik
P= R W + (~ ])(UH.

Pror. To find the ratio of the power and weight when
the system is the same as in the last Proposition ; but the
strings are not parallel.

108. We shall neglect the weights of the blocks. The
pullies will evidently so adjust themselves that the string at
their centre will bisect the angle between the strings touching
their circumference.

Let @, @ @3 -..... @, be the angles included between the
strings touching the first, second, third, ...... n'™ pullies re-
spectively : (fig. 41.)

W

Then, by Art. 106, tension of @, b, b, = —— 3
i o i2ic0sin;
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w

therefore tension of ay by by = — - —
2% €08 a; cos ay

: ; W
tension of @b, ¢ = -
=" COS a,; COS ay COS ay

; i ; W
Yenston of the hust stiipg = o S0 00 ) ;
2" cos a; €os a, cos U3 ++2... COS @,

and this = P:
474

— = 2" eos ay COS Qo COB @z «uuse. COos «,.

IJ

Pror. 7T find the relation of the power and weight in
a system of pullies where the same string passes round all the
pullies.

109.  This system consists of two blocks 5 each containing
a number of the pullies with their axes coincident. The weight
1s suspended from the lower block, which is moveable, and the
power acts at the loose extremity of the string, which passes
round the respective pullies of the upper and lower block
al ternately.

Since the same string passes round all the pullies, its ten-
sion will be everywhere the same, and equal to the power P.
Let 7 be the number of portions of string at the lower block :
then . P will be the sum of their tensions ;

W=mn.P.

If we take into account the weight of the lower block, and call
it B, then

W+ B=mn.P

If the strings at the lower block are not vertical, we must
take the sum of the parts resolved vm‘tical]y, and equate it to I
But, in general, this deviation from the vertical is so slight,
that it is neglected.

110. As the weight is rising or falling, it will be observed
that in general the pullies move with different angular motions.

The degree of angular motion of each pully depends upon the
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magnitude of its radius. Mr James White took advantage of
this to choose the radii of the pullies in such a manner as to
give them the same angular motion, and so prcvented the wear
and resistance caused by the friction of the pullies against each
other. This being the case, the pullies might be fastened to-
gether. Instead of this, however, the pu\lics were cut in the
same block.

It will be seen without much difficulty, that the angular
motions of the pullies of the upper block will be as the series of
odd integers 1, 8, 5, -...es and those of the pullies of the lawer
block as the series of even integers 2, 4, (A s

These series, then, determine the relative sizes of the
pullies in the two blocks.

Pror. To find the ratio of the power to the weight when
all the strings are attached to the weight.

111. If we neglect the weight of the pullies (fig. 42.) the
tension of the strings b, @, = P the tension of a, b, = 2 P; and
<o on: if there be m pullies, then the sum of the tensions of
the strings attached to the weight

S PSP PP 4 e + 2P = @~ 1) Ps
w

L

weights of the pullies are @ w@; ..oveee--

If we suppose the
/” ...... the portions of

reckoning from the lowest, and o o' @
W which they respectively support (since they evidently
assist P), and W' the portion of W supported by P then

W' =(2"-1) P,
o = (‘.’.”"r- 1) W)

& = (2" 1) @

W V=(2-1)w,15
W Wl ceeha =120~ NP+ (207'-1) w

F (2 =) W + correr + (2~ 1) w,_1
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If W =0 =wy ....

Wa@=1) Py fat-tpai-ty +2—-(n-1)}w
= (2"— 1) P+ (2"—n — 1) w,.

112. The fourth Mechanical Power is the Inclined Plane.

By an inclined plane we mean a plane inclined to the
horizon. A weight W may be supported on an inclined plane
by a power P less than W,

Pror.  To find the ratio of the power and weight in the
inelined plane.

113. Let 4B be the inclined plane (fig. 43.): « the angle
it makes with the horizon. Let the power P act on the weight
in the direction CP, making an angle ¢ with the plane. Now
the weight at (' is held at rest by Pin CP, Win the vertical
CW, and a pressure R in CR, at right angles to the plane.

Hence, by Art. 23, if we resolve these forces perpendicular
and parallel to the plane, we have

R+ Psine— Wceosa

1l

Qs caman G

Pcose— W sing=20 ok S (DY

1% ! ) S TR 3
I'he second gives the required relation — = 5 and the first
cos €

equation gives the magnitude of the pressure R.
Cor. 1. If P act horizontally, ¢ =~ a, and P = W tan 4.

Cor. 2. IfP act parallel to the plane, e = 0, P = W sin q.

Cor. 3. If P act vertically, ¢ = 1: — =

114. The fifth mechanical power is the Wedge. This is
a triangular prism, and is used to separate obstacles by intro-
ducing its edge between them and then thrusting the wedge
forward. This is effected by the blow of a hammer or other
such means, which produces a violent pressure for a sl

ort time,
sufficient to overcome the greatest forces.
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Pror. An isosceles wedge being introduced between two
obstacles, required to find its tendency to separate the obstacles
when the wedge is prevented from being thrust back by a given

force.

115. Let 2 P be the force acting at the back of the wedge
(fig. 44.) In the figure we suppose the obstacles to be the two
halves of a tree. The portions of the tree we suppose similarly
situated on the two sides of the wedge: let 4 and A’ be the
points of contact between the wedge and the obstacles: AN,
A'N' normals to the wedge at 4 and 4': R, R the mutual
resistances of the wedge and obstacles at A and 4.

Now if the wedge were to move backwards or to be thrust
forwards the points 4 and 4" would move in some unknown
curve line: the nature of this curve would depend upon the
elasticity and strength of the material of the obstacles and upon
other circumstances. Draw AT, A'1" tangents to these curves
at the points 4 and 4. 'Then it will be seen that the parts of
the pressures at 4 and 4’ which measure the tendency of the
obstacles to separate will be their resolved parts along these
tangent lines; since if they separate it must be by 4 and A
moving along these lines. The resolved parts perpendicular to
these tangents are counteracted by the resistance of the ground
at E.

Let W be the resolved part of R along the tangent on
either side : and suppose the angle NAT = u. Also let the
angle of the wedge be 2a.

Then the wedge being sustained by the forces 2P, R and

R ; we have by resolving them vertically
P o R SIn =0 aeurrone- ()%

the horizontal parts counteract each other of necessity, also the
equation of moments is an identical equation.

_\g;:in W—=Rco8% .ucoeuiies {2)5
P sin @
W  cos?

If. then., we know the angle i we shall know W: but we have
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no means of ascertaining the value of i, and consequently the
preceding caleulation is of little importance.
: X 7
When i is very small, then W= nearly.
: sin :

116. The last Mechanical Power is the Screw.

This machine in its simple construction consists of a cy-
linder (fig. 45.) 4B with a uniform projecting thread abed ...
traced round its surfa e, and making a constant angle a with
lines parallel to the axis of the cylinder. This cylinder fits
into a block D pierced with an equal cylindrical aperture, on
the inner surface of which is cut a groove the exact counterpart
of the projecting thread abed.

It is easily seen from this description, that when the cylinder
is introduced into the block, the only manner in which it can
move is backwards or forwards by revolving about its axis, the
thread sliding in the groove. Suppose W is the weight acting
on the cylinder (including the weight of the cylinder itself)
and P is the power acting at the end of an arm AC at right
angles to the axis of the cylinder: the block D is supposed to
be firmly fixed, and the axis of the cylinder to be vertical.

Prov. 7% find the ratio of the power and weight in the
Serew when they are in equilibrivum.

117. Let 4C=@a: rad. of cylinder = b.

Now-the forces which hold the cylinder in equilibrium are
W, P and the reactions of the pressures of the various portions
of the thread on the corresponding portions of the lower surface
of the groove in which the thread rests: these reactions are in-
determinate in their number ; but they all act in directions
perpendicularly to the surface of the groove, and therefore
their directions make a constant angle « with a horizontal plane.
If, then, R be one of these reactions, R sin @, R cos q are the
resolved parts vertically and |m1'imntnll_y’: the horizontal por-
tions-of the reactions act each at right angles to a radius of the
cylinder. Hence resolving the forces \'ui'i'-]'t_'.‘_l“.\.‘, and also taking
the moments of the forces in horizontal planes, we have

W3 Rsing =0 (i)

Pa — ,\.: i COS a b=0 ;.... S 'a'a {‘.3).

M
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we might write down the other four equations of equilibrium ;
but they introduce unknown quantities with which we are un-
concerned in our question.

W asina.R

Hence — =——— . because b and a are constant :
P beosaZ.R

I

@ sin a 2Qma

b cos a 2qh cot «

cireumference of circle whose rad. is AC

vertical dist. between two successive winds of the thread

The serew is used to gain mechanical power in many ways.
In excavating the Thames Tunnel the heavy iron frame-work
which supported the workmen was gradually advanced by

means of large screws.

FRICTION.

118. In the investigations of this Chapter we have sup-
posed that the surfaces of the bodies in contact are perfectly
smooth. Now in practice this is not the fact; for no surface
can be so entirely freed from roughness and asperities as to be
perfectly smooth, although their effect may in many cases be
greatly diminished. By a smooth surface is meant a surface
which opposes no resistance whatever to the motion of a body
upon it, and therefore the resistance is wholly perpendicular to
the surface. A surface which does oppose a resistance to the
motion of a body upon it is said to be rough.

The friction of a body on a surface is measured by the
least force which will put the body in motion along the surface.

Coulomb made a series of experiments upon the friction of
bodies against each other and deduced the following laws:
Mémoires des Savans Etrangers, Tom. x.

(1) The friction varies as the pressure, when the ma-
terials of the surfaces in contact remain the same. When the
pressures are very great indeed it is found that the friction is

somewhat less than this law would give.
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(2)  The friction is independent of the extent of the sur-
Jaces in contact so long as the pressure remains the same.
When the surfaces in contact are extremely small, as for in-
stance a cylinder resting on a surface, this law gives the
friction much too great.

These two laws are true when the body is on the point of
moving and also when it is actually in motion: but in the case
of motion the magnitude of the friction is much less than when
the body is in a state bordering upon motion.

(3) The friction is independent of the velocity when
the body is in motion.

It follows from these laws that if P be the normal pressure
of the body upon the surface then the friction — . P, where 4
1s a constant quantity for the same materials, and is called #he
coefficient of friction.

In the state bordering on motion and when the surfaces in
contact are of finite extent we have the following results from
experiment : '

1 ! ; ol Lk
m = 5 surfaces wood, the grain E_wmg mn same direction.

1 g
e S N e R oppasite ......

1 :
= 7 metallic surfaces.

one surface wood and the other metal.
)]

Oil and grease considerably diminish friction ; fresh tallow re-
duces it to half its value.

In the state bordering on motion and when the surfaces in
contact are single lines, then u = % for wood. When the sur.
face in contact is a physical point the statical friction is incon-
siderable.

But for full particulars on this subject we refer the reader
to Coulomb’s papers, and also to two Memoirs recently pub-
lished in the Mémoires de FInstitut. by M. Morin.

Proe. T find the greatest angle whick the direction of
the mutual pressure of two surfaces in contact may make with
their common normal at the point where the pressure acts
without sliding ; the coefficient of friction being given.
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119. Let P be the mutual pressure, its direction making
an angle B with the normal. Then P cos 3 is the direct or
normal pressure of the surfaces, and P sin 3 is the force
balanced by the friction acting wholly or in part.

P sin 3 .

Hence the greatest value of the ratio P

1S M5

05 [3

B = tan~' u is the greatest value of 3.




CHAPTER VI.

ROOFS, ARCHES AND BRIDGES

120. I~ the present Chapter we shall apply the principles
of equilibrium to explain in what manner the thrusts, strains.
and pressures in general act in roofs and arches. We refer the
reader to Robison’s Mechanical Philosophy, Vol. 1. for two
Articles on Roofs and Arches, which contain many interesting
details that would be entirely out of place in these pages.

Pror. In a simple isosceles truss-roof required to calew-
late the tension of the tie-beam.

121. Let 4B, BC be two beams of the roofing connected
by the tie-beam 4C (fig. 46.) : the truss resting on walls, as
drawn in the figure. Let B be the weight of each sloping
beam and the portion of the tiling or thatching supported by
the beam : let G be the 'i)l)ill'z at which this \\“ui_Q‘hL acts. Also
suppose that the weight on the vertex arising from other ap-
pendages equals W: let « be the angle the roof makes with the
horizon: 4G =0, AB = a.

Now the forces acting on 4B are a pressure at 4 perpen-
dicular to the wall, = R suppose: the tension of the tie-beam

acting at 4 in the direction 4C, = 7" suppose: the weight B

acting vertically at G : and lastly, some force P acting at B in
direction BP making an unknown angle § with the beam in the
plane of the paper, and arising from the weight W and the
action of the beam B(.

In order to find the connexion between P and W, we re-
mark that the point B is held at rest by the force W downwards,
and the two reactions P, P acting along the dotted lines.
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For the equilibrium of 4B we have
horizontal forces = 7" — P cos (a — 6) =0 e L)
vertical forces= R — B — P sin (a — 6)

moments about 4 = Bbcosa— Pasinf@ =0 ......... (3).

Il
=
g
v
3
5
.

—_
o
S’

.

For the equilibrium of the point B,

vertical forces = 2Psin (a —0) — W =0 ......... (4).
Here, then, we have four equations and four unknown quantities
T, P, R, 0: and therefore we can determine the unknown
quantities, and therefore 7'

By (1) (4) T =4 W cot (a — 6), eliminating P:
and by (8) (4), eliminating P, we have

! v sin )| _ sin {a — (a — 0)}

Bbcosa=LWa =1 Wa t ( ) J

% sin (a—0) ~ sin (a — 0)

l

=4 Wa fsin a cot (a — 0) — cos af ;

aBb+ Wa

cot (a — 0) = : =RObiG
( ) Wa '
eBb+ Wa
g U e —— ¢ot «.
2a

This measures the horizontal thrust of the roofing against the
supporting walls supposing the tie-beams to give way: and we
learn that this will be less the larger a is, or the steeper the
roof is, the other quantities 1'@1115i11i1)g the same. Also the
smaller b is in proportion to @, or the nearer G is to 4, the
smaller is this thrust.

Pror. To explain the manner in which buttresses act
in supporting « roof : and to calculate their angle of elevation.

122. Let (as before) 4B, BC (fig. 47.) be two beams of
the roofing: AD a piece of timber firmly attached to 4B run-
ning down the inside of the wall, and resting on a corbel F:
FH a beam to strengthen the attachment of 4D, AB. Let
R be the pressure on the top of the wall and corbel ; IV the
point at which the resultant of the reactions of all the hori-




ROOTS, 95

zontal pressures on the wall acts; 7' this resultant:; AN = B
G the point through which the weight on the slanting timbers
acts; AG=10, AB = a.

Now the action of the beams on each other at B must be
in a horizontal direction, since we suppose there is no extra
weight acting at B, as in the last Proposition ; let P be this
mutual pressure.

For the equilibrium of BAD,

horizontal forces = 77—~ P— o ... seraneaee. (1),

vertical forces = R — B

(¢

moments about 4 = T2 — Bb cos q +Pasina=0 ... (3).

Here we have three equations and four unknown quantities
T, P, R, : and another relation connecting these quantities
cannot be found ; hence the problem is indeterminate - we shall
see in the solution what quantities are indeterminate.

By (2) R =B, and is therefore not indeterminate.

By (1) (3), eliminating P, we have

Bb cos a
T =_ —, =P by (1).
@+ asinag
Hence P, T, and  are indeterminate : but when a value is
2 2
given to one of them, then, that the equilibrium may subsist,
the other two must satisfy the two conditions Just deduced.
Let ¢ be the angle which the resultant of R and 7" makes
with the vertical ; then

4 bcosa
t““q):}?:'.'
@ + @ sin q

Now our object is to find the least angle at which a buttress
need be built to support the roof. If the roof be on the point
of sinking it must be so by tending to turn about the extremi-
ties D, D of the framework : in which case the force 7" acts at
D, and @ will then have its greatest value: also we perceive
that both 7" and also ¢ are smaller the gre:
least angle at which the buttress need be
equation

iter @ is: hence the
built is given by the
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’

T A' G i 4B
WP ahG Ad T D
BA' being horizontal ; A4, GG yertical.

Hence the dotted line G'D represents the limiting angle
which the buttress must make with the vertical in order that
the roof may not fall.

This calculation shews the great use of the part of the
framework which runs down the wall.

We have drawn in our figure but one connecting beam
HF: but there might have been more, and the calculation
would have been precisely the same, supposing that ABD 1s a
rigid framework : and GG’ the vert
of this framework and the s:lpcrin('nml)unt tiling or
covering acts. The simple rule 1s to draw a horizontal BG’
from the vertex of the roof, cutting GG in G and join G’ with
the lowest point D of the framework: G'D gives the least
inclination of the buttress. Also the buttress need not extend
higher up the wall than the level of D.

The roofs of Westminster Hall and of Trinity College
Hall, Cambridge, are good ill ustrations of this kind of roof.

ical line in which the weight
other

Before quitting this subject we will investigate the fol-
lowing Proposition.

Prov. 7o calculate the conditions of equilibrium of any
a framework in a vertical plane,

number of beams forming
through the highest

symmetrical with respect o @ vertical line

poind.

123. Let the lengths of the beams be @,a.a;...reckoning
from the lowest: G,G,G,...the points at which the weights
of the beams and the weights with which they may be loaded
act: b byb,...the distances of these points from the lower ex-
angles which the beams

tremities of the beams; @ a;as...the
e walls

make with the horizon; R the vertical pressure on th
of support of each of the two lowest beams ; T the horizontal
thrust of these beams on the walls; or the tension of the tie-

beam connecting them if there be one.
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Now the actions of any two beams on each other at the
points of junction must be in the same line, since there is no
third force to keep them in equilibrium. Let then Bk
be these mutual actions hetween the first and second, the
second and third beams, and so on: 6,0,...the angles which
the directions of these forces make with the horizon.

For the equilibrium of the lowest beam

T — P,cosh, =0,.. srsseobeirot ot oo u ()

Rl N I S )

B\bcosa, — Pya,sin (e, —8,) =0... k8

For the equilibrium of the second beam

Pycos@, — Pocos0,=0..... SR T e 1)

B; — P;sing, + Pysing, =0............(5)

B,b, cos a, — P, a, sin (a; — 8. ) =105 (6),
and so on, till we come to the highest beam in which the angle
6, must = 0, since the two highest beams which form the vertex
have no third force at their point of junction to keep P, and
P, in equilibrium. Hence for the last (the ™) beam

Py 1conl, y=Pr=0rL..... veeeaa(80 = 2)
B, — P, ;sinf, =0 s it (B 1)
B.b,cosa, — P,a,sing, =0 ., ...(37).

Also we have the fc:llowing analytical relation connecting

HiCsa s Oy s
@ Co8a; + tyC0Say +,..+ @, cosa,=D...(8n + 1)
2D being the distance of the opposite walls from each other.

We have then 32 + 1 equations from which to eliminate
the quantities P, P,...P,, 6,0,...0,_,, R, T, which are 2n + 1
in number and we have n equations remaining to determine the
n angles a asas...a,; and these being known we know the
position of equilibrium of the beams.

N
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If we add together all the second equations we have
R=H'y By+...0c. LR
wherefore R is known.
Now by (2) (8) eliminating P, we have

sin (a, — 6,) B,bycosa,

“sin®, (R-B)a
B, b,
. sinag, cot@, = {1 + E-R—_ 17;:)—{;—[} cosa, ;

g + RB.b
+. cot Hl = QE_EL)LL
(R - B)a,

.. T=(R - B)cotf, by (1) (2)

cota,;

3 (R - B)) a, + Bb,

b
cot ¢, = {B., LSRRy L —-]}cu'tui
a,y a,

whence 7' is known.

Again, by adding equations (1), (4); (2) (5) respectively
we have

=P cos 0. =0
B, +B,— R+ P;sin6,=0
also by (6) B.b;cosa, — Pya; sin (a, — 6.) = 0.

Hence, as by solving (1) (2) (8), we have

b,
= {Bg +...+ B, + B, L} cot a.,

U5

and in the same manner we should obtain

b,
= {B. +oeet B, + B{i} cot a,

Uy

T T TR I T L IR R PR P R TR L

” !)‘l
7-1B, .,} it
l'l“
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These n values of 7, being equated, give n — 1 relations
connecting the angles «;a;...a,; and these combined with
equation (87 + 1) determine these angles.

The relation of one angle «, to the preceding a,,_, is
given by

bm
I}M-b-l + oot ]f,, 5 ];m g
ap,
tan a, = : tan @y — 1+
/]

=1

]fm +...4 Brr T Bui—l ——

@y

This shews that every one of the angles «,a,...q, is greater
or every one less than 90° and equation (87 + 1) shews that
they must be all less than 90°, otherwise we should have D =
a sum of negative quantities.

Also the beams must be less and less inclined to the horizon
as we ascend, since tan a,, is less than tan Qnt

124. By an drch is meant an assemblage of bodies sup-
ported, as represented in fig. 48, by their mutual pressures and
the pressures of the two extreme bodies against fixed obstacles.

We shall suppose the bodies to have the usual form, that
of truncated wedges ; and to be placed so as to have their sides
which are in contact perpendicular to the same vertical plane.
These bodies are then called woussoirs - the highest voussoir
is called the key-stone of the arch: the surfaces which separate
the voussoirs are called the Joints : the external curve of the
arch is ecalled the eatrados ; the internal curve the intrados -
the solid mass against which the lowest voussoir on each side
rests is called the pier or abutment.

125. It is found in practice that the friction of the vous-
soirs against each other is so great that they are incapable of
sliding past each other; and in many cases all possibility of
sliding is prevented by the voussoirs being Joggled ; that is,
being united by a piece of stone or iron which is partly im-
bedded in one voussoir and partly in the voussoir in contact
with it.

In consequence of this the conditions of equilibrium of an
arch reduce themselves to the condition that the arch shall not
break at any part by the rotation of one voussoir upon another :
or, which is the same thing, by the opening of any of the joints.
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Pror. To explain how an arch is supported ; and in
what manner friction tends to preserve the equilibrinm.

126. When two bodies with smooth surfaces in contact are
pressing against each other, then, in order that they may not
slide upon each other, the mutual pressure must act in a line
which is purpendicm!:u‘ to the two surfaces. But if the sur-
faces in contact be rough, the mutual pressure need not act
in a direction perpendicular to the surfaces to prevent sliding,
but may act in any line making an angle with the perpendi-
cular less than a certain finite angle, the magnitude of which
depends on the degree of roughness of the surfaces. See
Art. 119.

Suppose fig. 48. represents an arch in equilibrium, the
extreme voussoirs G and @G, resting on the piers A and B:
G, G,G;......are the centres of gravity of the voussoirs: the
weights of the voussoirs act in the vertical lines Gib, G,d,
fGs.
Now any voussoir is held in equilibrium by the action of
its weight in a vertical direction downwards, and by the pres-
sures of the contiguous voussoirs or abutment on its two
joints. The mutual pressures of any two voussoirs at a joint
must evidently be equal to some single force acting at some
unknown point.

Suppose the pressure of the pier 4 acts on the voussoir
G, at the point @ in the direction ab cutting G,b in some point
b- then the third force which supports G, must act through
b in some determinate direction deb; let this cut the vertical
through G, in d: this is the direction of the mutual pressures
of the voussoirs G, and G, and ¢ is the point at which they
act: then the third force which supports G, must act through
d in some direction fed; and so on: and it follows that the
mutual pressures of the voussoirs act in some determinate
(though unknown) line abdfhjlno made up of portions of
straight line. This is called the line of pressure.

Now if the surfaces of the voussoirs were smooth it would
be necessary for the equilibrium, that this line of pressure
should be pvrpendiculur to the joints at the points @, ¢, €, &
i. ki, m, 0. 'This condition ostablishes certain relations between
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the weights of the voussoirs and the angles which the joints
make with the horizon. These relations may be easily cal-
culated, but since the voussoirs never are smooth in practice
the calculation would be useless. But when the surfaces of
the voussoirs are rowgh, the only conditions for the equili-
brium are that the angles which the line of pressure makes
with the perpendiculars to the joints at the points a, ¢, e, &
t5 I, m, o should not exceed a certain finite angle, which can be
made as large as we please by having the stones rough-hewn
or by joggling them (Art. 125.)

We see, then, that in consequence of friction the weights
of the voussoirs and the angles of inclination of their joints
need not fulfil those exact relations, which would be necessary
if the surfaces were smooth.

127. But the great advantage of friction in the support
of an arch is yet to appear. For in order that an arch in a
bridge may be of service, it must be able to sustain weights
(not immoderate in their magnitude) placed on different parts
without breaking.

Let us now suppose a weight W to be placed on the vous-
soir G..  This weight adds to the weight of G,, and con-
sequently disturbs the line of pressure and shifts it to some
new position '/'d'f'h'j'I'n'o’ as represented in fig. 49. But
the arch will still stand if the angles at o', ¢/, €, g', i, K, m/, o
do not exceed the finite limit. Whereas the equilibrium of
the arch would certainly be disturbed by W if the surfaces
were smooth.

In this way we see, then, the important aid that friction
affords in the support of an arch.

Pror.  To find the conditions of equilibriwm of an arch.

128. Since we suppose the friction of the voussoirs
against each other to be so great that they cannot slide upon
ach other, it follows that the arch can fall only in consequence
of its breaking at the upper or lower extremities of some of
the joints. And, since we suppose the piers 4 and B to be
immoveable, simple geometrical considerations shew, that if the
arch break it must break in at least three pieces, four joints
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at least opening, the points where they open being alternately
in the extrados and intrados of the arch. So long as the line
of pressure cuts all the joints (as is represented in figures 48, 49.)
the arch must stand, because in that case the joints are pre-
vented from opening by the pressure acting along that line.

But by continually loading the arch in the same part we
may gradually shift the line of pressure till it passes through
the extremity of one of the joints, as g’ in fig. 50 and now the
pressure acting through g’ will not prevent the joint g’ H
opening at H, although other circumstances may.

From what we have already said about the arch not falling
till two joints at least in the extrados and two joints at least
in the intrados open, it follows, that the arch will certainly
stand as we continually load it till the line of pressure passes
through the extremities of at least four joints, the extremities
being alternately in the intrados and extrados.

If, then, our arch be such, that by loading it we cannot
shift the line of pressure into this position, the arch will sus-
tain any load without falling. Nevertheless when the arch is
much loaded, and the line of pressure passes through the ex-
tremity of any joint, there will be a great strain at that point.
This explains the fact observed by Professor Robison, who
constructed some chalk models and found that chips fell off
from three or four of the extremities of the joints.

If, however, the arch be of such a form that we can place
on it a sufficient load to cause the line of pressure to pass
through at least four extremities of joints situated alternately
in the intrados and extrados, there 1s a possibility of the arch
breaking and falling by the opening of the joints.

Let D, K, L, M (fig. 51.) be the points through which
the line of pressure passes in this case: join them by straight
lines. Then the arch may be supposed to be a system of
heavy beams DK, KL, LM. In order to determine the con-
ditions that the equilibrium of the arch shall be stable, suppose
the joints are forcibly opened through very small angles, the
parts of the arch being sustained in the position represented in
fig. 51. That the equilibrium of the arch may be stable, the
joints, when the arch thus sustained in a broken form is left
to itself, ought to collapse and not open wider; a condition
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which is satisfied if the system of beams DK, KL, LM be
such that when left to themselves the point A shall ascend
and the point L descend.

Hence to ascertain whether an arch of certain dimensions
and figure will sustain any weight placed on it, we must con-
sider all the ways in which the arch can break and find whether
in each case the system of beams is of the nature just described.
If this be the case we may be assured that the arch will sup-
port any weight.

Pror. 7T prove that an arch, in which a tangent line
drawn at the lighest point of the intrados and produced to
the abutments lies wholly within the voussoirs, will sustain
any weight placed on any part of the extrados without break-
ng: also if the arch be of greater span than this, it will
bear any weight placed on those parts of the emtrados Jrom
which straight lines can be drawn through the voussoirs to
both abutments.

129. We will take the arch of greatest length under the
first conditions mentioned in the enunciation. Let F be the
highest point of the intrados (fig. 52.) ; then the tangent at ¥
passes through the highest point C and ¢’ of the extreme
Joints. Hence from any point G in the extrados a straight
line can be drawn to each pier lying wholly within the mass of
the voussoirs. This would not be the case if the arch were
the Jeast portion longer without having the voussoirs propor-
tionably lengthened. For suppose the left hand abutment
(in the figure) had the position of the dotted line, then no
straight line can be drawn from a point ¢ through the vous-
soirs to the right hand abutment.

It appears, then, that if two straight lines Ga, Gb can
be drawn from @ through the voussoirs to the piers, the
tangent at F' must be wholly in the voussoirs: and, this
being the case, any weight placed on G will be sustained, since
the portions of the arch on the right and left of G will act like
beams Gb, Ga, of which the points b and @ cannot slip, be-
cause we suppose the friction of the voussoirs, or at any rate
the joggling, sufficient to prevent sliding.




STATICS.

104

true after

The second part of the Proposition is evidently
what has been already written.

180, Cog.d. . The principle of this Proposition seems to
have been used by Mylne in the construction of Blackfriars

Bridge, London, one of the arches
AVY is a circular arc of which C is the
OV height above low-water

and piers of which we have

i'LTP].'CSL‘ﬂtL"d in fig. 53.
centre, and the radius 56 feet:
— 40 feet : VK = 6 feet 7 inches. AB, YE are circular arcs
of radius 35 feet: ab=19 feet: ¥I = about 8 or 9 feet. All
the joints are joggled: and a line from K to the middle point
of the joint YT lies wholly within the masonry ; and does not
ities of the joints, so that chipping

even pass near the extremi
of the voussoirs cannot take place. Therefore the portion YVL
ar the crown of

cannot break however great the load on or ne
the crushing of the materials : and it
would require an enormous pressure on the haunches (near ¥)
to raise the crown, since the weight of KY is about 2000 tons.

at ¥ falls within the foot of the pier F':
and the pier itself is like one solid mass by having the stones
and oaken planks below @ b (low-water mark) well joggled, and
voussoirs between Y and @ projecting
and so giving each a firm hold of the

over the one below it,
rubble-work in the centre of the pier (as represented in the

figure). The rubble-work itself is held down in its place by
the small inverted arch IG. Since, then, the tangent at Y
falls within the foot F' of the pier, and the pier is as one solid
mass, the arch BAVE would stand of itself even were the other
11, since if K'Y were on the point of falling the
This gives additional security

the bridge, except by
The tangent

by having each of the

arches to fa
pressure would act through Y.

to the bridge.
131. Con. 2. From this Propositiun we learn how it is

that the Gothic Arch will sustain such enormous weights upon
its crown, as we see is the case in many
buildings. The stone steeple of St Dunstan’s in the East,
London, is supported by four semi-pointed arches. In fact, it
is a principle that a puintcd arch must have a great pressure
upon its crown to prevent its falling ;

consisting of the two extreme portions
arch brought together, so that the pressure

of our ecclesiastical

for we may consider it as
of a very large circular
on the crown must
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at least equal the pressure of the portion of the circular arch
which is removed. Flying buttresses always have a great
pressure upon their highest part.

But besides this the pointed arch, for the reason explained
in the Proposition, will sustain almost any weight on its crown
provided the lowest stones do not give way : and consequently
the Gothic arch is stronger for lofty buildings than the cir-
cular: but the circular arch is far better adapted than the
Gothic arch for bridges, since the pressure of weights passing
over may act upon any part of the arch, not only on the
crown.

An arch built in a wall is almost sure to stand of whatever
form it be, so long as its foundation is firm : for suppose the
haunches were about to fall in, the crown rising ; then, in order
that the crown may rise, the whole of the masonry or brick
work above the black line (in fig. 54.) must be moved upwards,
a weight sufficient to prevent the crown from rising. More-
over, suppose the crown would rise: then directly it had risen
and thrust the masonry above it through a small space, the
pressure which caused the haunches to sink will cease to act
in consequence of the dove-tailing together (so to speak) of
the stones or bricks, which lie above the haunches. In the
the same manner we see that the crown could not sink.

Pror.  To explain the manner in which a dome is sup-
ported.

132. A Dome or Cupola is an assemblage of stones,
bricks, or other materials in equilibrium, of which the intrados
and extrados are surfaces of revolution having a common ver-
tical axis,

If we consider any given horizontal course of stones, it is
evident that this course cannot fall inwards, since all the stones
tend equally towards the center, and consequently wedge each
other in. But the form of the dome might be such that the
weight of the superincumbent courses should thrust out the
course under consideration and the courses below. In this
way, and in this way only, can the dome fall.

It is very easily seen that a conical dome is secure, and
will bear any weight on its upper course, provided the lowest

(0]
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course is kept from bursting outwards. A dome with its con-
vexity inwards would be still more secure: for every stone is
pressed inwards, since it forms part of an arch with its con-
vexity inwards, and extremities in the highest and Jowest
horizontal courses: consequently the stones of each horizontal
course are more firmly held together than in the conical deme.

133. The stone lanthern on the top of St. Paul’s Cathe-
dral weighs several hundred tons, and is supported by a brick
cone, which is concealed between the outer and inner domes.
The lowest course of this cone is above the stone gallery at the
bottom of the outer dome, and is held from bursting outwards
by an iron chain.

The pyramids, which form the steeples of Gothic archi-
tecture, are for the same reasons as the cone stable in their
equilibrium. The enormous weight of these steeples is sup-
ported by very pointed arches, which spring from the square
tower at a considerable distance below the top, and are of such
a slight curvature that a straight line can be drawn from the
key-stone through all the stones of each leg (Art. 129, 181.) :
and the thrust down these arches is counteracted by the massive
masonry of the tower and the buttresses (as explained in
Art. 122.)

In the walls and tower of Salisbury Cathedral are to be
seen some fearful cracks which seem to indicate a want of
sufficient support for the stupendous steeple which forms so
striking a feature of this edifice. The foundation remains
firm. Sir Christopher Wren examined these defects, and
found that the steeple was braced in different parts with iron
bars : and added more for greater security. A little less than
a century ago Price, the author of the British Carpenter, nar-
rowly inspected the whole, and seems to have proved, that the

.athedral was erected under two architects, one completing the
work that the other commenced ; but that the first architect
never contemplated the erection of the steeple nor so lofty a
tower as the second architect was bold enough to add to the
low tower built by his predecessor ; and in consequence of the
insufficiency of the supports the cracks now to be seen warned
the architect to resort to the expedient of bracers to hold the
base of the steeple from spreading. For a very interesting ac-
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count of this building we refer the reader to Price’s Series of
Observations wpon the Cathedral-churech of Salisbury. We
have mentioned these particulars because this building is a
very remarkable illustration of the necessity of attending to the
connexion between the weights and pressures in a building, and
the walls arches and buttresses by which they are to be sus-
tained.

134. As an example of the support of a stone vaulting,
we shall explain the manner in which the roof of King’s College
Chapel, Cambridge, is supported.

Figure 55 represents a projection upon a horizontal plane
of one compartment of the roof included between the four but-
tresses f, &, A, k: and figure 56 represents the projection of
half this compartment upon the vertical plane of one of the
windows on the south side - the same letters in the two figures
refer to the same points.

The rib be runs from the east to the west end of the
Chapel, the stones which form it lie in the same horizontal
line and at a greater elevation from the ground than any other
part of the roof: K is the central stone of the compartment,
and is the upper part of one of the ornamented drops seen
hanging from the roof in the interior. The stonesin a Kd lie in
an arch of which & is the key-stone: it is clear that the Zen-
dency of this arch is to sink at the crown K, and thrust down
the walls at @ and d. We shall proceed, then, to explain how
the stones in this arch are supported ; and also the stones in
the rib b¢: and in the course of the explanation it will be seen
that we shew how every stone in the compartment fehk is
supported.

On examining the roof carefully it will be found that the
Stones are placed in semi-arches in vertical planes through the
buttresses; the spring of all the semi-arches in the space ba
being at £, and their crowns or key-stones in the courses b K
or Ka: this is best seen in figure 56. Now any stone s in
the arch aKd is the key-stone of the two semi-arches sf and
sg: and the thrust of the stones in Ka i propagated down
the semi-arches sf and $g, and ultimately acts upon the but-
tresses at f and g; the same is true of every stone in Ka-:
likewise on the other side of be the stones in Kd are supported
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by the semi-arches, of which they are the key-stones, and which
spring from the buttresses & and k. Again, any stone 7 in Kb
is the key-stone of two semi-arches 7/ and rf, and is held in
its place by the thrust of the stones in Kr; and this thrust
is propagated down the semi-arches 7k and »f, and acts ulti-
mately upon the buttresses &k and f* the masonry of the rib be
is sufficiently heavy to prevent these semi-arches from sinking
by their key-stone rising. It will be clearly seen, theu, how
every stone in be¢ and aKd is supported: it will also be
seen that every other stone in the roof is sustained by being a
member of a semi-arch springing from one of the buttresses,
and having its key-stone in be or aKd. The pressure of the
compartment fghk upon the buttresses acts obliquely : for
instance, that on f will act downwards in a line whose pro-
jection on the horizontal plane will lie towards the south-east.
But the compartment east of fghk will press upon the buttress
fin aline whose horizontal projection lies towards the south-
west: and consequently the resultant of these pressures will
act in a line whose horizontal projection runs due south: let
FF be this line (fig. 57.) ; this figure represents one of the but-
tresses. The dimensions of the buttress are so arranged that
fF shall lie within the masonry and pass into the foundation
within the foot of the buttress.

The resultant pressure of the roof on the walls at each of
the four angles acts obliquely ; consequently instead of but-
tresses of the ordinary form at the four angles of the building,
towers crowned with lofty turrets are erected of such a weight
as to deflect the line of pressure of the roof, and cause it to
pass into the ground through the masonry.

135. We proceed now to find the position of equilibrium
of a chain suspended from two fixed points, and briefly to
explain the construction of Suspension Bridges.

A chain is an assemblage of rigid pieces of iron linked
together, or connected by pivots, as in the chains of suspen-
sion bridges. We may therefore apply the principles of
Chapter 111. to determine the position of equilibrium of the
chain. The length of the chain is generally so great in com-
parison with the length of each link, that we shall suppose the
polygonal figure in which the chain hangs to be a continuous
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curve. Also we suppose that the motion of the links about
their points of connexion is perfectly free; or, in other words,
that the mutual action of any two links acts in a tangent line
to the curve in which the chain hangs. The curve in which
the chain hangs when in equilibrium is called the Catenary.

Pror. 4 chain of wuniform density and thickness is
suspended from two given points: required to Jind the equa-
tion to the curve in which the chain hangs when it is in
equilibrivm *.

136. Let 4 and B (in the plane of the paper, which is
supposed to be vertical) be the two points of support : fig. 58.
After the chain has ceased oscillating and has attained its
position of permanent rest, suppose ACB is the curve which
it forms, C being the lowest point: take this as the origin of
co-ordinates, CM vertical = #; MP horizontal = ¢ ; CP=s;
P being any point in the curve.

Now the equilibrium of any portion CP will not be dis-
turbed if we suppose this part of the chain to become rigid :
this appears from Art. 71. Let ¢ and ¢ be the lengths of
portions of the chain of which the weights equal the tensions

* We may calculate the form of the curve in the following manner,

Let us suppose the chain to consist of an infinitely great number of rigid and
straight portions, each equal to ds in length: and let + of these portions lie between
C and P: fig. 58. then s=7ds: also . and a,-) being the angles which these por-
tions make with the axis of », we have by Art. 123.

r+3
tana, = —=tan a,—,.
43

Hence 6. tan PTM = tan a, — tan Ry

= 5 tan e,
it A
s 4y _ dx
OF 0 45— = =
de s+ 508
dzy ldyds SOl dy loz. &
“da® sdadad T OB da = 8, }

dy s ;
. === —, as in the text.
dr ¢
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at C and P. Then CP is a rigid body acted on by three
forces which are proportional to ¢, 7, s, and act respectively
in the directions Ce¢, Pt, Gs.

Draw PT the tangent at P cutting the axis of @ in 7
Then the forces holding CP in equilibrium have their direc-
tions parallel to the sides of the triangle PM 7', and therefore
bear the same proportion one to another that these sides do;
(see Art. 18.)

AE tension at lowest point
MT — weight of the portion C'P

dy ¢
or — = —3
dy 8

ds \/ S (Ei N A+
40 g = 1+ — = ey

da da ) s

da 8

ds

the constant added being such that when # =0 then s = 0, since
the origin of co-ordinates is taken on the curve at C';

. f=a 42 ....... IR T
dy ¢ ¢
Also == —= ———3
dv & w208
-'?-‘+f.?+\/a:2+9(’far 4
coy=clog, i —————f »+o-e- wanl (B)a
c

the constant being so chosen that @ and y vanish together.

This last equation may be put under another form

f

L w+e @+ e\*
e =— % ( -1,
¢ c

L R : . . .
then transposing — and squaring both sides of the equation
(5 5



COMMON CATENARY. 111

W, g
e =2eav ==13
a
A
o &= gt = L LN S,

Also s = \/(r + r.')”A”(:g by equation (2),

c ¥ ¥y

= :‘;();: =il S (5).

Any one of these five equations may be taken as the equation
to the curve.

When the chain is uniform in density and thickness, (as in
the present instance) the curve is called the Common Catenary.

137. Coxr. 1. Of all curves of a given length drawn
between two fixed points in a horizontal line, the common
catenary is that which has its centre of gravity furthest from
the line Joining the points.

For since the chain is in equilibrium the depth of its
centre of gravity from the horizontal line is a maximum or
minimum (Art. 78.) and it is clear that it is a maximum and not
a minimum, because if you displace the chain slightly it will
return to its position of equilibrium, or its equilibrium is stable
(Art. 79). Hence in any other position of the chain than that
of equilibrium the centre of gravity will be nearer the given
horizontal line. But the chain which hangs in the common
catenary is of uniform density and thickness, and therefore its
centre of gravity coincides with that of the curve: and con-
sequently the common catenary is the curve of the nature
described.

Con. 2. By means of the formula of Art. 87. Ex. 2. we
shall find that the co-ordinates to the centre of gravity from the
lowest point are

eyl Ly e : cx
r==+ —\ gy
y 28 2 Jo s

138. Cor. 3. We might have taken the origin of co-
ordinates at any other point than the lowest ; as ', fig. 59.
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Let the tangent at ¢’ make an angle « with the vertical.
We shall then readily get, if ¢ be used instead of ¢ in the

Proposition,
T sin(a—-PTM)
2R s PTM
= sin a cot PT'M — cos a
- da
=sinq— —COS a3
dy
dr 1 s+ ¢ cos a
(s — . ——— I T ——————— %
ds \/7 ( UY (s + ¢ cos a)*+ (¢’ sin a)®
14 | —
da

- AR PR
o+ = \/32+ 2s¢ CoSa +C

‘We shall also find that

’ R YR
& +C+ X+ 2¢c ¥ +C”CO5" a

9 =c sin a log,{— e S
y W *‘”{ ¢ (1 +cos a)
(:Q Pror. 7o find the tension of the chain at any point.

139. Let ¢ be the tension at P acting in the direction of
the tangent at P and estimated in terms of the length of chain
of which the weight equals the tension : then, by what was
mentioned in the last Proposition, (fig. 58.)

tension at P P7. b e
weightof CP~ MT’ s da’

But s° = «°+ 2¢a, by equation (2) of Art. 1863
= & 4+ C.

This shews that the lengths of chain of which the weights equal
the tensions at the various points of the common catenary are
such, that if they were suspended from those points their lower
extremies would lie in a horizontal line.

For draw CE and PQ vertically downwards and equal to
¢ and @+ ¢ respectively: these then are the lengths of chain
which measure the tensions at C and P. But PQ=2 +¢
— MC + CE, and PM is horizontal : therefore Q and E are in

the same horizontal line.
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Con. 1. “iTE A uniform chain hang f't'uo]y over any two
points, the extremities of the chain will lie in the same horizontal
line when the chain is in equilibrium,

-

Pror. A4 chain of variable thickness, but of the same
material throughout, is suspended from two points: required
to find the law of the thickness that the tension at different
parts of the chain may vary as the strength of the chain at
those parts,

140. Let S be the length of a uniform chain of which the
thickness equals that at the lowest point, and weight equals the
weight of the length s of the chain to be suspended.

Let, as before, C' be the lowest point (fig. 58.): CM = @,
MP =y, CPwg: oithe length of uniform chain of the thick-
ness at €, of which the weight equals the tension at €. 'The
portion CP when it has assumed its form of equilibrium may
be supposed to become rigid. 'The forces which retain it in
equilibrium are its weight and the tensions at ¢ and P, and
these are parallel to the sides of the triangle M7TP :

and -+ PT = o/ PAf*+ 377

I 7 f.'-:{— ‘S":E I
. tension at P = \i—--— tension at (.
2

But the thickness of the chain at p varies ultimately as the
quantity of material in a given short Jcngth ds of the chain,
] XSl | ) i SlE
since the density is constant: it therefore varies as 7o But
‘ ds

by the hypothesis the tension must vary as the thickness of the
chain;

ds . T ds
—— varies as '\/("*11_ NEgr e Spies
ds ds 3]

since § and s are u[tim;ttc]y equal ;
(8 + \/.S_-rT :
.\':r'](}g‘,,(--- e Tl B
\ [ 4

ll
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o ‘MEP . dy i) Gael \/‘(:?;‘.—_AS‘{

Also — = — = —3 e B 4
S MT do da S
By 2 Ve S
ds (

a8 S8 dx e S

s R R e e
dao S ds 4+ 8
\/’,:3_‘_ ‘S':f .
= I(Jg:e—__' ~  esevsaesasvassesess ({)
: 5

141. These formule have been reduced to Tables by
Sir Davies Gilbert in the Philosnphical Transactions for 1826.
We give the following extracts from them to elucidate the
application of the equations to the construction of Suspension

Bridges.
Tasrte I. The Common Catenary.
Y = 100.
MSEe LSt g Jed B de el e ety
|

| Angle.
|

N

1000 | 5.004 | 100.166 | 1005.004 840 16’ 48"
980 | 5.106 | 100.173 085.106 | 84 9 49

e T PR W I T IO R

=3}
N
[ 3o]

o
(=]

420 | 11.961 | 100.947 481.961

3
=1
541
>
L=
o
s}

400 | 12.565 | 101.045 412.565 ‘

3.234 | 101.158 303.2%4 | 76

380




SUSPENSION BRIDGES.

TasLe II. The Common Catenary.
e = 100.

oo —— e e
Y | ¢ | ;'\nglu.
TN Y S N CES TGO R 5T T

‘ - e ‘ q? ox! anl!
1 } .005 | 1.000 | 100.005 | 89° 25' 39
2 ‘ 020 | 2.000 | 100,020 J 88 51 15
| | |
R L SOG:
20 !fz‘nn:’ | 20.134 102.007 | 78 36 59
|
21 | 2218 | 21.155 102.213 | 7881 8L 1)
|

115

Tazce III.

Y = 100.

¢ I a |‘ § S ¢ | Angle.
1000 5.008 ‘ 100.167 | 100.334 | 1005.021 | 84° 16' 13"
980 2111 | 100.174 | 100.348 | 985.124 [ 84 9 12
et SRRVt |
420 | 12.019 ' 100.958 | 101.938 | 432.193 | 76 21 29
100 | 12.631 | 101.057 | 102.137 412,832 | 75 40 33
\ [
..... g S by |
|
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Taste IV. The Catenary of equal strength.
) 1 g
¢ = 100.
|
Y 1 8 S ‘ t ‘ Angle.
‘

— —
LiE) 005 | 1.000 1.000 | 100.005 1 89° 25 37"
2 | .020| 2.000 2.000 | 100.020 | 88 51 14

| | it
. ‘

20 ‘ 2.013 | 20.135 | 20.271 102.084 | 78 82 23
21 | 2221 | 21.156 21.314 102.246 | 77 58 4

| |

To explain the use of these Tables we shall take an
I

example of each species of Catenary.

Ex. 1. Let the span proposed for a Suspension Bridge
be 800 feet, and let the adjunct weight of suspension 1ods,
road-way . . . . be taken at one half of the weight of the chains :
and let it be determined to load the chains at the point of their
greatest strain, that is at the points of suspension, with one-
siath part of the weight they are theoretically capable of
sustaining.

The modulus which measures the full tenacity of iron is
shewn by numerous experiments to be 14800 feet: this being
the greatest length of iron bar which another iron bar of equal
transverse dimensions will support without sensibly stre tching.

Now this modulus must be reduced in the ratio 3 : 2,
since we have supposed the weight of the rods road-way ... tobe
equal to half the weight of the chains, and consequently we add
to the weight of the chains without adding to their strength.
The virtual modulus is therefore 9867 feet: and the tension of
the chain at the points of support is by hypothesis to
— 0867 = 6 feet = 1644.5 fee
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The semi-span is 400 feet. In Table I. y is taken = 100
measures ; therefore each of these measures is 4 feet: and the
tension at the points of support expressed in these measures

= 1644.5+4 = 411.124. But by Table I. when # = 412,
c= 100 measures = 1600 feet,
@= 12.505 (...l .0 = 50360 ;.
§=11035005 Sl = 404.180 ....

The angle of suspension = 75° 49

Il

Having found the value of ¢ we may make use of Table 11I. to
find the lengths of the rods for the different ordinates of the
curve. In this Table ¢ is taken at 100 measures, consequently
each measure equals 16 feet.

Each gradation of % in that Table will therefore be 16 feet ;
and the sec und column gives the number of measures by uh](h
the suspending rods corresponding to the respective d.ll!t'a of
¥ must exceed the length of the suspending rod at the apex or
centre of the bridge.

Let the following Table be formed from Table II. by
taking the successive differences of the values of s :

1st measure of ¢ length of are of catenary = 1.000 measures.
- o o

2nd S sl U 1.000 ,,

.......

:
.
.
.
.
.
.
:
.

.
Il
bl
i

bl
of the adjunct weights which must be suspended from the
successive portions of the catenary, in order to distribute them
equally throughout

The last column of numbers gives the proportional part
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In this example we have supposed the adjunct weights to
be equally distributed along the chain, so as virtually merely
to increase its uniform thickness. We shall now in

Ex. 2. Suppose the catenary to be one of equal strength :
i. e. the tension at every part proportional to the strength :
the other data the same as before.

In this case ¢ represents the uniform tension on each
portion of iron throughout the chains whose transverse section
equals that at the lowest point. In the uniform catenary the
greatest tension (that at the points of support) was found
equal 411.125 measures of 4 feet each: we shall take this then
for the value of ¢ in the case of a catenary of equal strength.

Turning then to Table III. (in which, as before, sach
measure is 4 feet) and taking the proportional part between
100 and 420, we have

o= 12.290 measures or 49.161 feet,

101.002 ......s..0 o 404,008 ....

o
Il

S 1021024 osearavess H08.08611 .5,

f=423.602 ....0.eene.. 1004408 ...

angle = 76° 8" 17".

We have taken ¢ at 411.125 measures or 1644.5 feet, but
Table IV. is calculated for ¢ =100: and therefore each mea-
sure of this table is 16.445 feet: and the second column deter-
mines the excess of length of the respective rods over that
at the apex for every gradation of y.

Let us form a Table, as before, of the differences of s
and S.
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1st measure of y

Sndi c o]

Differences of s.

1.000

1.001

Differences of S.

1.000

1.000

"esnes

Ratios of these Dif,

1.000
-999

The fourth column gives the quantity of matter of which
the chain must be composed at the various ordinates of

which the values are in the first column.

Also the adjunct

weights of rods, road-way...should be distributed in portions
proportional to the numbers of the third column.




CHAPTER VIIL

PROBLEMS

142. Ix the last two Chapters we have illustrated the
principles of equilibrium by applying them to the solution of
rarious questions. Our object in the present Chapter is to
make some general remarks upon the solution of Statical
Problems, and to give a few more applications.

143. The conditions of equilibrium of a single particle
acted upon by forces which act in any directions, are three
in number,

Eekeg B0 2L =0,

X, Y, Z being the resolved parts parallel to three rectangular
co-ordinate axes of any one of the forces: Art. 23.

If the directions of these forces all lie in the same plane,
and this plane be taken for that of 2y, then the third equation
becomes identical and there are only two conditions. If the
forces all act in the same line and this line be taken for the
axis of @, then the last two equations are identical and there
is only one condition.

The conditions of equilibrium of a rigid bedy, or of a
system of rigid bodies, acted on by forces which act in any
directions, are six in number,

i a2 R A
. (Zy-Y)=0, =.(Xz—-Za)=0, Z.(Yo - Xy) =0,

X, ¥, Z being the resolved parts parallel to three rectangular
co-ordinate axes of any one of the forces, and ayz the co-
ordinates to the point of application of that force.
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If the forces all act in the same plane and this plane be
taken for the plane of 2y, the third, fifth and sixth equations
become identical, and there are only three dquations of
condition, Art. 65, 53.

144. 'When we wish to solve a statical problem we must
consider what forces act upon the body that is to be in equi-
Librium : for unknown pressures and reactions we must sub-
stitute unknown forces, which we shall call mechanical quan-
tities ; also for unknown distances, angles of position, and so
on, we must use unknown quantities ; these we shall term
geometrical quantities. After this we must write down the
equations of equilibrium, the number of which will depend
upon the nature of the problem, as mentioned in the last
article.  'We must next write down the equations (if there
be any) which connect the geometrical quantities. Lastly,
we must count the unknown quantities involved in the equa-
tions; and if their number exceed the number of equations,
it shews that the problem is indeterminate, or else that we
have not written down all the equations of condition: we
must therefore search for more ; they must be equations con-
necting the geometrical quantities, since we know, by the
principles of equilibrium, that there cannot be any more
mechanical equations.

If in the end the number of equations be less than the
number of unknown quantities, then equilibrium will subsist
under several circumstances, and is said to be indetermi-
nate; it does not follow that ai/ the unknown quantities are
indeterminate.  If the number of unknown quantities equal
the number of equations, then equilibrium will subsist in one
way only. If it be found that there are more equations than
unknown quantities, then the equilibrium will not subsist
unless the known quantities fulfil the conditions at which we
arrive by climinating the unknown quantities from the equa-
tions.

145. It will often happen that we ean materially diminish
the labour of solving the equations by properly choosing the
centre of moments, and the lines parallel to which we resolye
the forces. Also by having regard to the object of the pro-
blem, whether it be to find the position of equilibrium of

Q
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body, the magnitude and direction of an unknown pressure,
and so on, we may frequently set aside some of the equations
as having o reference to the particular point of enquiry.
Thus in Art. 121. the object is to find 7", the tension of the
tie-beam. Upon examining the four equations we see imme-
diately that (2) may be set aside, because it contains an un-
known quantity R, which does not enter any of the other
equations, and therefore (2) is of use solely to determine R,
a quantity which it is not the immediate object of the problem
to discover. Equation (1) gives T when P and 6 are known,
and these are found from (3) and (4). Again, Art. 122. gives
a good illustration of an indeterminate problem. For (1) (2)
(3) are the only mechanical equations that can possibly exist,
and these contain only one unknown geometrical quantity a,
and consequently a fourth equation does not exist, or the
problem is indeterminate : as we might easily have foreseen
from the nature of the case. It does not follow that every
unknown quantity in the equations is indeterminate, as we sce
in this instance.

146. We shall now add a few Problems.

Pros. 1. A given weight W is held at rest on a known
curve 4P lying in a vertical plane by means of a given weight
Q acting over the pully B: required the position of rest:
fig. 60.

The vertical BM through B is the axis of @, B the origin,
BM =x, MP =1y, P being the position of the weight; angle
B=0. Now the weight is held in equilibrium by Q acting
in PB, Win PW, and the reaction of the curve, or R, acting
in GR a normal to the curve at P: hence, resolving these
forces vertically and horizontally, Art. 23. gives '

W — Qcosf — Rcos PGB =0,
Qsinf — Rsin PGB =0;
: da
or, since tan PGB = —,
dy
dy
W - Qcosf —R—-—=0...... (1),

T
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| da
Rsmf - RK—=o0,..... (2),
ds
two equations and five unknown quantities R, 0, @, y, s: since
equations (1) (2) are the only conditions of equilibrium, the
other three equations must be among the quantities 0, @, y, s:
they are

ds diy
o R L ,\/, T eor BT
@ da*

do
and Pz, y)=0...... (5)

the equation to the curve. These five equations will solve
the problem when we select any particular curve.

The elimination of B from (1) and (2) gives

1
W—Q (cos@ + ({J sin @) = 0,
da

(@ ydy

or Wde — Qdr =0

the equation of virtual velocities which we should have ob-
tained from Art. 24.
Suppose the curve is a circle the centre being at a vertical

distance ¢ from the point B: then a being the radius

¥+ (v —¢)=d’;

: ‘ ’ X : dr ¢
r=d+9yP=ad"-—c*+2ca; .. L= -
i de 7
v S Rt
c W & w®
72 — g? 4 ¢ (QE B ”72) & — Wigh
T = — —_— = — -
2¢ 20 W*

and the position of W is known.
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Pros. 2. A cord 44, 4,...a is held at rest by forces
acting at its extremities and at the knots 4,4,4,...in given
directions : having given the form of the polygonal figure of
the cord rcqnircd to find the relations of the forces; also to
find the tensions of the portions of cord: fig. 61.

The portions of cord need not be in the same plane; but
the force which acts at any knot, as P, at A,, must have its
direction in the plane of the portions of cord which join in 4,.
Let P, P....be the forces acting at the knots 4y 4y...: TThT,
_..T. the tensions of the portions of cord: a3, aaf3s5...the
angles which the directions of P, P,...make respectively with
the portions of cord at the knots.

Then 4, is held at rest by the three forces P, T T
hence, resolving these forces in the direction of P, and at right
angles to this, we have by Art. 2.

P,— T cos a;— T, cos =01 s (1),
P ar— Ty 3= 0l c s, g0 2).
Again, 4, is held at rest by T, P, T,; hence

P,—T,cos ay— T cos B3, =0 ...... ()

Il

T, sin a;— T, sin 3,
and so on: if there be = knots we shall have 2n equations,
involving 27 + 1 unknown forces Py Py veot Pl Ty s v e
we shall therefore have an equation of condition connecting
these forces, we shall suppose 7" to be known.

By equations (2) (4) ...... We have

T, sin aq T Bl o Jis sin a,

.

T snf,’ A T gl A I T

M § ARG 1 =m-cﬁ T, and so on,
sin (3, * " sin (8, sin 3; 3

and the tensions are all known in terms of 7"

Also by (1) (2) eliminating 7',

T sin [3,

= — and in like manner

h]"ﬂ‘. (u] -+ B]) 1

T

Il

D
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T, sin 3, T sin q, sin 3,

Ppm———CF =~ 0P
sin (az+ B;)  sin 3, sin (a, + 3,)

and so on.

Hence all the forces P, P, ... are known in terms of 7.

We shall now solve a few problems of forces acting on a
rigid body in the same plane: see Art. 52, 53. When the
system consists of more than one rigid body, we shall consider
each body separately.

Pros. 8. A uniform beam passing freely through a hole
H in a wall rests with one end on an inclined plane: find the
position of equilibrium : fig. 62.

AH horizontal=f, ¢ A=a, PH=v, PG=a: ¢ AHP=0,
pressure at P=R perpendicular to the plane, pressure at H per-
pendicular to beam and = Q: resolving the forces vertically and
hm"izonra]]y

W-Rcosa-Qcos0=0 ............ (1),
Rsina -Qsnf=0.......... (2),

taking the centre of moments at I3
Wacos@—-Qu=o0 ............ (8),

these equations involve four unknown quantities R, @, 0, a,
we must search for a relation between @ and @ : this is

@ sin

7 = Sa‘m) essesesnnsssnsarns (4')

Our object is to determine the position of equilibrium: that
is, to find # and @: we have one equation (4), we must there-
fore obtain another between a and 6 by eliminating R and @

from (1) (2) (3).

X W sin (a + 0) w @
By 2), elim?. — = - Ly 8) —=——:
y (1) (2), elim®. R, Q £ by ( ¢ asa

sin (a + ;9) @

sin a a cos @
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12¢

Eliminating @ from this by (4) we have
h

. sin’ «,

cos O sin® l'\(( + 9) = -
@

from which @, and therefore the position of the beam, is to be

s
If a =90°% cosf= \/ﬁ
a

Proe. 4. A sphere and cone in contact rest, as in fig. 63,
on two inclined planes, the intersection of which is a horizontal
line : required the angle of the cone and the position of equi-

determined.

librium.

W, W' the weights of the sphere and cone: R the reaction
at B: P the mutual action at E: the resultant of the reactions
of the plane on the base of the cone must act at some point D,
let @ be this resultant: CD =a: G the centre of gravity of
the cone: rad. of sphere=a, Ge = %, e being the point where
the normal at E cuts the axis of the cone: 26 = the angle of
the cone : a, [3 the angles the planes make with the horizon.

0o vma ks
0 ohes (8

The equati(m of moments is an identical equation.

For the sphere, W — R cos B + P sin (a - 6)

Il

R sin 3 — P cos (a — 0)

For the cone, W'— Q cos a — Psin(a—0)=0 ...... (8),
Qsina— Pcos(a—6)=0 ...... (4),
moments about G, Qw — Pz cos =0 ...... (5).

These five equations involve six unknown quantities : if there
be a sixth equation it must be a relation connecting the geome-
trical quantities involved in these five equations: but a little
consideration will shew us that no necessary connexion exists
between any two of @, 0, z: hence the problem is indeterminate.
By examining the equations we perceive that the first four
involve only the four unknown quantities P, R, Q, 6: hence
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these are determinate; but # and = are indeterminate since they
are connected only by (5): for any given position, 'however,
of the bodies & is known by geometry, and consequently »
becomes known by (5).

We learn from this that if @ be chosen so as to satisfy
equations (1) (2) (3) (4), the bodies will remain at rest in
whatever position they are placed, their centres of gravity re-

maining in the plane of the paper : and as we give the lm(hu

different positions & varies, consequently @ and therefore the
point of application of Q changes.

. /2 sin 3 I sm a
By (1) (2) — = _ I 57 () Vi ) O
TR = GEi =0y i s
w sin a CoS (r( 5 ‘ ,J) sin o o 1.
WS s fBeos8 s 0 (@+B)+sin (a+p) tan 6};

T W Hm B — W’ sin a cos (a 4 8)

W’ sin ¢ sin (a0 + }J)

v+w ) sin 3 sin (2a + ;3)

" W' sin a sin 1{a ¥ f;%) sin a sin (a + f:i) i
By (4) (5) & sinacos@ sin ¢

2
% cos(a—6) cosa-+singtan @

W' sin a sin (a + .‘3)
W'{cos a sin (a+3)—sin a cos (a+B)}+Wsin B

W’ sin a sin (a + ;3)
(ll pE IV) sin f:} i

The value of tan 8 gives the angle of the cone necessary for
equilibrium, and the value of o gives the point of application
of Q for any given position of the bodies.

Bron: 5. ‘A person suspended in a balance of which the

arms are equal thrusts his centre of gr

avity out of the vertical
by means of a rod fixed to

the imrlm\,t v\timmr) of the beam
of the balance, the direction of the rod ]

yassing hwuuh his
centre of gravity :

given that the rod and the line hum the

nearer end of the beam of the balance to his centre of gravity
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make angles a, 3 with the vertical, shew that his apparent and
true weights are in the ratio sin (a + B3): sin (a - 3).

Pros. 6. A uniform beam placed in a hemispherical
bowl is in equilibrium, find its position.

Pros. 7. A cylinder with its axis horizontal is supported
on an inclined plane by a beam which rests upon it and has its
lower extremity fastened to the plane by a hinge : find the
conditions of equilibrium.

Pros. 8. Two uniform beams of equal length are loosely
connected, each by one extremity, to the extremities of another
uniform beam, they are then placed on a sphere; find the
pressures on the sphere at the three points of contact, the
length of the middle beam being less than the diameter of the
sphere.

Pros. 9. To determine the conditions of equilibrium on
Roberval’s Balance; see Art. 99. and fig. 35.

This machine consists of five rigid bodies ; and since the
forces all act in the same (the vertical) plane we shall have
fifteen equations: the figure will point out the meaning of the
various unknown quantities, the description of which we omit
here to save room.

The equilibrium of the part supporting @ gives

Q-Ros@—R cosl =0......... e D)
Rsinf—-Rsin@=0.....cc..... (2)s
Qr—Rbsin@=0............ (8).

Il

The equilibrium of the bar CC' gives
V cos \» — R cos 6 — 5 cos P=0 ...ccosurnse (4),
Vsiny +Rsin @ —Ssingp=0.......ce.en (5),
Rasin {a+60) —Sd sin (¢ —¢) =0 ...cce.ce.. (6).
The equilibrium of the bar DD’ gives
V' cos /= R cos ' — 8 cos @ =0 L s deniias (7)s
V' sin )/ + R' sin @— 8 sin @ =0 ....cccusen (8)s

Rasin(a—0)—S8a'sin(a+@)=0......
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The equilibrium of the part supporting P gives

P-Scosgp-8cosgp’=o0........... (10),

§'sin ¢p ~ 8" sin T el (11),
Ps — §b sin Q=04 2l b Ty (12).
The equilibrium of the stem and stand gives
W—-T+V cos YW cosnl mge it b (13),
V sin +y — V' sin el =Rt S (14),
Tw -V (h+0)sin '+ Vh sin Mgl B il (15).

These equations contain 15 unknown quantities, namely, B R’
Vv 88" 100 Y ¢ ¢’ @ and the ratio of Q to P.” Some
of these must be indeterminate since (as we might have foreseen)
(14) is a consequence of (2) (5) (8) (11).

To obtain the ratio 8 ’
P

sin (6 + 0')

sin @’

sin (P + ¢ '
sin ¢’ £

. Q sin (¢ + ¢) _Rsin ¢ iﬂn (a — ) sin ¢’

T o
By (1)(2)%: s by (m)(u)§=

Q) gy I s oy
Psin(0+0)  Ssind ~ asin(at)sme > ©

If we had eliminated R and § first and then R’ &,

Qsin (p+¢) R'sing o sin (a+ @) sin ¢ by )
s I 7 T LR e v el D .
Psin(0+60) 8 sing asin(a—0)sing -
Adding these equations after multiplying them respectively by
the denominators of the right-hand sides we have

Q sin (¢ + ¢)

P sin (0 + 9’)

i $sin (a — @) sin @'+ sin (a + ¢') sin ¢} ;
a

§sin (a + 6) sin 6+ sin (a — 8') sin 6}

. sin a sin (0 + §'). ?JZI;:] (((g%?—)) = ; sin a sin (¢ + @) ;

R




that is, the weights must always be inversely as the arms DE',
D'E', and do not depend on 7» and s.
To find 7'
Add together (1) (4) (7) (10) (13) after changing the signs
in (4) (7), we have
T=W4+P+Q
To find .

B‘f (H') (l"’) Tao="Vb sin \!/

'

_ Ps—Qrby (5)(3) 12) =P (s - ’ii )

P a )
= (s —=7).
; W+P+Q k¢ a

This shews that as we shift the weights P and Q the point
B, at which the reaction and consequently the resultant down-
ward-pressure acts, shifts also. If the ratio of » and s be
such that B is at €, then if P be shifted outwards or Q inwards
the balance will fall moving about the point C. If the stem be
fixed of course the balance will not fall; but then the strain
upon the stem will change as we shift P and Q. The strains
at the pivots are indeterminate, nevertheless they alter as P
and Q are shifted,

In this way the paradoxical character of the balance is
explained.

We shall illustrate the Principle of Virtual Velocities in
the solution of the following problem.

Pron. 10. A beam in a vertical plane rests on a post B
and against a wall at 4, as represented in fig. 64 required the
circumstances of equilibrium.

Distance of B from the wall=56: AG=a: £ GAD = 6.
The reaction (P) of the post at B is perpendicular to the
surfaces in contact, and therefore to the beam: the reaction
(R) of the wall is perpendicular to the wall for the same
reason: W the weight of the beam. We may consider the
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beam in equilibrium under the action of P, R, W, and suppose
the post and wall removed.

Now the object of the problem might be solely to deter-
mine the position of equilibrium, or also to determine P and
not R, or R and not P, or to determine both P and R and also
the position of equilibrium. We shall solve the problem by
the Principle of Virtual Velocities under these four suppositions
in order to explain the method of proceeding so as to avoid
as much trouble as possible according to the nature of the
question.

1. Suppose the position of equilibrium only required.
We must then give the beam a small arbitrary geometric
motion such that the unknown pressures P and R shall not
occur in the equation of virtual velocities: the beam must
therefore remain in contact with the wall and the post: as in
fig. 64,

Let 80 be the increase of @ owing to the displacement.
Then height of G above the horizontal through B (or %)

= GB cos § = (a — b cosec 0) cos @ =acos@ —beoth;

: : b
. vertical space described by G =4k = ( =
\sin®

g @ sin 9) de,

and by virtual velocities Wdh = 0;

el A
3 . b

o bh—asin?@ =0, sin@= '\/-k,
a

and this determines the position of equilibrium.

2. But suppose we wished to find the pressure P as well
as the position of equilibrium.

We ought in this case to have moved the beam off the
post, as in fig. 65, in order that the virtual velocity of B with
respect to P may not vanish, and conseq uently P not disappear
as in case (1).

Let A4'= ¢, and let, as before, 38 be the change of 6.

Then the space described by B in direction of P's action,
(since BP is perpendicular to AB) equals the difference of
the resolved parts of 44’ and A4'B’ in the direction of P

= A4’ sin@ — 4'B cos (90° — 36), 4'B = AB = bcosecd

=¢sin @ — b cosec 836,
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Also space described by G in direction of W
— AGcosf — AA' — A'G' cos (0 + 66)
— cos —¢—acosO +asinfd0=asinfdd —c;
therefore by the equation of virtual velocities
W (asin 0 00 — ¢) + P (csin 9 — b cosec §380) = 0;
. 00 (Wasin 8 — Pb cosec ) —c(W-P sin@) =03
and since ¢ and 00 may be any independent small quantities

Wasin® — Pbcosecf=0, W—Psinf=0;

b 3 }J— I) 8 a
.. sinf = — and — '\/—.
a b

W

3. Suppose we wished to know R and the position of
equilibrium, and not P.

Then we should give the beam such an arbitrary motion
(fig. 66.) as to give 4 a virtual velocity with respect to R, but
not one to B with respect to P. TLet Ad =, BAA =a;
- 00 =- bt g T « sin §; and the virtual vel. of G

AB —ccosa b

— AG cos 0 — ¢ cos (0 — a) — 4'G' cos (0 + 36)

I

(1 ey % .
(5 sin® @ — sin 9) ¢sina — ¢ cos a cos 03
and virtual velocity of 4=¢ sin (0 — a) ;

W{ G sin® @ — sin 8) ¢ sin @ — € COS g COS 9}

/]

+ R(ccosasin@—csinacosf) =0;

W(%sin'*@——sinﬂ)—-Rcusﬂzﬂ, Wcos@ — Rsinf=0;

\

. sinf= \/9 i _Ve L

a w b3

1. Lastly, suppose we wished to determine P and R and

the position of equilibrium.
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Then we must give the beam the most general disturbance
possible in the plane of the forces: fig. 67.
A4 =c¢: BAA =a: and 30 the increase of @;

*. vir. vel. of 4 with respect to R = esin (0 — a),

b6
e B kcdlen Ml v Pt W “—
sin @
et R B . W=asinf.80 - ccos 0 —-a);
W{asinﬂ.ﬁgmccos(ﬂ—a)}
. bd6 :
+ P ((;Sll‘la— —m—) + Resin (0 —a) =0;
sin@

.o esinag (P — Wsin@ — R cos ) —ccosa (Wcosf - R sin 0)

: b
-36 (W{csm@—l’ ):O;
sin @

and c¢sina, ccosa, and 38 are independent ;
<. P~ Wsin6 — Rcosf = O el i
Wcos® — Rsin 9 =10...2252),
Wasin® — Pb cosec = 0. .. ++-(3)

These three equations are the equations which we should
have obtained by the principles of Art 53. they give by
elimination

{ /:/b V2 o\t R AV ak — bt
sin @ = ;&’ W,—(ﬁ): W—T

We have thus illustrated the method of application of
this principle: and we observe, in general, that when the
object of the problem does not require certain unknown forces
we must give the body the most arbitrary geometrical motion
possible without giving the points of application of these forces
any motion in their direction.

The first case of the four just solved is an application of
the principle proved in Art. 78. and which was deduced from
the principle of virtual velocities. We may determine whether
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the equilibrium be stable or unstable (Art. 79.) by differen-

tiating A a second time:

dh b in 0 a&h ( 2b ) 0
e e g ain@ s L = =l | cos
df sin*0 S do* .~am“9+ 18 et

ks I Al 1 dh ; 7
which is negative when ; _0: hence % is a maximum and
(04

the equilibrium is unstable.

We may frequently make use of this method to discover
the nature of the equilibrium.

Pros. 11. A body with a convex surface rests on a fixed
body with a convex surface : required whether the equilibrium
is stable or unstable: fig. 68.

Let CAO be a normal to the two surfaces at the point of
contact 4 of the two bodies when the upper body is at rest:
then the centre of gravity of the upper body is in that line: let
C be its distance from O the centre of curvature at 4: let @
and b be the radii of curvature at 4 of the curves in which the
plane of the paper (supposed vertical) cuts the bodies: dis-
place the upper body through a very small angle as in the
figure: angle C =0:

. h = dist. of cen. of grav. from horizontal through C,

AB af

= (a + b) cos 6 — ¢ cos (6 + 4'0'B), AOB= SR b
)

= (@ + b) cos O — c cos (1 F %) 0

=

; ' ko7
=(a+b) (J - -})) - {(a +b) - ;T_z(a, + b)*t s

"

Hence A is 2 maximum or minimum, or the equilibrium is

. s b*
unstable or stable, according as ¢ is < or > ——
a-+b
5 ab
or as AGis>or < (b—cor)——-:.
a+b

We shall close this Chapter with a few examples of
Problems in which Friction is considered. The only change
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will be that we must substitute some unknown force for the
friction acting at right angles to the pressure; if we suppose
the parts acted on by friction to be on the point of slipping,
this force = u. P, where P is pressure of the rough surfaces
and u a constant known by experiment : see Art. 118.

Pros. 12. A cylinder with its axis horizontal is held at
rest on an inclined plane by a string coiled round its middle
and then fastened on the plane; fig. 69: find the conditions of
equilibrium friction being considered. The forces act as drawn
in the figure.

The conditions of equilibrium are

W—Rsinag — Fcosa— T cos (8 + a) =0......(1),
Rcosa — Fsinag— Tsin (0 + a) = s AR S )
moments about the axis, T'q — Fa = 0......(3),

these are the only equations; and they contain four unknown
quantities R, 7", F, »: but we know that ¥ cannot be greater
than 4 . R : this limits the indeterminateness of the problem.

B cos a
Ehminate T" from (2) (3);, = — mpee bt W
@6 R sina+sin (0 + «)

3 . cos a

'« Sina + sin (0 + a) cannot be less than — —
i

cOs @ — u sin a)

o

€ + a cannot be less than sin-! (
but it may be greater.

Pros. 13. A cylinder lies upon two equal cylinders all
in contact and having their axes parallel : and the lower
cylinders rest on a horizontal plane: uu' the coefficients of
friction respectively between the cylinders and each eylinder
and the plane: find the conditions of equilibrium, and the
relation of u and 4’ that all the points of contact may begin
to slip at the same instant: fig. 70.

The forces as in the figure.

The upper cylinder, W — 2R cosa — 2 Fsin g = 0L ()

the other two equations of this cylinder are identical.
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One of the lower cylinders,
W'— R + Rcosa + Fsina=0......(2),
F' — Rsina + Fcosa=0......(3),
¥ e i M RS | A
these are all the equations.

.‘iill a a
= tan—, not greater than u.

1 + cosa 2

F
By (3) (4) s

By (1) (2) 2R =2W + W,

W sin a w o

by (1) (8) (4) F' = —

—— = ar
2(1 + CO:';(.:) 2 2

a
, W tan —
d 2

"R eW + W

If w=u then since W is less than W +2 W' the lower

cylinders will slip first as we continually increase the weight of

the upper cylinder. In order that the points of contact may
all slip together, we must have

, not greater than u.

a
W tan —
a 2 y
tan—-=u and — L)
2 oW + W
TP s s
s i Qp.’

Pros. 14. Three equal rough rods are loosely connected
together by one extremity of each, and placed on a rough
horizontal plane. Shew how to graduate one of the rods so
that by noting the position of a smooth ring resting in a
horizontal position on the rods and just in equilibrium we may
know the coefficient of friction between the rods and the plane.



CHAPTER VIII.

ATTRACTIONS.

147. Tar phenomena of the motion of the heavenly
bodies lead us to conjecture, as we shall hereafter perceive,
that the various particles of matter in the universe attract each
other with a force which varies directly as the mass of the
attracting particle and inversely as the square of the distance
of the attracted from the attracting particle. Now in antici-
pation of this it will be an interesting and useful enquiry to
calculate the resultant attraction of an assemblage of molecules
which constitute a mass such as the Earth, the Sun, or any of
the heavenly bodies. We shall commence with the calculations
of the attraction of homogeneous bodies bounded by surfaces
of the second order, and then of any homogeneous bodies
differing but little in figure from a sphere, and lastly of hete-
rogeneous bodies consisting of homogeneous strata all differing
but little from spherical shells in their form. Also in the course
of these calculations we shall introduce a few Propositions
which we shall find of use hereafter.

Pror. T find the resultant attraction of an assemblage
of particles constituting a homogeneous spherical shell of very
small thickness upon a particle outside the shell: the law of
attraction of the particles being that of the inverse square
of the distance.

148. Let O be the centre of the shell (fig- 71), P any
particle of it, dr its thickness: C the attracted particle OC=e¢,
£ POC=60. OP=r: mPMn 2 plane perpendicular to OC,
LmMP=¢, PC=y.

The attraction of the whole shell € acts in CO.

(=3

.
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Let OP revolve about O through a small angle d@ in the
plane MOP: then rd@ is the space described by P. Again,
let OPM revolve about OC through a small angle d¢, then
r sin 0d¢p is the space described by P. Likewise the thickness
of the shell equals dr. Hence the volume of the elementary
solid at P equals drrdfrsinfdgp ultimately, since its sides
are ultimately at right angles to each other.

Then, if the unit of attraction be chosen to be the attrac-
tion of a unit of mass at a unit of distance, the attraction of
the elementary mass at P on (' in the direction CP

2 a1 1 v dl
o bmfa‘utﬂdtp , p the density of the shell ;
¥ L

: ! st 7% sin BdrdBdc — 7 cos
.. attraction of P on € in CO = o2 il it . _!) iz L?,,f) i
Yy Y

We shall eliminate  from this equation by means of
Yt =c®+ 7 —2cr cos b,

de 9 Y+t =7
sin@ — = i, P —roost="r—rrs
dy c¢r 2c

rdr ¢ — 7%
. attrac. of P on C in direct. CO = & (l At ) dyddg.

2¢ Y’

To obtain the attraction of all the particles of the shell we in-
tegrate this with respect to ¢ and y, the limits of ¢ being 0
and 27, those of ¥ being ¢ — 7 and ¢+ 7;

y rdr c+r 27 e® —
. att™ of shell on C'in CO = PECE f{ 1 fﬂ (1 + ?—)dyd(p

2

xprdr petr P
= f (1 +—| dy
Bt Ly ik il
wordr 4 pridr
== 'O— (2r + 2r) = —P—g—- —

C

mass of the shell

C]
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This result shews that the shell attracts the particle at ¢
In the same manner as if the mass of the shell were condensed
into its centre.

149. 1t follows also that a sphere which is either homo-
geneous or consists of concentrie spherical shells of uniform
density will attract the particle at C in the same manner as
if the whole mass were collected at its centre.

Pror. To find the attraction of @ homogeneous spherical

shell of small thickness on a particle placed within it.

150. We must proceed as in the last Proposition : but
the limits of y are in this case # — ¢ and » + ¢: hence
; wprdr pr-c 72— ¢
attraction of shell = —‘?-,_— — f (1 = ) dy

9
o

Y

r+e

wprdr
i w (RO—2e)=10:
(i3

therefore a particle within the shell is equally attracted in every
direction.

Pror. 7% find the attraction of @ homogeneous spherical
shell on a particle without it ; the law of attraction being re-
presented by ¢ (y), y being the distance.

151. The calculation is exactly analogous to that of

Art. 148: we have only to alter the law of attraction : then
attraction on C in CO

wprdr pe+r p r 1
= '(1,_2 —/; i & + "= 7*) ¢ (v) dy, (integrated by parts)
ndp ) St i
L, Ipc:.» {@+e—r) [p(y)dy -2 | v /¢ ) dy] dy}
wordr

== [+ —r) ¢ (¥) — 24 (y) + const.} suppose
& _

between the specified limits

o4

=2mwprdr {—?-q)[ (e+7) — %\Jr((‘-«-}') - '('-(_—?()51 (c-r) +;;\,b (c—-’r)}

3 (Fern-yion)

:""'rrp')'(\{'i’ — j 4
[}

de
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this latter form being introduced merely as an analytical arti-
fice to simplify the expression.

Proe. To find the attraction of the shell on an internal
particle.

152. The calculation is the same as in the last article
except that the limits of y are r —c and » +¢;

: r e 1
. attraction = 27 prdr {A—( ¢, (r+e)—=y(r+ c)
¢ ¢

-0

; i o
i (pl(a - ) +}, lr (4 —-:,)J

g e el

=92 .t. ST PR el
Wp?(rdc

c

The formule of these two Articles will give the attraction when
the law of attraction is known.

1
Ex. 1. Let ¢p(r)=:
72
1
i) =——+ A
5 B 3
WAT) =i =T B: A and B arbitrary constants;
therefore attraction on an external particle
d f-—ar+dj(e+r) - (‘?_:_*‘)'3}}

= pr'rd,?'(?; {—

2¢

(— 9

d 9
qup?‘dr rﬂ‘{ 2 + ‘2/1:‘}

4~1rp'r'"d-'r

, (see Art. 148.)
C

Attraction on an internal particle

:Qﬂwmﬁw-w+4ﬂwwr_va#ﬁ

de

Qe
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d .
=2mrprdr—$—2+24r
TH det o

, (see Art. 150.)

Ex. 2. Let p(r)=r;

e |
q)())=u+/1 V(1) - j" + B.
Attraction on an external particle

“"'n'p'rrh {(P-}-’)‘(L_?) +4‘A5((‘+3) (C__?.)u}}
de Sc

g :
‘J?r{)’l‘d’l’ —ier+ 1+ 2A4r}
de

= 4mpr*drec = mass of shell x c.

The attraction is the same as if the shell were collected at its
centre. 'This property we discovered for the law of the inverse
square. We shall now ascertain whether there are any other
laws which give the same property.

Pror. To find what laws of attraction allow wus to
suppose a spherical shell condensed into ifs centre when
attracting an ewxternal particle.

153. Let ¢ (r) be the law of force: then if ¢ be the
distance of the centre of the shell from the attracted point and
7 the radius of the shell, and /() = [{r [¢p (r) d7} dr, then

the attraction of the shell

d \[/(r'+3) \{;(c~?)
o %

:E’er)di
de

But if the shell be condensed into its centre this attraction
— 1~7r1‘”dr{>q’)(rf);

27 ¢ (c) = ,%{ it ’):;ff:’_)}

"
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d {d \!/C i d“}\!ﬂ_i r 1 }
A = = =+ sue

Il

221 (¢)

de) de ¢ de’ ¢1.2.8

“de
d (& (e) r®* 1
[Pr@r 1, ),

i : 2 — -
Tgb((‘) - de deé e l1.2.8

d (1 &V (e
{7 2 *Q + ...+ =0 whatever 7 be;

dele de
d (1d \!;r:} d [1dVe {
0, e —— — U, s A . = “...
de |lc de? dele de

s C ig\b : 3
But d_\!_c — chf) (¢) de, (—-;‘,;-J = [¢ (¢) de + ce

de d
d\re dge
——=2QCt+C 5
de’ ¢ de

therefore by the first of the above equations of condition for

\,I (C)

2 doe
- (pc - (;b = 34,
c de
and multiplying by ¢ and integrating

c¢p()=4c¢+B: 4 and B being independent of ¢
B
¢ (c)=4dc+ 3>
¢

and this satisfies all the other equations of condition for - (¢) ;
therefore the required laws of attraction are those of the direct
distance, the inverse square, and a law compounded of these.

Proe. To find for what laws the shell attracts an in-
ternal point equally in every direction.
154. When this is the case

o {ﬂ?ﬁ”li(:‘")} =i

de P
dy(r) (@) ¢
4“(1]—‘ 3 d}.ii -].Q-. 3 T ...7-A

whatever ¢ is, 4 being a constant independent of ¢;
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E{}l’f (})_ )

=
dr

These conditions are all satisfied if the first is: this gives

and therefore the inverse square is the only law which satisfies
the condition.

Prov. To find the attraction of a homogeneous oblate
spheroid on a particle at its pole: the law being the inverse
square of the distance.

155. Let APBp, 4QRB q be sections of the spheroid and
the sphere touching it made by a plane through the axis of
the spheroid: fig. 72. 40 = ¥ MP=y, AC=¢, CD=aq,
¢c=a(l-¢), e very small. The mass of the annulus Pp
between the sphere and spheroid and of thickness da

2

=mpyda (1 - %) : also 4Q =+/2ca; y? =:—;(£zc;v - a°),

and if we consider every particle of the annulus Pp equidistant
from 4, the attraction of this annulus on 4 in direction 4B

%
c 1 & 2 pe ) 4
) f (2¢at — ) da;

=qoytde (A=) — Y £
PY ( @’ 2ew nf200 (2c)}
therefore attraction of whole difference of sphere and spheroid

2ape p2c 2 ‘
- @r;—gf' (2¢o% — a¥)da

4c  4c 167 pec
=2mwpe{— - —p = — 1"~
| 3 5 15

4 dmrpc
the attraction of the sphere on 4 :—”i (Art. 149.)

: 5 . dqrp de
therefore attraction of spheroid on 4 = —F (1 +—) c.

Q
) 5
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Proe. To find the attraction on a particle at the
equator.

156. Let DC be the axis of revolution (fig. 78), A4PBp
and 4QBq sections of the sphemid and circumscribing sphere
by the plane of the paper passing through the axis of revo-

. : Rk g
Jution: AM =a, MP=y, AC=a, CD=c, ¥*= = (2aa-a").
a’
Let an elementary slice of the spheroid and sphere be made

. by planes perpendicular to the axis of @, one passing through
P and the other at a distance d@ fromit; therefore mass of the

part of this slice between the sphere and sphcrnid

=7 p (QM*- MN.PM) dw

Gl ny :
=grp S Y= ;:r;* da; because MN = QM

(4

¢
=ap (1 - ;) 2ax - 2°) da.

Now the distance of each portion of this from A4 nearly = 4Q
=a/2ax; therefore attraction of the part between the sphere
and spheroid in the direction 4C

xda

¢ 2a s

2¢ 1 s
wp (l *?Jf —— (2aat —at) da

. . (2a)¥
c 4a 4a 8wpace
=mp 1—- s TR o e
a 3 5 ) 3 a3

: dar
and the attraction of the sphere = -rqe a;

: : darp 2e
therefore attraction of the spheroid = i 1 - T) a
e}

dar 3¢
= — R (l 4+ f) C.
3 )
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157. In the same manner it might be shewn that the
attractions of a homogeneous prolate spheroid of small ellip-
ticity on particles at the pole and equator are respectively

krp / 4e) Rk o 3¢\
[ —-Jr' ang — 1 — — ) ¢
5 38 \ 5/

2¢ being the axis of revolution of the spheroid.

Pror. To find the attraction of a homogeneous oblate
spheroid upon a particle within its mass 2 the law of attrac-
tion being that of the inverse square of the distance.

158. Let a, ¢ be the semi-axes, the minor-axis of 2¢
c'flinuir[ing with the axis of : then the equation to the spheroid
from the centre is

Jgh the co-ordinates to the attracted particle: we shall take
this as the origin of polar co-ordinates, 4 in fig. 30.

r = radius vector of any particle of the attracting mass:

lL.

=

= angle which r makes with a line parallel to = :
¢ = angle which the plane r» makes with the plane @z :
@ =f+rsin @ cos Py, Y=g +rsinf sin b, 2=h4+recosé,

and the equation to the spheroid becomes

(f + rsin@ cosp)’ + (g + rsin@ sing)* (A + r cosf)”* {

a” ¢’

sin®Q CUS"H} J)"an B cosgp + gsindsingh hcos @)
—_— — + 2pd: _,,,7',_,*,.__4_ =

or J - — b
a” € ] as c” l
S
=l T
a° c"
sin"d  cos*@ JsinB cos¢p + gsin@ sin ¢ lhcosf
put —— + T e e, T LU s et i

- c” a- L6

n]\
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2 o2 ".’\‘
and F*+ K (l A'{—er,f'— - L) = H, then

a’ c*
K +2KFr+F*=H
and the values of r are

ul \/}I " e ’\/ji
= Y and = —— i
{

'+
K

Volume of element at P =r'sin@drd@d¢ as in p. G8.
let p be the density of the spheroid : then the attraction of
this element on the attracted particle is p sinfdrdfddg; and
the resolved parts of this parallel to the axes of wyx are

p sin”0 cospdrdfde, p sin®@sin¢pdr dfdg
and p sin@ cosfdrdBdag.
Let 4, B, € be the attractions of the whole spheroinl in
the directions of the axes estimated positive towards the centre
of the spheroid: then these equal the integrals of the attrac-

tions of the element; the limits of » being — 7' and ", of O
being 0 and and of ¢ being 0 and r: hence

At o, -~

A ‘/4’./“ /0 p sin® 60 cospdrdfde,

Bs_/ /./psin'fﬂsinq)drdgdq‘;

At o

/_ s / /"WP sin@ cos@drdoddgp.

o o

and C

Then 4 =-p /- —/ (' +7")sin*QcospdOdp

T 11'};‘ e
= E»qu/n ./-“ J—rfsm"(}(tosgbdﬂd(p.

Now it is easily seen that if R (sina, cos’a) be a rational
) . o w . ©
function of sina and cos®a then [ R (sina, cos’a) cosa da=0.
b i)

Wherefore by substituting for ¥ and X we have
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{ =2fpc "™ [T sin®@ co pdade
A =%2Ffpe e b Sl
o ]., b/.J ¢*sin*0 + a° cos’P

foc? /“’T sin’0d o
— 7'—. f) . e

Jo ¢*sin’0 + af cos* @

IR b e o8 cos’0) sin@dH *
= ,Tff)r /” ("-it‘l:‘(_("-.:jjjﬁ(-(_“jifa

o

B ':7 T "__ ‘f_,ﬂ".‘s].illq i 1
"fra—a), P+ @ —Foorg 0096

= mfp—

o —

¥ a® \/ {1.3 = ¢ \
; {- = tan~" (-—f— = cusb’) + cos@ + (,’}
¢ \/rf"' —-c* J

A
between specified limits,

ot \/;r/"' e l ot

i
=2 fp—— Jf—u——-im e |

l v a? — ¢ l (F:i—e':

B N e I=c
=2 mifipie==———fan=tc o —
e 1-¢ e

: J\/i_—: sl o 1 —¢°
=27fp l—();—_— sin"le — e

In the same manner we should find that

P TR
B =2 ﬁ,f_flul s Sifie s
e’ r*‘

[T [*F

Also (' = Zat / ]—_sillf-)(‘ns?)tf{)(/(p
WO

/
bt (™ (™ sin@ cos’0dOd g
=2pha’ / A Y
i' Jo Joe’sin®f + a*cos*l .

&

If the spheroid be profate ¢ is = a and the denominator of this must be written
(¢® —a?) cos®6, and the integral would inv lve logarithms instead of circular arcs,
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a” /'- ¢ sin @ l "
18 ks > {

) sinf — ——— -
| ¢t + (a* — ¢¥) cos*t)

P

= Qﬂ'ph - -
e

[}

{1'.1
— tan=' ——————

= dmrph ——11 - =
P™ - i{ _.\/”u ot {
’%1 \/1:#';_ _I}
v sl "e;.

€ €

3 \/n_—c}

159. Coxr. 1. We see from these (_'.‘ipl't‘hﬁi!)ﬂ."« that the
attraction is independent of the magnitude of the spheroid,
and depends solely upon the eccentricity.

Hence the attraction of the sphornid similar to the given
one and passing through the attracted particle is the same as
of any other similar concentric s‘phomid comprising the at-
Hence a sphm‘nid;ﬂ shell the

tracted particle in its mass.
ttracts a point

surfaces of which are similar and concentric, a
within it equally in all directions.

160. Cor. 2. If we put the ellipticity of the spheroid
—¢ and suppose e very small so that we may neglect its

i) (I.f A
square, we have =1 — AT 1 —(1—¢€)=2¢;
ko [ 2e\ b p &
4="F(1-2)s B=-""L[1-)g

; 5 TS SR

4arp de

C = -—’|1+—)h
3 7]

161. Cor. 3. By the values of 4, B, C after integrating

with respect to r we have

AL ]; 15 f.' e (¢* sin® @ + @ sin B cos® 0) dedg
" iU z ¥ /? W “fJ JO Ju (_‘: Silllf 9 i F,‘.‘?)H:’ H e

=20 ;':T;L? sin @dfd¢p = 2mp [y sin 8d6 = 47p.
element of mass

But if V= J Bl as g O
distance from attracted point

dm

= ‘ $ (o _I)w (_H -_E(_.)l (; _ E,\i .:

N
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n’l : u'm(:—-f) '
(l'f ,(l—f)-{— ff—n)-o-(,\—/z)(i‘ilq
el g oA
. = (—‘ = — by the form of A.
((f df s
] 1 T 6
In the same manner - — ==, - —_ _
dg* o dh” h

Henece for an internal particle

@V diV.  dsF
vl T R

dft " dg' T an

162. Cor. 4. If we had taken an ellipsoid instead of a
spheroid we should have had

SFM SgM d(\L ShM d(\'L
=d i eM d(\L) ., 8hMd( )
i a? dX a’ dn
. . . 5 a*—b* > as— ¢?
where M is the mass of the ellinspid; = ——— S\ el
a” a-

and L= [}

the integration of this depends upon the properties of elliptic
transcendants: sece Legendre’s Traité des Fonctions Ellip-
tiques, Tome 1, p. 545.

163. Cor. 5. If we wished to find the attraction on an
external pmtlclL we should have the same integrals for A TG
as in the Proposition, but the limits of » \\uulrl be #" and »”
(and not — 2" and »"), since the point from which 7 is measured,
the attracted particle, is outside the spheroid ;

A== p [ T[T sin® B cos pdrdBde
p‘t',r_f:r(r’—)'”) sin® @ cos (/)(lHrlq';

T \/]_[
w05

=2p [y /s i sin® B cos tdOdg,

and this cannot be integrated by any known method.
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Mr Ivory has, however, discovered a relation between the
attractions of ellipsoids on external and internal particles: so
that by means of this relation we can calculate the attraction
on an external particle.

Prorv. 7o enunciate and prove ITvory’s Theorem.

a® A at | ap ¥
164. Let — + ¥ 4= =1 and — + GHLY

)

A 1 a 3

be the equations to the surfaces bounding two homogeneous

ellipsoids having the same centre and foci: then
d-P=a’=0 @ = i )

Let fgh, fg'h’ be the co-ordinates to two particles so
situated on the surfaces of these ellipsoids that

SRR o 3 :
i,__ S {'.,_t, ©)
= - = el = e (2)5
i AR ) B ey
Also since (fgh) and (f g'&') are points in the surfaces of the
first and second ellipsoids respectively, we have

f o /i-: 222 Q"z /l’J
— 4+ = =1, et e
(3 A a ey ey

Then the attraction of the first ellipsoid parallel to the axis
of z on the particle situated at the point (t'g’'h") on the swr-
face of the second is to the attraction of the second ellipsoid on
the particle situated at the point (fgh) on the surface of the
first in the same direction as ab: of3 the law of attraction
being any function of the distance: and similarly with re-
spect to the axes of 'y and z. 'This is Ivory’s Theorem.
We shall, for convenience, represent the law of attraction by
the function r¢ (»*), 7 being the distance.

The attraction of the first ellipsoid on the particle (fg k)
parallel to the axis of

= p [J[f(h' =) P S = o)+ (- yy+ (W= 2)% dodydz,
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L yaST T I

the limits of % are — ¢ NVi-=-=and ¢cA/1- — ==,
a’ Bt ;I T

the limits of y are —b A/ 1 —= and bA/ 1 -—, the limits
a” a-

of @ are — ¢ and «
=p [V [(f - @)+ (& — 9>+ (W + 2)%]
= V(- 20+ (g~ 9+ (W' - 2)*]} dedy

between the specified limits : V(1) =2 [¢p(r)dr: it must be

; ; : &
remembered that in this expression ¥ = ¢ '\/1 - — -, we
a b
do not substitute this value merely for preserving the functions
under as simple a form as possible. Now put @ = ar, y=hs,

% = ct, then the attraction

=pab [[{\ [(f - ar)’+ (g'- bs)*+ (W'+ et)?]
-V [(f - ary+ (& - bs)?+ (f;.’—('t)”'] tdrds,

the limits of s being — \/T: and \/i —7° and those of r

being — 1 and 1: also f =+/1 — ° _ &,

Now (f'- ar)*+ (g’ - bs)*+ (h'% ct)?

=+ g+ r" 2 (far +gbs = Ket) + a*r*+ b2s4 oof

3>
substituting for 4" by (8) and putting 1 — »*— ¢* for g2
2 / "
=f" ( - 1) + g Ll = é) +¥'=2(flar + £bs + het)
PO : ,

7

il ([{'3— (,C) 9.‘2+ (I)E— (.2) Sz_,r (‘.’3‘.’

eliminating f'g'%’ by (2) and making use of (1)

z‘g ((,_2_ cﬂ) L —;‘7 (/)Q— f'r") +¢i—2 (fa?‘ + ,(,"68 =5 f.!,’y.f)
2 2 =

+(@= ) 7 (B o) 4
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= g+ W2 (far + gPs =+ heyt) + a'1*+ [Fs*+ £ by (3)
_ (f-ary'+ (g - Bo)+ (b= D)
Hence the attraction of the first ellipsoid on (f'g’#") parallel to &
= pab [[{W[(f—ar)’ + (8= Be)' + A+ ty’]
(= ar + (g - B) + (b = )]} drds,

the limits of s being — -\/] =2 Wf1 —%; of vibeing — Iy 1

ab . . . : :
_ 2P . attraction of second ellipsoid on (fgh) parallel to =:

(f.,{ﬂ

the same may be proved for the attractions parallel to the other

axes: and conscqucnt]y the Theorem, as enunciated, is true.
We observe that one of these cl]ipsnids lies wholly within

the other: for if not the points in which they cut each other

lie in the line of which the equations are

3

SR i A

)
; R
a: p’;" '\/“

=+ =1 and
ai b

=1.

We shall suppose @ less than a: the points of intersection must

therefore satisfy the equation

_,(1 1‘) el 1 1) 1(1 ¥
Pl =) Y |3 =)+ —;~—¢,)= t
2 / N }%u o2 ,Y-

" a )

and this by (1) becomes &y “+ g8 i Fi e 0, an equa-
i ey |

aa b3/
tion which can be satisfied solely by #=0, y=0, ¥=0: but
these do not satisfy the equations above, and therefore the
surfaces do not intersect in any point.

Hence to find the attraction of an ellipsoid of which the
semi-axes are @, b, ¢ on an external particle of which the co-
ordinates are f'g’h’, we must Arst calculate the attraction of an
ellipsoid of which the semi-axes are a, (3, y parallel to the
axes on an internal particle of which the co-ordinates are f, g, &,
these six quantities being determined by the equations

f’:: ,;'-:,"J 2 I}’J’:.’

o B(‘J =a -0 o — 'y —at—e, b e et 1Y
T FTY

o
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P i ho' o

]‘:'—A Il_f:—"—_ /,l:—-_

; (44 (9] ’-'/
and then the attractions required will be these three calculated
attractions multiplied respectively by

he ac ab
,U"'rr- fc’}f .‘t}lﬁ.

The following Proposition we shail find of use in a sub.

sequent part of this work.

Pror. 7o prove that the resultant attraction of the par-
ticles of a body of any figure upon a body of which the distance
is very great in comparison with the greatest diameter of the
atlracting body, is very nearly the same, as if the particles
were condensed into their centre of gravity and attracted
according to the same law, whatever that law be.

165. Let the origin of co-ordinates be taken at the centre
of gravity of the attracting body, the axis of through the
attracted particle; let ¢ be its abscissa and ayz the co-ordinates
of any particle of the body, p the density of that particle.

Then the distance between these two particles, or 7,
= \,/((.' ~ &)+ y + =

Let 7¢ () be the law of attraction: then the whole at-
traction parallel to the axis of @, or A

fo(e—a) ¢ (- 2ca + a4 ¥+ 2 dadyds,
the limits being obtained from the equation to the surface of the
lmdy
= J:‘_T,O (c— 2) 1P () — (2ew — a*— gyt~ )P () + ... { dedyds
2% (%)) e
it (_)) +(y+ 27— a?) ()
¢ (c®) | ¢ ()

St \.1" f
=cp(c®) [ffp } 1——(1+ +...tdedyds
| o

o ‘3+ .‘:‘j— e
=Meg (¢*) + ¢ ' (¢%) [/fp .4 s Oy
J e

ol et

M being the mass of the body : also [ff

is measured from the centre of gravity of the body (p. 67)

padedyds = 0 since a
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Now suppose ayz to be exceedingly small in comparison
with ¢: then all the terms of A after the first are extremely
small in comparison with that term, it being observed that
:-'*(f)' (¢?) is of the same order as c¢ (¢?) in terms of e. Hence
the Proposition is true.

Cor. It appears also that to produce a given resultant
law, the law of attraction of the constituent molecules must be
the same.

166. We shall now proceed to the calculation of the at-
traction of bodies differing but little from a sphere in figure.
The object of these calculations will be seen when we come to
the higher branches of Physical Astronomy. The reader may
therefore, if he please, omit the remainder of this Chapter till
he enters upon those investigations. We shall suppose that the
law of attraction is that of the inverse square of the distance.

Prop. To obtain formule for the calculation of the
attraction of a heterogeneous mass upon any particle.

167. Let p be the density of the body at the point (2y%):
feh the co-ordinates of the attracted particle : and, as before,
suppose 4, B, € are the attractions parallel to the axes of
@, Yy, % Then

ik e !u_(f— v) f{'.'i)i!j,fff.'. g
W §(F=ay+ g -9+ (b - 2}

A plg-9) i SR
W A(f-a)+ (g —y)+ (R —2)5°

o ”[ Cof p “(/t._—j %) d’ajd‘yd; My,
W - g+ G-

the limits being determined by the equation to the surface of
the body.
rrr pdadyds
o | {(F—ay+ (g - 9*+ (b — 2}
r{_l_" f (f"V A d _i."
df dg dh

Liet: ¥

=

£
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It follows, then, that the calculation of the attractions 4, B, (
depends upon that of ¥. This function cannot be calculated
except when expanded into a series: it satisfies a differential
equation, which leads to some remarkable properties of the
coeflicients of the terms of the series into which V is deve-
loped. We proceed to determine this equation.

. d*V  dtV 4V

Pror. 7% prove that — 4 — 4 _
df* . dg* " dh?
according as the attracted particle is not or is part of the mass
iself: p' being the density of the attracted particle in the
latter case.

=0 0y — 4 7r|uf,

168. By diﬂbl‘:‘nriutin;_‘r V we have

a ! = /"'/' —p(f—a)dedydx

df v {(f - a)*+ -+ (b - #)ira

ar* JJJ (-2 +(g- )+ (b - Z)?Ls

f/fl-" 5 /-m-f; 32 {_/'f :r)“’”—(lq‘ i:a/)i_-_-ﬁfr — z)% d._uil‘:/r/‘.: :

In the same manner we should have

B oo -

v _ /'/"/”f 12 (g - .’/_)"’j_(ff ) g (2 - 2)*} dadyds
gt v {F -2+ (g - 9)*+ (b - 2y}

dv ‘/ﬂ/‘/ﬁ") %2 (7 — 2)*— (f_ l)_ (J,' - ?/)‘: ,d'T r].ijd-'l"_
it (= 2+ (g - 9)*+ (h - 2)22

A&V 4V @y /ﬂ/'f oxdadydsz M
A T dg T @R T L W= a) + (g -y)+ (b — 2}

When the attracted particle is not a portion of the attracting
mass itself then @yx will never equal fgh respectively : and
consequently the expression under the signs of integration
vanishes for ey ery particle of the mass :

av - dr  d&v

. — v = (.
df? g g 7

This equation was first given by Laplace: and Poisson was
the first who shewed that it was not true when the attracted
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lmrticlc is part of the attracting mass. The error arises in

consequence of the expression under the signs of integration

: 5 . 0
not vanishing for all values of wyz; since it equals — when
) 3 0

a=f y=85 %= h.
: : VY A, :
To determine the value of — + —— + -5 10 this case,
art  dg'  dw”
suppose a sphere described in the body so that it shall include
the attracted particle: and let V= U4 U, U referring to the
sphere, and U’ to the excess of the body over the sphere.
Then, by what is already proved,
U’ G
ar® ¥ dg* g
&V 4@V &¥ du  4&U d*U

Hence — A Ay

df* t r[_‘é'i"' 4 dr — df* 1 dg®  d B
The centre of the sphere may be chosen as near the attracted
}nu‘ticlc as we please, and therefore the radius of the sphere
may be taken so small that its density may be considered ulti-
mately uniform and equal to that at the particle (fgh), which
we shall call p'.

Let f'g’h" be the co-ordinates to the centre of the sphere;
then the attractions of the sphere on the attracted particle pa-

rallel to the axes are, by Art. 149, 150,

ko, o drp’ A dqr ) .
7‘_( (f 1) - "{ (g‘ -g), - -‘-;-'!—- (k — 'y,
| dU U
or — i(} ) Bt 5 bl by Art. 167.;
df dg dh -
& | dU - d*U ;
dft = dg b
@&V &V d'r .
=gt =—dTp,

o 3 T
aff  dg- di
when the attracted particle is within the attracting mass
Since the attracting body is supposed to be nearly spherical
we shall find it most convenient to transform our rectangular
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to polar co-ordinates, the origin of the radius vector of the
surface being near the centre.

Prov.  To transform the partial differential equation in
V to polar co-ordinates.

169. Let 7, 0, © be the co-ordinates to the point (fgh),
e R BT L O DR e RN (vyz),

the angles @ and ¢ being measured from the axis of &:  and
' being the angles which the planes on which 8 and ' are
measured make with the plane x@ ; as in fig. 30. and at p- 67,
¢ being replaced by w;

. f=7sin0 cos w, & = 7 sin 0 sin w, k= rcos 6,
2 =1"sin @ cos o, y=7sm@ sinew, z=1 cosl.

Also the volume of an element of the mass=d#'» d@'+’ sin Odw ;

therefore ¥ = the sum of the elements of the mass divided re-

spectively by their distances from the attracted particle

% /ﬂll /W /ﬁzw pr?sin @dr' d@'de’
J 0 {

e , 37412 —279"[cos @ cos @+ sin 0 sin O cos (0—o")] 14’

r being the value of +* at the surface of the body.

oy

; . : p R
Now =42+ k%, cosf=—

— L stamie == U]
VI + 8+ I :

dV  dVdr dV de dV de
df ~dr df " d0 daf  dw df’

S~~~

&V ddVdr d dVde d dV de

df* ~df dr df T df 40 af T af dw df
AV @ AV @0 QY dw
"dr i T a0 ar T dw P
L@V AP AV A8 @V de

o —— :
dr® df’ ag’ df? de® df*
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3 d*V dr do " &V dr rlw ] d*V d de

" drdf df rl? drdw d)‘ n’f " dfdw (f:\‘ df
dv d&r dV

+— — %
dr df*

d*0
do df* 7

!’[ V (Fm
dw df? d

o A s (O &V , _
l'he expresssions for ——— and —— are of the same form.
dg? dh®
These must all be added together and equated to zero or
- i-r‘u'. When this is effected the formulea (1) make
de: Ldqy  dr®  det dr
! the coeflicient of e L R e
dr dff dg 4R
; L @YV 4. d¢ de 1
=k the coeflicient of — = — it — o —=—
!:. dg’ afty dgt o dnl
t 18 gt dar rdw dw’ 1
v 8 the coefficient of — = t+—— =
'ﬂ'- do* ".f d o2 gkt Tt s e
: e W A rIH dr d@ dr d8
the coeflicient of L g gL hl Siip ) S it
drdo u’f df de dg dh dh
) I - dr r!u dr a’m dr dew
i the coeflicient of —— =2 9 - 2 = 0,
‘ drde r!f n‘)‘ t{gr u"f dh dh
‘ d°V r!(% rfm dfdew df dw
[ the coeflicient of — 2 +2——+2 =0
| ] d0dw (/f ri;‘ dg dg dh dh
T dV gy dir & 2
the coefficient of — = —+ — + —, = —»
dr dfit detecdht
1l . dV d'ﬁ r/ - O 4 H coS H
the coefficient of , e
do df "“ dh?  1®sin (7’
| PR dv o dw o o
the coethicient o i = d_j"'f + j—a g !!F i
Hence the equation in V becomes
&V 24V 14V cos 0 ..dv I dV s ]
=, 1 e ks B B i o —a ) 3
dr® 4 » dr reiddr sin @ d9 " sin® 0 do’ Ly
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&rV @V cos@ d¥ [ e o
r—— -t = -~ 4 —— e —— =0o0r —4a4091r°.
dr® d® " sinf do " sin®@ d w* f
Put cos@ = and cos @ = p': then

fr 1 rr
V= / / ssals e
0l =10 \:i"w‘*f"*i

P "2 dr' dy' do’
|I1,u’+'\/1_;li_;"\/[ —_;;r:t'[)fi (m—m!) I {» §°

y &V d ‘(1 ek R 3 o
g P— ) e = F — At
and 9 e = 9 { ©?) (/;;] -+ Qe o o1 w1

By integrating this equation we should determine the valye
4 8 8 |
of V. But this has never been accomplished, and we are con-
sequently obliged to resort to approximation by series.
Proe.  To explain the method of expanding V in a series.
170. The expression
y DY ’ r ANER T o iRy ,’, . 1
s — gy [ap + \/] - u \/! — u'® cos (o — n}’)” =4

may be expanded into either of the series

1 7
‘Pu__f“:_ P'.j_.’_'j_: oo nise vaieiiee + R e ey
: i vasses (D)
o] ey T
L e i SR 2, e s i
r & r
Whatel By B, L fl B i ... are all rational and entire

functions of u, f\/_j —u’cos w, and A/1 — 4* sin w, and the
same functions of u', 4/1 — ©* cos o, and \/] —usin o' :

the general coefficient P; 1s of i dimensions in g, B 2 cos w
and \/[ —u sin W.
The greatest value of P; (disregarding its sign) is unity.
For if we put

Y e : i T
L+ \/i‘ — w1 — e eos (w—w') = cos = 3) (:‘.‘ s ) ¥

~ )
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then P, = coefficient of ¢’ in
(1 + ¢*—2c cos P) bor (1 —ex) 2 (1 —-

— coefficient of ¢ in

1 L4
=4 [\" 5—-:;) + B [\1’?7‘!%—'?]4_7‘)-‘— .........
=24 cosigp +2Bcos (F—2) P+ ceuennee-

A B beine all positive and finite: the greatest value of
this is when ¢ =0: hence P; is greatest when ¢ =0.

But then P, = coefficient of ¢ in (1 + ¢’ 2¢)~bor (1 —¢)~"

- (L 40+ e H€)

= sessssssssssssesans

= 1.

Hence 1 is the greatest value of P, It follows that the first
or second of the series (1) will be convergent according as 7 1s
less than or greater than 7.

Using the first series we have

'r r1 2 : = 2 o
V= / j j pr' {Po+ P T AT CRRRRT L Tt tdrdpde.
e NI ARD r ' r

‘We substitute this in the equation in V of Art. 169, and then

remove the powers of r outside the signs of integration and
equating the coefficients of the s
of the equation we have a series of equations of which the

geneml one is

Ane })OWCl‘.‘i of r on each Sidl;‘

( d J"(i u’d cu‘

[T [l f2r fd dP; 1) ol
- riiis ] 2N SRy sl e s g g ] P. —i0
k/u ,[—J 4 {(!'-M ({ 54 du ) i —u* de’ R '} o

0

excepting the single case when i =2 and the particle is in-

ternal, in which case the second side is — 4mp’.



* ATTRACTION OF BODIES NEARLY SPHERICAL. 161
[t follows, then, that in every case

S I e — i+ 1 P"=t]‘
(/,.u [ ;i }fl,u it dw* ( )

d | L dP) 1 d*P,
—— 1 +
1
For this is evidently true in every case but the excepted
one mentioned above; and in that case it is equally true, for

3 Wl S K e /
if the multiplier of — did not equal zero, the definite integral
=

would be infinitely great (instead of equalling —4mp’) since
*' can become infinitely small. When FP; is determined from
this equation then V will be known.

171.  This equation we meet with very frequently in the
higher branches of Physical Science. It has never yet been
integrated except by series. Laplace has demonstrated various
properties of the integral, and Mr Murphy has effected the
same by a new analysis :. Treatise on Electricity. We shall
call the functions which satisfy this equation Laplace’s Coefi-
cients of the first, second,...orders according as i=1, 2,.., :

and the equation itself the Equation of Laplace’s Coefficients.

Pror. 7o caleulate the value of V for a homogeneous
sphere.

172.  Let the sphere be referred to polar co-ordinates the
centre being the pole (fig. 71): C the attracted particle;
OC =r; P a particle in a shell of the sphere of which the radius
OF =»,, £POC=0, + P w; @ the radius of the sphere :
then PC =4/ -1——;'1? - ,27_7]_('(?@, and the mass of the element
at I’=p:’fsinf)d?'ld(-)dw, the limits of w are 0 and 2m; of @
are 0 and 7; of 7 are 0 and a:

“Zsin@dr, do

*—2pricosf

a b

) el e ; )
SR I ey \/r + ¥ — 279 cos0 + const. ! dr,
Flagh 1

X




STATICS,

"a r
=2mp / - dr & r) ¥ (r—m)idn
o T

— when C is without, and + when C is within the shell,

krp [° dapa’
il ride; = "( Ei
bl 3r

when C is without the sphere.

And when C is within the sphere, the part of V for the
shells which enclose C =2mwp[,2rdr, =2mp (a® —7%): and

the part of ¥V for the other shells of the sphere

8o M R Lar p1®
= ———’j R ok ol
0

Q

r 3
Larpa® :
Hence = TP" for an ewternal particle
3r
o 1] 2 ™ J.I: " . .
Fe2rmpd —-——— for an internal partwle.

o

We shall find the use of these in the next two Pro-

p{)sitions.

Prov. To find the attraction of a homogeneous body,
differing little from a sphere in form, wupon a particle

without .

173. Since the attracted particle is without the attracting
mass we must expand Vin a descending series of powers of 7:

Ay
let F=—+ 5 + % Feeree + -
A N
But by Art. 170. taking the second of expansions (1),

r2 3 NEES:

[T 1 2w ? g8
V= / [ [ (J},P..T+IJ1—., +...+ P J_J-T]—‘,—...i-ff}'!dn,{fm;,
0

L

r,{—l] _.i“|::-lrrr;})f_r'i;-_,l
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Let the mean radius of the body =a: and let a (1 +ay)
be the variable radius, ¢’ being a function of 4’ and o', and a
being a very small numerical quantity whose square and higher
powers are to be neglected.

Then, for the excess of the attracting mass over the sphere
of which the radius = a, the value of v;

= a;!""':‘ljjflfl lﬁm-])’- dy'dp' dw' = aa”"’pf_lIﬂ?T.P,-;r/'d;;’dm’,
Let j:l]_/f?r}’jy’tl,u'dw' =

hence for the excess over the .aphvru we have

-] i41

a? at gi+s
V = ap {)— (TU + r Lr| e vaiwne = ;-ﬁ— U:' +...} v

; . : . _ 4qpa’
But for the sphere of which the radius is a, V= el

3r
by Art. 172.
Hence for the whole mass
dmpa’® apad B al
R /ATy / AP0 AP
Q ne . ] z b
37 r 7 7
: dav A
and the attraction = — el (see Art. 167.)
dr
4mpa®  apa® 2a (+1)a*
=~%+ !‘, %U:‘,#f—(fn—%— ...... *—T’-—L,+§
.' .—i-- Jl* ,i‘ e

Proe. To find the attraction of a homogeneous body,
differing but little from a sphere in Jorm, upon an internal
particle.

174. We must in this case expand ¥ in an ascending
series of powers of 7: let

o H
V=v,+ur +0® bt 4l

But by Art. 170.

r i 2 2
T 1 8 !

& ’ ' ’ ’
/ / / PP + Pt Pt 4 Pt Vo dp du';
LU 1J 0 i (i i
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e Vi R RS o

V; = / / ij--— : (/J'frf;x’Cl’(Lljs
o1 =1
J O J =1 L 1
and as in the preceding Proposition the value of y; for the
excess of the attracting mass over the sphere of which the
radius is (a)
T s

ap i a
= &L j / Pydude = 5.
i-2 (& i_o i
a U it

Also for the sphere of which the radius =a the value of V

{ A gTrpr‘l i :
is Brpat—— = (Art. 172). Hence for the whole mass
" 3

9 o2 . 3
o ATPT gL ? Xy
V=2mrpn — il S apa® U, + - U, +...+ — U +.0e §
3 : a a'
} av
and the attraction = — —
dr
+ai—1
i Qnrpi 27 ¥ )
Tay Vit ema

a
1

175. The calculation of the functions U, Uy,...Us...
can be effected without integration when we know the equation
to the surface of the body. We proceed to demonstrate this
in the three following Propositions.

Proe. To prove that a function of p, /1 —p’cosw
and \/1 — wisinw, as F(p, 0), can be ewxpanded in a series
of Laplace's Coefficients : provided that F(p, w) do not be-
come infinite between the values —1 and 1 of u, and 0 and
2ar r)f w.

176. | Let w o+ \//l = \/] — u*cos (0 —w) =p: then
by Art. 170.

(1+¢* - 2ep) %= P, + Pic + Pye? R P Y
¢ being any quantity not greater than unity.

Differentiatine with respect to ¢,

)
p—c

. 0 PN, = T - a9 P, s P.oé~l 4
(1+r,'”m20p)% By + 80+ ot 850 + ...
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Multiply the latter equation by 2¢ and add it to the former,

o

It—=ic 5 g ;
i B b AR S P ot ey 1) Pict +...
(1 + ¢ —2ep)i

/m /‘"W (0-A)F(u, o)du'de g /t /"”" $ o BIP
1J0 (l =+ e ‘l(}j)j o 1L T e 1 ves

o/ 14

+(2i +1) P’ + LU (e w) dp'dw’.

Now ¢ being arbitrary we may put it '= 1. | Then the
fraction under the symbols of integration on the left-hand
side of this equation vanishes, except when p =1, in which

. : 0 -
case the fraction equals —. We proceed, then, to determine
0
the value of the integral, we shall call it X. When p=1 then

1 kA : 1 —2u m + ;1“3;,55

V(1 -4 (T —ud) 11—~ W
and that this may not be greater than unity we must take
©w? + u? not greater than 2u’'u, or (u'~p)® not greater than
zero: hence u'= p, and therefore cos (« — w)=1 and o' =g,
We shall therefore put u'=u+p and w=w+z and 1-¢=g:
vs % being small quantities which vanish when p=1, and g
a small quantity which vanishes when ¢ = 1. Then we have

cos (' — w) =

“E‘
Z SR ol
2(1 — !,L')
in which we retain only the lowest powers of g, =, » which
oceur, since the higher powers must ultimately vanish in
comparison with the lower :

[7{!‘"’=_~2g, I):]7(|—M"f]

(:;,J &

I —¢* 1 - ¢

(14 —2cp)d 0=+ 2¢(1 —p)g’f

20

L v e
18+ ——+ (1-p)s*}8
1 —u”

Also since, by hypothesis, F (4, «’) does not become
infinite between the specified limits of u' and «, then
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F s &)= Fg 4 o+s)=Fue)+§
where £ is a very small quantity which vanishes with v and 2 :

then after the substitutions

fif gdvdz
A\’=L’F(,u,w) // .r
Jo {gfz S P (] LU MA:) Ej
1~

between proper limits.

Now, since when ¢=1 or g=0 the fraction under the
symbols of integration in X vanishes for all values of v and =
that are not indefinitely small, it follows, that we may choose
limiting values for v and = of any magnitude that we please,
if we put g=0 after the integration. We shall take — A and
# for the limits of y and —c¢ and ¢ for the limits of z.

9

Put = (1 — ) = (.J_r~+ u ) s
S

therefore the first term of X

" g‘\/T— f..l."a dy [ dw

=2R (o) | = | T
0 T cmpro ey SRRy
~h i 3
g\/l —uidy o5 o h
=4F (u, @ / = : - =8F (i) tant mmmr——y
: )”_hg’ 1 — ) + v > ) g 1i— i

47 F (u, ), when g=0, or ¢=1.

Il

Now & being a very small quantity, let 3 be its greatest
value within given small values of v and z: then the second
term of X is less than

rh e
; gdyds
B / / -
W i | F V5 2 27
(g + (1= )]

I i !uff
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or is less than 2x3: but 3 ultimately vanishes and therefore
X =47 F (uy ®). Thus we have determined the value of
the integral ;

1 ri 2ar
By ) = — / / IR PR s P
yicitle

L e
+ @i+ 1) P+ .} F (v, o)dudo'.

- rl raar

Now the general term 5 / '/ P.F (W, )ydu'de

‘ i R
is a function of u and w which satisfies the equation of Laplace’s
Coeflicients (see Art. 171.)

Hence F(u, w) can be expanded in a series of Laplace’s
Coeflicients.

177. If w or x have one of its limiting values 0 and 24
or —1 and 1, we must not take the limits of integration which
we have used in the last Article.

For it is only for the values of « and ' which differ by
indefinitely small quantities from  and x that the fraction
under the symbols of integration in X does not vanish. Now
if w = 0 then o' =0 and 24 ; and therefore it is for indcﬁnitoly
small positive or negative values of o’ and for values a very
little less and a very little greater than 24 that X does not
vanish : but the negative values and the values greater than
2m are not included between the specified limits (0 and 27)
of w and must therefore be loft out of consideration, though
this was not necessary in the general case, because the fraction
X then vanished for these values. Hence if w=0 the value
of X is found by putting ' =0 and integrating with respect
to & from 0 to e, and adding to it the result of putting
w =27 and intcgr:lting from ¥ = — o to x=0: we then have
X=2m {F(u, 0)+ F (u, )t = 4w F (u, 0) and 47 F (u, 2)

for F (u, 0) = F (u, 27)

since F'(u, w) is a function of 4, A/ 1—ucosw, and vV 1—usin .

The same will be the result if w have its other limiting
value 24,
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Again, suppose u=—13 then u'=—1, and we must not
take the limits of » negative since 4 cannot be less than —1:
but since in this case @ is quite indeterminate we shall refer to
the original form of X. Since F (), ) is a function of u',
\/l —W*cose’ and 4/ 1 —u*sin »' which does not become infinite
between the specified limits of o« and ', it follows, that F(-1,0)

is independent of »’ : hence, since p= — u when p=-1, we have

e X” /'HW (l = "l:) ¥ (,.UL’-, (u’) d ,U., d m’
1 5 WAl ( 4 g,.‘u’)ij-
g i (1 <1 ’) fr"p‘L’f.fm-

S ’, f : A - 4
e _f ( 1, @ ) /.I'/” (] Spdin :,’!“,.{,{’)3

. TR
:g,,-,r(,.’(,,')/ _(l__’)d_“_f__.‘
y (1 4+¢+2cu )%

o =1

I =i
=arF(-1, m')JC(m:'-:T. e ( g ) =
\ e(l+ ¢ +2cu)

I
=2xF(-1,w)" f(1+¢)—-(1 —e)t =4 F (-1, w).
o

In the same way, when u =1, X =47 F (1, «): and con-
sequently the result of the last Article is correct even in these
limiting cases.

L8 e demonstration of this Proposition is the sub-
stance of that given by Poisson in several memoirs: the last
place in which it appmred is in the Théorie Mathématique
de la Chalewr, Chap. VIIL. He intoduces this Theorem with
these words, ¢ La démonstration que j'en ai donnée dans plu-

et que je vais reproduire ici, me semble
¢ tous les doutes que I'on avait élevés sur
¢ ga g(‘l‘lémlité."" If the reader be inclined to enquire into
the merits of the controversy hinted at in this passage, he
Mécanique Céleste, Livre I11. Chap. I1., two
Ivory, in the Philosophical T ransactions for
Memoir by Lagrange in the Journal de

¢ gieurs mémoires,
< propre a dissipe

may consult the
Papers by Mr
1812 and 1822, a
I'Ecole Polytechnique, Cahier 15, Poisson’s Papers, and a Paper
in the Cambridge Philosphical Transactions, Vol. IL. by Mr

(Professor) Airy, Astronomer Royal.
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It will be observed, that in the enunciation of the Proposi-
tion we have restricted the nature of the function F'(u, @) to
such forms as fulfil the conditions of Art. 107. of the Théorie
de la Chaleur, by supposing it a function of u, \/} - ,u'”'.(‘():-iw,
\/1‘_— wsinw. It is the opinion of those mathematicians who
most restrict the generality of this theorem, thdt it is demon-
strated only in such cases as F (u, w) is a rational and entire
function of My \/'Il 3 M°cos w, and \/l_—-jgsin w. The doubt
attending this question will not affect any results to which we
come in this work, since it will be seen that we apply the
theorem only to such functions as prove in the end to be
rational and entire functions of s ‘\/’T‘_—I“’-cos w, and
Ll — L& sin .

179. It results from this Proposition that in spheroids
of which the radius vector can be expressed in terms of u,

A u* cos w, \/1 — p’sinw we can expand 4 in a series of
Lap]m:u’s Coeflicients

Bk Bk Xy Hrussingsne B b ok

We proceed to demonstrate in the course of the next two
Propositions that y can be expanded in only one such series,
a result of the utmost importance in the future calculations.

We must first prove the following property of Laplace’s
Coefficients.

Pror. 7o prove that if Q, and R, be two of Laplace’s
27

Cocfficients, then ', [," QRydpdw=0, i and i’ being dif-
Jerent integers.

180. By the equation of Laplace’s Coefficients, (Art. 170.)
{( o 4Q) 1 &°Q;

L= ) — P ety
“) (Lu.f I —p® do®

d
i‘(f + ]) (J!—: — (T‘

/ / ok
-1/ 0

T i
o), 01 ) Biduda

1 ey R J !
:ﬁi(i-j—l),/u/u {rfjl(] ““)([,u]) ] — p®

v
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Now by a double integration by parts

/‘ ({‘J(l *M")[ % Rodp = (1 — 1)~ 2']? =i “ﬂ)—— Q;
J H{_u.! (j‘ ‘ ,(

' d | } 2 AR
i R.du= = 1 —pu) —} Qid .
/ ;l’l’u |(| M) i / 1!/11 l( ‘“) -’ff.‘-u. 35

G dQ; dR; s )
oain, == - Q—+ | Q ~dw;
Again, / R —— tle R, i3 £ 5 ‘ o} T T
e d Q. rew  d*R.
: } Ri— dew= / Q,— = Jw,
oo a w” 750 d w*

since when w=0 and 2=, each of the functions Q;, Ry,
dQ;, dR;

e
rfcu dw

of u, A1 — u* cosew, -\/l — w* sinw.

has the same values, because they are functions

il
Hence / / QR dpdw
1 0

P et

1 (L] IR 1 iR
- —— - / / ( e (1 — u) ity e i—-’-) Qdpde
(E+1) J1 o \du du 1 — u* do?
R R
L Q. R.dadw
?-(fl*f])_/..l_,/w Rodpde

by the equation of Laplace’s Coefficients.
= | 2 L = ¥
Hence f Q.R.dudew = 0, when ¢ and ¢ are unequal.
I, Qi |

If i =4 the above equation becomes identical and there-
fore gives no condition.

We are enabled now to prove the following very important
Proposition.

Pror. 7o prove that ¥ (u, 0) can be evpanded in only
one series of Laplace’s Coefficients.
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181. We have shewn in Art. 176. that

I
F (4, w) = —

dogr et

+ (2041 P+ ... ... L F (', alYdpldel . ovuiih (1)

b A I R suppose,
this being a determinate series of Laplace’s Coeflicients, since
Py, P, ...... P, .... are determinate (Art. 170).

We have now to shew, that use what artifice of develop-
ment we may instead of that used in Art. 176, it will be im-
possible to expand F (u, w) in a series of Laplace’s Coefficients
differing from R,, R, ...... R; ... respectively.

For, if possible, let Qo+ Q)+ ...... + Q; + ... be another
development of F (u, ) in which Q; differs from R, ;
(Q-R)+(Q-R) + ...... £ (Q =R+ cuii =0

Multiply by P;, then by Art. 180.
ji[[uﬂr ])j ((\3; == 11);) dude=0_,.... o Rwa (9}

But, by hypothesis, Q, — R, does not =0, but equals some
function of u and w which does not become infinite between the
limits of 4 and w: hence interchanging u and u, w and o'
in (1) and putting Q, — R, for F (4, w) and Q- R, for
F (', ') and observing that P P, ....are not altered by this
substitution (Art. 170), we have by the general principle ex-
pressed in the formula (1)

;"l 2

1
Qz.’_lfj’:__/ / (Fot .+ (Ri41) P+ .. ) (Q— R) dudw
0

G S
2i 4+ 1 %] 2
o St i / / P;(Q;— R;)) dudw (Art. 180.)
Co S B

0 by (2) ;
= Q/= R/ and therefore Q, = R, and our hypothesis is false,
and F (u, ) admits of only one expansion.

182, We are now able to shew, as we promised in Art.
175, that the functions U, U, U, ...... can be calculated
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without integration where the equation of the surface of the
attracting body 1is known.
For 4 can be expanded in a series of Laplace’s Coefficients

N / / :1)\. F 8Bk (‘.’!- -+ I) P+ .-..-;- '_?/fE!',u’(!'w,
= 1 0

and this series admits of only one form by what has just been
proved. Hence when the equation to the surface, and therefore
y, is known the functions Y, Y1y ccevvs Y,, ... are determinate,
and we may equate terms of the same order in the two series

for 4 written above:

At i
U, = / Py du'de (Art. 178.) =—1,
ol IS 2i + 1

and consequently when the equation to the surface is known
U, UU,...... U, ... are also known, as was mentioned in
Art. 175.

By substituting for U, U, ... in the expressions of Arts.
173, 174. we have for an external pm‘ticlu

4rpa® 4ampad® @ a' L .
YT PT o TTREE S P e e Y+ g
8r 7 - 3r (24 1)7

and for an internal particle

. Smpr o Sk T 7
V= 2 pa— Ll + I"J.’iu--:ut‘j : ]'U—&-— Y, + S T 7,+ o
3 3a (2i+1)a

The property of Laplace’s Coefficients proved in Art. 180,
enables us to prove that ¥, and ¥, may be made to disappear
from the expression for y by properly choosing the value of (a)
and the origin of the radius-vector of the surface.

Pror. By choosing a equal to the radius of the sphere of
which the mass equals that of the attracting body we cause Y,
to vanish from the series Y, + Y+ ... + e KN o 1107
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taking the centre of gravity of the body as the origin of the
radius-vector we cause Y, to vanish.

183. If », 0, w be the co-ordinates to any point in the
body, an element of the mass
= pdrrd0r sin Odw = — pridrdude ;
therefore the mass of the body

)
“T

rr rl T p | 2o
- p/ / / rdrdpdw =" / /- rdudw,
J O =10 <o =adio
then putting r = a (1 + ay) we have
. 3 - 1 2
mass of body=mass of sphere (rad.=a)+pa’a [}, (" ydudew
p S ‘f";"n' [
=mass of sphere + pa’a [_,/," ¥ dud.w by Art. 180.
=mass of sphere + d7rpa’al,, since ¥, is constant.

If, then, a be taken equal to the radius of the sphere of which
the mass equals the mass of the lmdy ¥, =0, as was stated.

184. Again: let z ;}f be the co-ordinates to the centre of
gravity of the body, M its mass: the co-ordinates to the
element, of which the mass is — pridrdudw, are

r\/l —u® cosw, 7 \/1 — p®sin w, and 7y ;

My = julj_l,_}”r prt V1 = @2 cos o dr dudw

Il

& J’-—]Jﬁfw prt V1= 42 cos w dudw,
My = fo L™ pP® /12,2 sin wdrdpde
= % f_]Jfr?TPTl \/ﬁ sin w dpdw,

~D

= f:xrf,IJ i priudrude = g f,llﬁ;gﬂpr",urludm,

0|

M

puttingr=a(l1+ay)=a(1 +a¥, +a¥; + .... + al;+...),
and observing that 4/1 — 42 cos as L0 — ¥ sin @, p satisfy
Laplace’s Equation (Art. 170), and are of the first order
(Art. 171), we have by Art. 180,
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- B s S
Mz = pa‘a ey Ak \/l — u* cos wdpdw,
o2 1 27 . r———
My = pa'a e 1 \/1 — p? sin wdpdw,
— [l 2w
Mz = pa'a _f..u‘.. Y pndpdow.
But ¥,, being a function of u, A1 — i cos w, \/1 — u” sin w
of the first order, is of the form
A \/l — plcosw+ B \/1 —pisinw + Cus

o gl b
My = 77’—‘“. i_ 2 "11 *‘[,'i." T

‘]‘wp:n.:rz = -l-Tr{J:L‘ @

B, Mz=—"—0C.

o

Hence if we take the origin of co-ordinates at the centre of
gravity @ = 0, y =0, Z =0, and consequently 4 =0, B =0,
C =0 and therefore ¥, =0, as stated in the enunciation.

We shall in future parts of this work require to know the
attraction of a body consisting of strata nearly spherical and
varying in density according to any law. We shall therefore
prm'cvd to the calculation of these attractions.

Proe. To find the attraction of a heterogeneous body
upon a particle without it : the body consisting of thin strata
nearly spherical, homogeneous in themselves, but differing one

from another in density.

185. Let @ (1 +ay’) be the radius of the external surface

; i i
of any stratum, @ being chosen so that

=¥+ + ¥ Ak, (At 183).

™ ssacsases i

Since the strata are supposed not to be similar to each other %’
is a function of @’ as well as of g’ and . Let p’ be the den-
sity of the stratum of which the mean radius is . Now the
value of V for this stratum equals the difference between the
values of ¥ for two homogeneous bodies of the density ()’ and
mean radii @ and @ — de’. But for the body of which the

mean radius is @’ (Art. 182.)

aroa® dmapa’ (d a’
Voo 2EER L CA RO s e
3r r 2i+1)7r

Qe
o7
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hence for the stratum of which the external mean radius is o’

dapla” ; trap d [a* . q'its
V=""P" 44 g h e e S —— Y/'+... dd,
7 r dd |sr (2i41) 0
and therefore for the whole body
S SR [ & At a’i+3 5 )
r-=¥/ pia*+a ,(--—114.- ...... +- -_—-——-—.1,-4»...) da'.
7l | da \37r (2é+1) ¢
The attraction = — s and is easily found by differentiation.
o : b

Pror. 7o find the attraction of the same body on an
internal particle.

186. Let »=a (1 +ay) be the radius of the attracted
particle. Then for the strata within the surface of which the
radius is @ (1 + ay) we have (Art. 185.)

1‘71' ra ) (![ _”'; = ”157:_; ! X y

V:_f/ r”f‘l“"’*a el = A fE : ¥ 4 ) da'.

r Jo | da \3r (2i+1)9f

But for a stratum external to the attracted particle we obtain

by Art. 182.

g aid el y 9t - \ G

r=dmpada +dmrpa —|— F venes + — f_,w.__‘)(,,,,
f B da ( F 0 (2i+1) a"~2 + ; ,

and therefore for all the strata external to the particle

i d (ra P \
V:l:rr/ P (.l'f%fu_ 7],( = I ;"'{" ...... =+ = g }r';’-i- e ] (Ifd‘l,
i da'\ 3 (2i+1) a*-*
and consequently for the whole body
by [ dil o s \
r=*/ )I !I':')Jr—(z [—lr'-i‘-......#* 2 A}”--]-._,)‘([(I!
r Jo f | da' \8p ! Ee+1)r* [
. ra : ; (£ ("N' » = }.f 4 3 f :
+ 4 s I/ Ty p— e N e = ; u‘--?-...) aa.
h_/ﬂ f da \ 3 (2i+1) a2 i, )

dV

From this the attraction, or - T
ar

is casily obtained.
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