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DYNAMICS.

CHAPTER L

DEFINITIONS. LAWS OF MOTION.

187. Iy this part of our Work we are engaged with the
laws which regulate the motion of bodies. We shall proceed
therefore to explain the means we use for measuring the
motion of a body algebraically.

The position of a body in space, considering the body as
a material particle, is determined at any instant by its distances
from three fixed planes at right angles to each other: these
distances are called the co-ordinates of the partic’lu; and the
position of a rigid body in space is determined at any instant
by the co-ordinates of a given point of the body and the angles
which three fixed lines in the body make with three fixed lines
in space.

If the body be in motion the co-ordinates will be continually
changing in magnitude : and one of the chief objects of the
Science of Dynamics is to find the analytical relation between
each co-ordinate and the time of motion.

188. We shall pause, however, a little to make a few re-
marks which cannot be too carefully remembered.

All our ideas of the magnitude of quantities (such as space,
time, and so on) are ideas of comparative and not absolute
mﬂgnimldc-: for a quantity may be great when (:mnp.‘uwd with
one standard, and small when compared with another. In
consequence of this it is necessary, in order to avoid ambiguity,
to choose for quantities of the same kind a certain standard to
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which they may be referred. This standard is called the
unit of these quantities. Thus we speak of the unit of time,
and the unit of space; by which we mean the duration of
time and the extent of space which we choose as standards to
which all other quantities of these species are to be severally
referred.

It is by this means that quantities are made the subjects of
numerical calculation.  For instance, when we say that a body
describes a space @ In a time 4, we mean, that @ and ¢ repre-
sent the ratios which the space described and the time of de.
scribing it bear to their respective units : and so of all other
quantities. We forbear choosing these units at once because
it generally happens, as we shall see, that by a judicious
selection our formulse may be materially simplified. Before
closing these remarks we will observe, that though in the
same L:al(:n]atinu we must have only one standard of quantities
of the same kind, yet in different calculations we need not
retain the same unit, so long as we bear in mind what unit
is chosen in each calculation. Thus in one caleulation we
might take the length of the mean day as the unit to which
we should refer all portions of time; while in another calcu-
lation we might take a year as the unit of time. We return
now to the consideration of the means of measuring the motion
of a body.

189. Velocity is a term used to indicate the degree of
quickness or slowness with which a body moves. Velocity may
be uniform or variable.

190.  Uniform Velocity. Velocity is said to be uniform
when the body passes through equal spaces in equal times.

It appears, then, that the magnitude of the VeIn('ity of a
body moving uniformly depends conjointly upon the space
described and the time of {lcsm'ihing the space; and is greater
or less exactly in the proportion in which the space described
in any given time is greater or less, and the time of dcscrihing
any given space is less or greater.

Consequontiy when bodies move with different uniform
velocities, these velocities are in the proportion of the' ratios
which the spaces described in any times bear respectively to
the times of r!wrrihing them.

vy
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Suppose, then, that a body moving uniformly with the
velocity © describes a space § in the time #: also suppose that
a body moving uniformly with the wnit of velocity describes
a space 5 in the time 7": then by what precedes
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In this formula the only arbitrary tlﬂ:ll]li[i('h‘ are § and 7'; we

<hall choose them so as to simplify the formula as much as

'po:i.\'ible: in choosing their values we fix the unit of velocity.
We shall take =1 and T'=1; we then have

the unit of uniform velocity being the velocity of a body moving
uniformly through the unit of space in the unit of time.

It will be seen that the units of space and time are as yet
quite arbitrary.

191. Variable Velocity. Velocity is said to be variable
when the body in motion does not describe equal spaces in
equal times.

Suppose a body moves uniformly and at the time # we wish
to estimate its velocity. Let s’ be the space described in any
portion of time #, this time either terminating or commencing

with the instant of expiration of the time £. Then, by what
!
S
]n:eccdes-, the velocity will equal L however large or small ¥
4
be taken.
f

S
But when the velocity is not uniform the ratio — 18 not the

same for different values of #, and therefore cannot be taken as
a measure of the velocity at the time £: unless we select some
pm_‘ticu]&r value of # always to be used.

Now if the time # terminate with the time 7, then the
space § — s’ is described by the body in the time # — ¢ ; and
therefore by Taylor’s Theorem. since s is a function of £,
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If ¢ commence with the expiration of #, then s + s’ is the
space deseribed in the time ¢ + #, and

ds , dig t:
T ey T 4
di 7 B G
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We gather from these expressions that when ¢ is taken in.
\‘"
definitely small the values of the ratio 7 are the same, and each
ds : 2 g :
equal to rrh We shall therefore select this particular value as
L
the measure of variable velocity.
[t will be observed that in selecting this as the measure of
variable velocity we do not violate any conditions previously
established in reference to uniform velocity : we only restrict
those conditions, inasmuch as ¢’ may be of any value in the case
of uniform velocity, but we take it indefinitely small in that of
variable velocity. But, notwithstanding “llh, the formula

ds.. o ; Lo d ]
v = T includes the case of uniform motion : for if » be constant
¢

we have by integration vf=s (the constant of integration
vanishes, since when # =0, s=0), and this is the formula
already adopted for uniform motion.

Hence, then, if v be the wvelocity of a body moving uni-
Jormly or not at the time t and s be the space described in
that time, the quantities v, s, t are connected by the formula

ds
dt’

192. Having thus explained the means of measuring
algebraically the motion of a body we shall enter upon an
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enquiry into the laws which regulate this motion. Since, as
far as we know, it might have pleased the Author of the Uni-
verse to endue matter with laws and properties different from
those which He has chosen to impress, it is evident that these
laws can be discovered by no process of abstract reasoning,
but solely by an appeal to experiment.

193. As the simplest case we shall first consider the
motion of a body uninfluenced by external forces. We have
already defined force to be any cause which produces or tends
to produce motion in a body ; see Art. 5.

Throughout the whole universe it is impossible to find
single spot free from the action of force. It is consequently
l)c:,'nnd our power to determine by direct experiment the nature
of the motion of a body uninfluenced by external causes. But
by combining the results of various experiments we shall be
able to eliminate, so to speak, the principles which are foreign
to our enquiry, and in that way ascertain the laws we are
seeking.

Experience teaches us that the more external causes are
removed the more nearly uniform is the motion of a body.

A bowl thrown along a bowling green is observed to move
slower and slower till it finally stops: but the smoother the
green is made, the longer does the motion continue. If the
bowl be thrown with the same velocity along a pavement the
motion is of longer duration; and still longer when the motion
takes place on a sheet of ice. One cause of the diminution of
velocity is the friction of the body on the plane: this is inferred
from the fact, that the retardation is less the smoother the plane
on which the motion takes place. Also any change in the
uniformity of the decrease of the velocity can always be attri-
buted to some disturbing cause; as the greater roughness of
the surface and the deficiency in perfect horizontality.

The experiment shews likewise that the motion is in a
straight line, unless some assignable cause produce a deviation.

Steam-carriages moving on horizontal rail-roads, when once
in motion, require a constant power of the engine to maintain a
uniform velocity : and since, when the motion is uniform, the
retarding effect of friction and the resistance of the air may be
assumed to be constant, weinfer (after what we have said in the
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case of the bowl) that the constant power of the engine exactly
counterbalances the constant retarding force, and that therefore
supposing them both removed the result would be a uniform
motion.

The reader is referred to Desaguliers’ Course of Experi-
mental Philosophy, 4ato. 1734, Vol. I. Lecture V. for more
experiments upon the motion of bodies.

194. Philosophers have assumed, then, as a fundamental
principle of the motion of matter that

4 body in motion, not acted on by any external Sforee,
will move uniformly and in a straight line.

This is called the First Law of Motion.

195. It must not be imagined that these experiments prove
the truth of the law here enunciated : for the law embraces
an infinite variety of cases, and many in which it would be
impracticable to make experiments.  Also the roughness of the
experiments prevents our supposing it proved even for the
cases we have mentioned. The truth is, that the law is only
suggested by the facts we have detailed ; and it remains to be
seen whether or no this, in conjunction with other laws (which
we shall soon consider), satisfies the tests we shall hereafter
have to submit them to: whether, combined in endless variety,
they will account for the numerous phenomena continually
coming under our observation. It is found that they do lead
to results which precisely accord with observation. Of the
more obvious phenomena, the explanation of which depends on
the truth of these laws, we may mention the prediction of the
time of an eclipse and the certainty of its fulfilment. Results
of this nature are the only satisfactory proofs.

196. It appears from the First Law of Motion that a
body has no internal forces residing in it that influence its
motion ; for when all external forces are removed the velocity
is uniform and in a straight line. In other words, matter has
no inherent property of changing its state of motion. It is
equally a result of experiment and observation that matter has
no inherent property of changing its state of rest (Art. 4).
This property of matter, that when not acted on by any
external force it continues in the same state whether of rest
or uniform rectilinear motion, is called its Inertia.
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197. We proceed now to discover the laws which regu-
late the motion of a body when acted on by external forces.

198. But ]n‘o‘.’imls to this we must «_‘..\Lp]:lill the means
we use for measuring forces in terms of the magnitude of the
motion they generate in a body subjected to their influence.
We infer from the First Law of Motion, that when a body
moves with a variable velocity force is acting on the body :
and, conversely, when force acts upon a body its velocity is
continually changing. Now we take the magnitude of the
change of velocity during a given time as the measure of the
magnitude of the force which acts upon the body: and, for
the sake of distinction, when force is measured in this manner
it is termed Accelerating Force* We have already men-
tioned that when force is measured statically, it is called
Pressure (Art. 7).

199. Although the sources of force are very various yet
its effect in accelerating the motion is always measured in
Dynamics by the change in velocity in a given time. Thus
when a body is dropped from the hand, the accelerating force
of the Earth’s attraction at any instant is estimated dylmmiu:illy
by the velocity generated in a given time after that instant.
Suppose a body placed on a smooth horizontal table is drawn
along by means of a thread passing over the edge of the table
and attached to a falling body. The magnitude of the accele-
rating force which causes the body to move on the table, is
measured by the change in velocity in a given time. When
a body is moved along a smooth horizontal table by means of
a constrained spring, the accelerating force which causes the
body to move, though differing in its source from the force
mentioned in the last case, is measured in the same way. 1f
a body resting on a smooth horizontal table be set in motion
by the sudden blow of another body upon it, the accelerating
force which causes the motion is measured as before. When

# When a force retards the velocity of a body, it is called a refarding force ; but
:elerating force since it is measured by

still it is of exactly the same nature as

the decrements ine of velocity in a given time. In short, a re-

d of the incremen
1z force when estimated in the direction of its action, and

tarding force is an accelerat
if the body were moving in the
direction. the force would become an accelerating force. Thus it will be seen that
werely a relative term and is included in the term accelerating force.

rection in which the force acts instead of the opposite

retarding force isn
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a ball is fired from a cannon the accelerating force which
causes the motion is still measured by the velocity generated.

It will be seen in the first two of these cases (especially
in the second if the descending body be small), that the motion
is graduwally communicated, the velocity increasing continu-
ously. But in the last two cases it may perhaps be thought
that the motion is instantaneously communicated : this is not,
however, true: for the time occupied in generating the velo.
city is of finite duration, although, to our senses, it is of inap-
preciable magnitude. That it is of finite duration appears in
the case of the collision of the bodies from the fact, that if a
small spot of ink be put upon the point of contact of either of
the bodies before the motion takes place, then after the col-
lision the ink is found spread over a larger surface than it
occupied before, and on both bodies ; shewing that the bodies
suffered mutual compression and then separated, and this must
have occupied time. In the case of the cannon ball, the
expansive force of the ignited powder acts during the time that
the ball takes to move along the bore of the cannon. 1In
both these instances, as well as in the others, the velocity of
the body commences from zero and passes through successive
and continuous gradations of magnitude, the only difference
being that the intensity of the force originating from the colli-
sion and from the explosion is very far greater than the inten-
sity of the force arising from the Earth’s attraction; and con-
sequently the velocity which is generated in a falling body, in
a few seconds by the attraction of the Earth may be generated
by impact, or other such means, in an extremely short portion
of time.

200. When a body moves under the action of a force a

continual change of velocity takes place; and if the force cease
to act the body will move uniformly in a straight line with its
last acquired velocity, as the First Law of Motion teaches us,

If the force act for a finite time, then our object is to discover

such laws of nature and to establish such conventional rules

as shall enable us to determine the velocity acquired and the

space described by the body during any portion of the time

that the force is in action. If, however, the force act for only
an indefinitely short time, we are concerned onlv with the velo-
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city and position after the action of the force ceases, since the
changes that take place during the action of the force are
so rapid that the whole process of the action appears to our
senses to be instantaneous.

We have a popular illustration of the effects of forces
which act for a finite time and for an indefinitely short time
in the game of cricket. The bowler rotates his arm in order
to give the ball velocity, he opens his hand and the ball
flies from him with the velocity acquired, and (supposing he
delivers the ball full pitch) after moving in a curve slightly
deflected downwards by the Earth’s attraction is received upon
the bat. Now this velocity was generated by the muscular
offort of the bowler’s arm acting on the ball during the finite
time that he retained it in his grasp. While this is going on
the batter swings his bat that it may acquire a great velocity ;
and the ball and bat come in collision : and what is the conse-
quence? the ball flies back; not only is its original motion
destroyed, but new motion is given to it, as if instantaneously,
in an opposite direction.

We explain the phenomenon of this sudden recoil in the
following manner. When the ball and bat come in contact
their particles are moving in opposite directions, and tend to
penetrate each other: but the molecular forces by which the
particles of each of the bodies are bound together are too
powerful to allow of this separation ; nevertheless the relative
positions of the particles are slightly changed by the yielding
of the bodies, and in consequence of their unnatural restraint
a mutual resultant pressure is exerted by the bat on the ball
and by the ball on the bat, till their relative motion is de-
stroyed: but the particles of the two bodies are still under
restraint when the motion is destroyed, and the mutual pres-
sure of the bodies now acts to effect their separation, and new
velocity is generated: this process, which we conceive repre-
sents the actual process in nature, goes on with inconceivable
rapidity in consequence of the great intensity of the molecular
forces which bind the particles of each body together. If the
bat split or the ball burst, then the molecular forces which
held together those particles which separate were not powerful
enough to resist the separation. It is evident that we are
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concerned not with the changes which take place during the
collision but the whole change produced.

201. We have made these remarks in this place in order
to shew that it is necessary in explaining the means of mea-
suring force dynamically to consider two cases: first when the
force acts for a finite time; and, secondly, when the force acts
for an indefinitely short time.

In the second case the accelerating force is measured by
the whole velocity generated during the action of the force.
And such forces we shall term, for the sake of distinction,
Impulsive Accelerating Forces: and in contradistinction ac-
celerating forces which require an appreciable duration of time
to manifest their effects may be termed Finite Aeccelerating
Forces. We shall, however, generally drop the term Finite :
and it must therefore be remembered that when we speak of
accelerating forces we mean finite accelerating forces, and never
impulsive accelerating forces unless the term impulsive be
prefixed.

202. 'We proceed now to explain more fully how accele-
rating forces which require an appreciable duration of time to
manifest their effects are measured.

Accelerating force may be uniform or variable.

203. Uniform Accelerating Force. When equal velocities
are generated in equal times the force is said to be uniform.

It appears, then, that the magnitude of the force depends
conjointly upon the velocity generated by the action of the
force and the time in which this velocity is generated : and is
greater or less exactly in the proportion in which the velocity
generated in a given time is greater or less, and the time in
which a given velocity is generated is less or greater.

Consequently when bodies are acted upon by different
uniform accelerating forces, these forces are in the proportion
of the ratios which the velocities generated in any times bear
respectively to the times in which they are generated.

Suppose, then, that a body acted on by the constant
accelerating force f has the velocity v generated in the time
¢: also suppose that a body acted on by the unit of uniform
accelerating force has a velocity V' generated in the time 7":
then by what precedes

A A
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v V A L)
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In this formula the only arbitrary quantities are Vand T:
we shall choose them so as to simplify the formula as much as
possible: in choosing their values we fix the unit of uniform
accelerating force.

We shall take V=1 and 7" = 1, we then have f= ; I
the unit of uniform accelerating force being the force which
generates in a body a unit of velocity in a unit of time.

We have already chosen the unit of velocity (Art. 190) ; we
may consequently say that the unit of uniform accelerating
force is the force that causes a body during each successive
unit of time in its motion to describe a space greater by the
unit of space than it did during the unit of time immediately
preceding.

204. Hence, in uniformly accelerated motion, s the space
described from rest, ¢ the time of describing it, v the velocity
acquired during that time, and f the constant force are con-
nected by the equations

ds 1 ¥ )
v=— and f=-;
dit t

the units of v and f being given in Arts. 190. and 208. By
means of these equations we can obtain four equations differing
from each other, and each containing three of the quantities
8, t, ©5 f- Thus, if we eliminate » we have

%:ft; B :‘f—j: ....... ..--. (1), f is constant.
By climinating ¢ we have
ds ' @ v?

Also ¢ =ft.ccee-(83), 28=0tf......(4), by (2) (3)-

205. Variable Accelerating Force. Accelerating force is
said to be variable when equal degrees of velocity are mot
venerated in equal times.
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Suppose a body is moving under the action of a uniform
accelerating force and at the time # we wish to estimate the
magnitude of the force. Let v be the velocity generated in
any portion of time #’, this time either terminating or com-

mencing with the instant of expiration of the time £ Then,
!

! ’ v
by what precedes, the uniform force will equal 7 however
large or small # be taken.

5 7
4 E i e
But when the force is not uniform the ratio 7 is not the

same for all values of #, and therefore cannot be taken as a
measure of the force at the time # unless we select some par-
ticular value of # always to be taken.

Now if the time # terminate with the time £, then the velo-
city v —ov’ is generated in the time t—¢, and therefore by
Taylor’s Theorem, since v is a funection of £,

dv d?v 2

!

v-ti=v— — g —
di dt” 1.2

g Adn S dioi
dunlgtn digay T

If # commence with the expiration of # then p + v is the velo-
('il;_y generated in the time £ + #';

dol SdEp 12

r
SV =04 — + —
dt gt 1.2

S e S

! ’

v dv d°v ¢
= S saanaa
£ 4t .dE 2"

We gather from these expressions that when # is taken inde-
’

AL § - . B
finitely small the values of the ratio 5 are the same and each

’

dv .
equal to T We shall therefore select this particular value as

the measure of variable accelerating foree.
[t will be observed (as in the case of variable velocity)
that in selecting this as the measure of variable accelerating
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force we do not violate any conditions previously established in
reference to uniform accelerating force: we only restrict these
conditions, inasmuch as ¢ may be of any value in the case of
uniform force, but we take it indefinitely small in the case of

: : : : dv
ariable force. But, notwithstanding this, the formula f'= T

i
includes the case of uniform motion : for if f be constant we have
by integration ff = v (the constant of integration vanishes since
when # = 0, then v = 0), and this is the formula already adopted
for uniform accelerating force. Hence, if f be the acceleraling
foree, uniform or variable, which generates the velocity v
in a body in the ftime t, then f, v, t are comnected by the
dv

equation f=—.

dt

. ds
906. We have seen (Art. 191.) that v = T Hence the
i

equations connecting f, v, s, ¢ are

'

ds ! u’-f.'( d* s\
iRl e T B

in which it must be observed that the unit of velocity is the
velocity of a body moving uniformly through a unit of space
in a unit of time: and the unit of accelerating force is the
uniform force which generates a unit of velocity in a unit of
time. \

We have thus explained the methods of estimating the
magnitude of forces d}-'munic.:d]y.

207. The next enquiry we shall make into the laws
which regulate the motion of bodies is, how to calculate the
combined effect of two or more causes acting simultaneously
on a body.

We must, as before, appeal to experimental facts for the
solution of this question. And first we will take the case of
two causes acting upon the body, each of which would by itself
make the body move uniformly : for instance, suppose the
body projected at the same instant by impulsive forces acting
in different directions.
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A ball rolled along the horizontal deck of a vessel moving
equably will move on the deck as it would if the vessel were
at rest ; this is proved by experiment. Suppose S is the deck
of a boat moving ullifm‘m]y on a sheet of water, fig, 74: and
in a given time suppose it moves to §'. Let 4 be the place of
the ball at the beginning of the time of motion: and B its
place in space at the end. Draw 44" in the direction of the
boat’s motion, and equal to the distance through which the
boat has moved; and join 4'B’, Suppose AR is the space
the ball would have described if the vessel had not moved.
Now, as we have already stated, experiment shews that AR,
the space actually described on the deck, is the same in refer-
ence to the vessel as if the vessel had been stationary. Hence
A'B' is equal and parallel to AB. From this we gather, that
if two causes act simultaneously on a body to produce uniform
motions, each cause will have its full effect in its own direction;
and the body will be found at the extremity of the diagonal
of the parallelogram described on the linear spaces, which the
body would have passed through under the action of the
causes separately.

This principle is found to be true if one or both of the
separate motions be not uniform. For a ball dropped from
the top of the vertical mast of a vessel sailing uniformly, falls
at the foot of the mast, although the vertical motion Is not
uniform.

The following experiment well illustrates this principle.
Two balls are placed at the same height above the ground :
one is projected horizontally, the other suffered to fall of itself:
it is so contrived that the motions shall commence at the same
instant. The result is that they are heard to strike the ground
at the same time, although they describe very different paths,
one ball having moved in a straight line, the other in a curve,
This experiment shews that although one ball had a horizontal
motion, still the attraction of the Earth produced the same
effect on the two balls in a vertical direction.

The muscular efforts necessary to raise the arm, move the
head, or raise the body are the same on board a vesscl sailing
equably, or in a st am-carriage moving uniformly on a rail-
road, as when the ship or carriage is at rest,
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It can be proved independently of any mechanical princi-
ples that the Earth revolves round its axis from east to west;
but the effort of moving a body from one place to another does
not depend, ceeteris paribus, on the point of the compass
towards which the motion is directed. To bring to our aid,
however, more delicate tests, it is found that the motion of a
pendulum is presisely the same in whatever vertical plane it
vibrates, whether east and west, or north and south, or in any
other direction.

For more facts and experiments we refer again to Lec-
ture V. of Desaguliers’ Eaperimental Philosophy.

208. These facts point out to us the following general
principle :

When a force acts upon a body in motion, the change
of motion in magnitude and direction is the same as if the
force acted on the body at rest.

This is called the Second Law of Motion.

For the full clucidation and proof of this Law we ought
to make experiments with forces of all degrees of magnitude
and motions combined in all directions; since, however, this
can never be accomplished, we must have recourse to the
expedient spoken of in Art. 195, to satisfy ourselves of the truth
of this as well as the First Law.

209. We shall now shew the importance of this Law in
enabling us to refer the motion of a particle to three rect-
angular axes.

Since the various positions of a material particle in space
are generally determined by means of co-ordinate axes, it
becomes mnecessary to refer the motion to these lines. At any
proposed instant of the motion the particle is moving with a
definite velocity and in a definite direction. Now this motion
may be supposed to be the result of three motions taking place
simultaneously parallel to the three axes of co-ordinates. Imagine
the particle, in the first place, to have only its motions parallel
to the axes of y and  combined. Then, in the second place,
by combining with these the motion parallel to the axis of w,
we have the actual motion of the particle in space: and the
change in the motion by this last step 1s, that the particle has
moved to a distance a parallel to the axis of @ in the time #.
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But by the Second Law of Motion this change is the same as if
the other motions did not exist. Hence the velocity and acce-
lerating force of the particle parallel to the axis of @ are the
same as if the particle described the space @ in the time #: and

‘ da d*a

we have proved in Arts. 191, 205, that these are — and —:
dt d#

and in a similar way it may be shewn that those parallel to the

dy d’y dz d'x
—=, —= an G
dt " dF A
210. It follows then that when a particle is moving in

axes of y and =z are

space, and wyx are its co-ordinates at the expiration of the
time 7, the velocities of the particle parallel to the axes are

dao dy dz
dt’ dt’ di’
and the accelerating forces parallel to the three axes are

d'y d’z
e’ de’

Cor. By the Differential Calculus

d&t " dut dy ds?
i plmegtn s
gt dft = A dr

s being the length of the curve described. If we compare this
with the formula B®= X 4 V? + Z° taken from Arts. 20, 21,
it follows that velocities may be resolved and compounded
in exactly the same way that we resolve and compound statical
forces.

211. The grand Problem of Dynamics is to find the
relation which exists between the motion of a system of bodies
and the forces which act upon them: so that when the forces
are known the motion may be determined, and vice versA.

We have seen that if no forces act upon any part of the
system, each part will move uniformly in a straight line, when
once put in motion. This will also happen if the forces acting
upon each particle of the system are in equilibrium with each
other
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In the genc‘ml case, however, each particle will move ina
determinate curvilinear path, and the acceleration (or retard-
ation) of its motion will take place whenever the forces acting
on the particle are not in equilibrium, i. e. whenever they have
a resultant. This resultant is measured at every instant by
the change of velocity produced in a given time, as explained
in Art. 108. Let ays be the co-ordinates of position of any
particle of the system at the expiration of the time ¢, then the
resultant is measured dynamically by the accelerating forces
de &y &s
de’ de’ de
These are termed the effective accelerating forces of the par-
ticle at the time ¢ parallel to the axes of co-ordinates. The
forces which act upon the particle to produce the motion, not

acting parallel to the fixed axes of co-ordinates.

including the molecular actions of the particles on each other
(if there be any), are termed the impressed forces by way of
distinction.

912. Now it is immediately evident that if at any instant
of the motion we were to apply to each particle of the system
forces equal in magnitude but opposite in direction to the
effective forces of that particle, these would at that instant
check the acceleration of the motion, or, in other words, would
be in equilibrium with the impressed and molecular forces
which act upon the system: and will therefore together with
them satisfy the equations of condition we have deduced in
the former part of this Work for the equilibrium of forces.

By this principle, the truth of which is self-evident, we
shall obtain equations which connect together the forces that

! R T

act upon the system and the analytical quantities —2-, =5, —
¢ d diiodE

and all similar quantities for the other particles. If the
question be to determine the motion when the forces are given
in terms of »yx and ¢, the solution is effected by integrating
these equations. If, on the other hand, the question be to
determine the forces which will cause the system of particles
to move in given curves, we must differentiate the equations to

Fo dy &'z

the curves with respect to #, and substitute for ——4 ——35 ——err
; dt " df de
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B
in the equations resulting from the application of the above
principle: in this way the forces will become known.

213. But we have been supposing that the forces which
act upon the system are of the nature described in Art. 201,
as requiring time to manifest their effect.  We shall now
consider the case of impulsive forces.

Let ir—, @, i{—\ be the resolved parts parallel to the

dt” df” " di
axes of the velocity of any particle of the system arising from
the action of the impulsive forces. Then the effect of the
impulsive forces is the same as three impulsive accelerating
forces acting parallel to the axes and equal to (—i—l, d—y, &,
dt’ dt " dt
(Art. 201) ; these are termed the effective impulsive accelerat-
ing forces: and the original forces are termed the impressed,
impulsive forces.

Wherefore it is immediately evident that if, at the instant
of the action of the impulsive forces on the system, we
were to apply to each particle impulsive forces equal but op-
posite to the effective impulsive forces of that particle, these
would check the effect of the impulsive forces actually im-
Pressed on the system and would consequently with them
satisfy the equations of condition for the equilibrium of forces.

As before, then, we obtain equations by means of which
the motion of the system may be calculated.

214. Now in the calculations of the conditions of equili-
brium of forces acting upon a single particle, a rigid body, or
any material system given in Chapters I, II, and III of
Statics we have considered the magnitudes of the forces to be
estimated statically; in other words, we have supposed them
to be pressures. Wherefore before we can make use of the
results of those Chapters for dctcrmining the equations of
motion of a system, in the manner explained in Arts. 212, 213,
we must discover the relation that connects the dynamical
and statical measures of force; so that when we know the
degree of acceleration of a force, we may be able to determine
the magnitude of the pressure that the force causes the body
on which it acts to exert: and vice versd. It is manifest that

B s
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a
some relation between these two measures of force must exist,
since the cause of the pressure and the cause of the motion and
of the change of motion are the same. But since causing
pressure and causing motion are two properties of force which,
abstractedly speaking, have no common character, we cannot
discover the relation they bear to each other by reasoning
@ priori; but must again appeal to experiment.
915. When two balls of the same size and substance
are dropped at the same instant from the same altitude they
move downwards In exactly the same manner ; having the same
velocity at every instant and having moved through the same
spaces during any given time. If the bodies be connected the
motion is the same. And the same would be the case what-
ever number of balls were connected. Hence it appears that
although the weight of a body of homogeneous structure, or the
statical measure of the Earth’s attraction, varies as the mass
of the body, yet the accelerating force, or the dynamical
measure, is invariable when the experiments are made at the
same place. Newton made a variety of experiments with
gold, silver, lead, glass, sand, common salt, wood, water, and
wheat, and arrived at the same result. Principia, Vol. ITI.
Prop. vi. It is found by experiments made under a receiver
exhausted of air that a guinea and a feather fall in exactly the
same manner and strike the plate of the air pump at the same
instant, if they are set at liberty together and from the same
altitude. These experiments shew that the accelerating force
of all falling bodies at the same place is the same: and, after
what has been proved of a homogeneous mass of matter, these
experiments lead us to conclude that bodies differ in weight
at the same place in the same proporti(m as their masses
differ. We therefore infer that at the same place on the
Farth’s surface the weight of a body varies as its mass. Let
M be the mass of a body of which the weight is W3 then
W= Mg, g being some arbitrary quantity which is constant
for the same place and depends upon the units of weight and
mass. It remains to be determined what change the weight
undergoes if the body be removed to a place where the ac-
celerating force is different: or if by any contrivance the ac-

celerating force of a body be changed without changing the
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place of the experiment. We shall for this purpose describe
a machine invented by Atwood: see Atwood on Rectilinear
Motion for a full explanation.

216. Four wheels, two of which 4 and B are represented
in fieure 75, the other two being hid by these, are placed
parallel to each other, their centres being fixed so as to allow
of rotation with as little friction as possible: 4 and B are
placed as near as possible without touching: and so are the
other two wheels. Upon these four rests the axle of another
wheel C' placed midway between 4 and B and the other two
wheels: a fine string as flexible and inextensible as possible
is passed over the circumference of € and two weights P and
Q are attached to its extremities. When P and Q are left to
themselves the heavier will descend and draw up the lighter
of the two. It will be readily understood that the object of
the four wheels is to diminish the friction on the axle of (L
which it does very considerably, since the friction of rolling
is far less than that of rubbing. Suppose that P descends,
then P — Q is the weight or pressure which causes the motion
and P + Q is the weight put in motion. It is found by
experiment that the inertia of the wheels produces the effect
of adding to the weight moved without adding to the pressure
producing motion. Atwood determines by experiment what
this weight is, we shall call it W. Ience P—-Q is the
weight causing the motion and P+ Q + W is the weight put
in motion. A graduated seale of inches is placed behind the
thread supporting P in order to mark the motion of 2. The
excellence of this machine consists in this, that we can have
bodies falling with various degrees of acceleration and as
slowly as we please by altering P and Q. The time of motion
is marked by a seconds pendulum.

Now suppose P is placed with its lowest surface level with
the zero point of the scale and set at liberty at any tick of the
pendulum : it is always found, however much P and Q are
altered, that in each experiment the spaces described by P in
successive seconds form an arithmetic progression, and there-
fore that the accelerating force in each case is uniform. Also
it is found that the common differences of the series in the
various experiments are proportional to the respective values
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P-Q
P+Q+ W
periments, for the details of which we refer to the work of

Atwood.

of the ratio This is pmved by numerous ex-

We gather, then, from this that the accelerating force
4 Pealds fes :
varies as ——— ——— in the different experiments, and therefore
P+Q+W
the pressure producing motion (or P-Q) varies as the product
of the accelerating force and the weight moved (or P4 Q+ W),
and therefore as the product of the accelerating force and the
mass moved, since the weight of a body at the same place
varies as the mass (Art. 215), and these experiments were made
at the same place.

217. The product of the mass of a body and the accele-
rating force is called by Newton the Moving Force of
the body: and the product of the velocity and mass of a body
he calls its Momentwm, or quantity of motion. These ex-
periments therefore shew that the pressure communicating
the motion varies as the moving force, or as the momen-
tum generated in the body: for moving force must be
measured by the momentum generated in a given time, since
accelerating force 1s measured by the velocity generated in
given time, Art. 198.

218. We shall now give the results of experiments with
pendulums. It is found by numberless trials that the time
of oscillation of a leaden ball suspended by a fine thread and
moving throngh any very small angle is constant for the same
length of thread, but for different lengths it varies as the
square root of the length. Now let s be the small circular
arc measuring the distance of the centre of the ball from its
point of rest, fig. 76, ¢ the time of describing s, ¢ the length
of the pendulum: then ! varies as £, by experiment. M the
mass of the ball, and Mg its weight, Art. 215. PZ a tangent
to the arc s at P: then the weight Mg is employed partly in
producing the motion and partly in stretching the thread: the

a

part producing motion = Mgcost PW = Mgsin 4;

{ S
the pressure = Mg sin 4 = Mg 7 nearly o< _."lff
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But if £ be a uniform accelerating force causing a body to
describe a space s in the time # (and the acceleration in this
case is ll]tinmtel_v uniform) then 2s =1

.. the pressure oc Mfoc moving force, as before.

219. We must now enquire into the connexion between
pressure and the motion generated or destroyed when impulsive
forces act.

We have already explained the nature of impulsive
forces; and have shewn that thc_y differ from finite forces
solely in intensity, and that we measure them dynamically
by the velocity generated during the action, and not by the
velocity generated in a unit of time*. The result of the
last four Articles must therefore be true for impulsive
forces; and we shall assume that impulsive pressure is pro-
portional to the momentum generated or destroyed. In
fact, the Pressure is so enormous that to make its measure
a matter of experiment would be very difficult. We can
nevertheless mention some experiments which illustrate, and
in part prove, that impu]sive pressure varies as the momentum
generated. We shall, however, first speak of the elasticity of
bodies.

220. It is found that all rigid bodies rebound more or
less when struck together: this property is termed their elas-
ticity. Gonsequent]y no bodies are totally devoid of this
property : yet some have it more eminently than others; balls
of clay have little elasticity, but ivory balls and balls of glass
are considerably elastic. The degree of elasticity is measured

* The following experimental fact seems to shew that impulsive forces are of the
Same nature as finite forces, generating or destroying velocity by continuous gradations.

Robins’ experiments on the velocity of bullets and cannon balls lead to the fol-
lowing result. 1If bullets of the same diameter and density impinge on the same solid
substance with different velocities they will penetrate that substance to different depths,
which will be in the duplicate ratio of those velocities nearly ; Robins’ Mathematical
Tracts, edited by Wilson, Vol. I. p. 142,

This was proved by various experiments. Now a property of uniformly accele-
rating (or retarding) forces is, that the squares of the velocities generated (or destroyed)
are proportional to the spaces described : Art, 204, Hence the retarding force of the
solid substance used in each experiment was a uniform force. But the duration of its
action was so short and its intensity so great, that although the changes effected by the
force were continuous, yet they were so rapid, that the force comes under the denomi-
nation of what we term impulsive forces,
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by the ratio which the velocity of rebound bears to the velocity
at the first contact. The elasticity is perfect when these two
velocities are the same, but this is a limit which no bodies
actually attain. The cause of this property of matter is of
course conjectural, and our conclusions as to its laws are
deduced solely from experiment.

Tables of the results of a series of experiments made by
Mr Hodgkinson, of Manchester, on the elasticity of bodies will
be found in Vol. IIL. p. 534. of the Reports of the British
Association for the Advancement of Science. The following
are the Conclusions deduced.

(1). Al rigid bodies are possessed of some degree of elas-
ticity : and among bodies of the same nature, the hardest are
generally the most elastic.

(2). There are mo perfectly hard inelastic bodies, as
assumed by the earlier, and some modern writers on Mechanics.

(8). The elasticity as measured by the velocity of recoil
divided by the velocity of impact is a ratio, which, though
decreasing as the velocity increases, is nearly constant, when
the same rigid bodies are struck together with considerably
different velocities.

(4). The clasticity, as defined in (3), is the same whether
the impinging bodies be great or small.

(5). The clasticity is the same, whatever be the relative
weights of the impinging bodies.

(6). In impacts between bodies differing very much in
hardness, the common elasticity is nearly that of the softer
body.
(7). In impacts between bodies of which the hardness
differs in any degree the resulting elasticity is made up of the
elasticities of both; each body contributing a part of its own
elasticity in proportion to its relative softness or compressibility.

991. Hence when one body impinges on another a mutual
pressure takes place, which by incessantly acting as the compres-
sion of the bodies goes on finally checks their relative motion ;
after this new velocities are genemtcd and the balls separate : and
our object now is to enquire what the connexion is between the
velocity destroyed during the compression of the balls and the

pressure that destroyed it, and also between the velocity gene-
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rated and the pressure by which it is generated.  The difficulty
of discovering this from experiment arises partly from the
immediate action of the forces of restitution after the force of
compression ceases to act: in consequence of which any expe-
riment upon impinging balls is sure to involve the action of
two sets of impulsive forces; first, those that act while the
compression of the figures of the bodies is taking place, and
secondly, those that act during the restitution of fioure. We
may call the first kind impuisive Jorces of the nature of colli-
sion, and the second kind impulsive forees of the nature of
explosion : by the first velocity is destroyed, by the second
velocity is generated. By certain artifices, however, we may
overcome this difficulty.

222, 'We shall mention a few experiments which will lead
us to a satisfactory conclusion.

Let 4 and B be two balls (fig. 77.) suspended by threads
from two points C' and D, so that they may just touch when
at rest and have their centres in the same horizontal line:
FAE, fBe circular arcs with centres C, D: now the velocities
of a ball in falling through different arcs of a circle to the
lowest point are in the proportion of the chords of those arcs,
as is proved in the note*. Let therefore a scale be placed

* The pressure producing motion = W cos » Pt — Wsin@ (fig. 76) : therefore the
moving force (Art. 218), and also the accelerating force (since the mass of the body is
invariable) varies as sin 0. Let = be the greatest value of 0: 7 the length of the
thread : then / (a— 6) is the space described by the body in the time i; a
that at each instant the body is moving in the tangent line to the arc,

2 (a—0) (edi}
force ={ d(—“,i—j Syl
de®

nd, supposing
the accelerating

=0 : : s
— 7 varies as sin 6, and = 2 ¢* sin 6 suppose ;
a8

diy2
( ) =4¢* (cos 6+ const,)

dt
! d
When 6 = a, velocity =0, ="
9y 2
(ﬂ) =4¢(cos 0 —cos a),
dt

— S
angular velocity at lowest point = 2¢ VI —cos a = 4¢ sin =

=2¢ chord «.

Hence the velocity varies as the chord of the arc.
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below 4 and B so graduated as to mark the velocities of the
balls 4 and B when at the lowest positions by knowing the
arcs through which they move.

Now suppose a small steel point is fixed in A so that when
A and B come in contact separation is preventcd. It is found
that if 4 and B are drawn through arcs of which the chords
are inversely as the masses of the bodies, and then left to
themselves, they will impinge and exactly destroy each others
velocity, a small allowance being made for the resistance of the
air. If one of the balls be moved through a greater arc, then
when the balls come in contact they will not be at rest, but
move in the direction in which that ball was moving before
impact. This shews, that when the bodies impinge on each
other with equal momenta, their mutual pressures exactly
balance the momenta; but if the momentum of one ball be
greater than the momentum of the other the mutual pressure is
not sufficient to overcome the momentum of the first, but not
only overcomes the momentum of the second but generates new
momentum. This is found to be true for masses and velocities
of all finite magnitudes.

Desaguliers mentions an experiment (Ewperimental Philo-
sophy, Vol. IT. Lecture vI. p. 62.) in which he replaced 4 and
B by two cylinders closed at the outer extremities; one was
introduced a short way into the other, and the cavity filled
with gunpowder : it was found that after the explosion the
cylinders rose through arcs varying inversely as their masses.
Consequently the momenta generated by the action of the im-
pulsive force of the explosion were the same.

In these experiments suppose that the mass and velocity of
the body 4 remains the same: then if we vary the mass or
velocity of B we must change them so that the pressure on A
shall be the same: and this condition is that their product
shall be constant. Hence, then, a given impulsive pressure
generates in different bodies the same momentum. This is
all that these experiments prove: they do not shew that the
pressure varies directly as the momentum generated. This,
however, we infer as in Art. 219.

993. Wherefore the results of the last nine Articles lead

us to the following Principle.
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When pressure communicates motion to a body, the mo-
mentum generated in a given short time is proportional to
the pressure.

This is called the Third Law of Motion.

Newton has given this Law under the more general form,
that Action and Reaction are equal and opposite. If action
and reaction in dynamics be measured by the quantity of
motion gained and lost, this is an immediate deduction from
our Third Law of Motion.

224. Leibnitz in the Adefa Eruditorum 1695, p- 149,
and after him Jean Bernoulli and others raised objections to
Newton’s measure of force, contending that it ought to be
Proportional to the product of the mass and the square of the
\’elt)c'ity.

In their own words, A force is said to be dead (wis
moriua) which consists in nothing but the endeavour, or the
tendency to motion. Such is gravity” it was said ¢ as long
as a ]!v:'i’r‘_\-’ hod_y‘ iiung by a thread endeavours to descend, but
cannot actually descend. A force is said to be alive or quick
(vis viva) which always accompanies actual motion, and
tends to produce a local motion. There is such a force in
a body falling by gravity when it has alr ady acquired some
degrees of velocity.”  Professor Wolfius, quoted by Desa-
guliers; Eap. Phil. Vol. 1r. p- 72, 80.

Our object in making this quotation is to shew the origin
of the term wvis viva, which, as a term only, is still in use
among us. The incorrectness of the above mnotion appears
from the fact that it implies that matter has some inherent
power of exerting force when in motion which it has not
when at rest.

The reasoning by which these philosophers were led to
the idea that pressure should be measured by the product of
mass and the square of the velocity generated appears from
the nature of the experiments from which they argued. It
was found that when balls of equal size and density impinged
upon clay they penetrated the clay by spaces which are as the
squares of the veloeities of impact: as in the example of the
note in page 197. It was reasoned (as in that note) that
when balls are projected against different solid substances so

Cc
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as to penetrate to the same depth the forces will be as the
squares of the velocities : and hence arises the mistake, for
this supposes that we measure force by the velocity gcnumtcd
or destroyed in moving through a given space irrespective of
the time of motion: but we measure force by the velocity
genvrutod in a given time irrespective of the space described.
If then we retain our definition of force estimated d_ynumicallj,'
by the velocity gcncmtud in a given time, the force must vary
as the product of the mass and the velocity generated in a
given time: but if we were to adopt the second measure of
force estimated ‘l}'namic:nll_v by the velocity gcnvr:uul in moving
through a given space we should find that the force varies as
the product of the mass and the square of the velocity gcnm':ltcd.

The term vis vive is still used to express the product of
the mass and square of the velocity.

925. We shall now choose the wnits of pressure, or
statical force, and mass.

Let P be the pressure, f the accelerating force and M the
mass, then P varies as Mf. Let the unit of pressure be that
of a body of which the mass is M’ and the accelerating
force f’: then

P M M'f';
41[_,’"
N
we shall choose M’ and f’ so as to simplify this formula as
much as possible: let M'=1, f'=1; then
P M it (1),
the unit of pressure being the pressure of a body of «a unit
of mass and acted on by the unit of accelerating force.

When the pressure is impulsive its wnit is that of @ body

of mass wnity moving with a wunit of velocity : if we, as

1)

above, suppose
e RN e )
Let W be the weight of a body of which the mass is M,
and let the accelerating force of the Earth’s attraction, or

gravity, equal g: then
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Wadllp ... 5000 (3).

Also suppose that the body is homogencous, of density p> and
volume 7: let p and V' be the density and volume of a body
of which the mass equals the unit of mass: then

M:1 oz f;’ Vi
ki

’ ['n"-

J[ =

we shall choose p'and V' so as to simplify this formula as
much as possible: let {j'= 1, V'=1: then

Mi=p ¥ ol ey

the unit of mass being the mass’ of a body of a wunit of
volume and a wnit of density.
By (3) (4) we have

W = p 112

Now by experiments made by Atwood’s Machine described
in Art. 216, it is found that the spaces described by a body
falling freely from rest are 16.1, 3 x 16.1, 5 x 16.1, ... . feet in
the first, second, third, ....seconds of time. Ience gravity
is a constant force and generates a velocity of 2 x 16.1 or
32.2 feet in a second of time. Wherefore if we take @ foot
as the unit of length and a second as the unit of time we have

and when p=1 and W=1, V:T.{o; hence the relation
among the units chosen gives this result, that the wnit of
weight is the weight of a body of the wmit of density and
volume equal the 822" part of the unmit of volume. 'The
density of distilled water is taken generally as the unit of
density ; and a cubic foot as the unit of volume.

226. Having discovered the relation between the statical
and dynamical measures of force, (which was the desideratum
in Art. 214), we may now enunciate the Principles mentioned
in Arts. 212, 213
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The Third Law of Motion and the units of measure
chosen in the last Article shew, that finite statical force equals
the moving force of the body resulting from its action ; and
impulsive statical force equals the momentum of the body
resulting from its action. We shall suppose in what follows
that statical forces are all replaced by these dynamical measures.

Let m be the mass of any particle of a material system,
ayz its rectangular co-ordinates, then,

1. If the system be in motion under the action of finite
forces, the forces

d’x d?y d*z
—m—, —m==, —M-—
dt? dt? dt?

acting on m parallel to the axes of Xy z respectively, and similar
forces acting on each of the other particles of the system,
must, together with the impressed moving forces (Art. 211),
satisfy the conditions of equilibrium.

11. If the system be acted on by impulsive forces, the
forces
dx dy dz
M. eI e
dt”’ dt dt
acting on m parallel to the awes, and similar forces acting
on each of the other particles of the system, must, together
with the impressed impulsive forces or momenta, satisfy the
conditions of equilibrium.

227. These Principles are the interpretation of the Three
TLaws of Motion into mathematical language. The Laws
themselves are the results solely of observation and experi-
ment. But these Principles are the results not only of the
Laws, but also of certain conventional rules for measuring the
quantities treated of : without which indeed we could not make
the phenomena resulting from the Laws subjects of calculation.
We must therefore be careful to interpret all results to which
they lead us in conformity to these conventional rules.



CHAPTER 11I.

FHE MOTION OF A MATERIAL PARTICLE

228.

Ler @#yz be the co-ordinates to the particle at the
end of the time £, and m its mass,

Suppose the accelerating forces acting on the particle are
resolved parallel to the axes and compounded into tl

iree X,
Y, Z in these directions.

Then by the first of the Principles enunciated in Art. 226,
I
the moving forces

mX, m¥, mZ

will be in equilibrium with each other at the time £

Hence by the conditions of equilibrium of

a particle acted
on by any forces given in Art. 23, we have the

equations
;) dig il 2 dy
mX —m— =0, mY —m—=2 =0,
dt d¢
9
- d*z
ML —m— =0,
at
d*a k (o A
op=—— A 5
d

i at

These are called the equations of motion of the material par
ticle: and by integration we shall have three equations in
volving w, y, %, £ and constant quantities
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By eliminating ¢ we have two equations involving @, y, &
without £&. These are the equations to the curve described by
the particle.

229. In the course of the integration six arbitrary con-
stants will be introduced : these are determined by the initial
circumstances of the motion: by the term initial we mean at
the epoch from which # is measured®*. The general integrals
determine the nature only and not the dimensions of the curve
described. The dimensions depend upon the initial conditions.
These are, first, the three co-ordinates which give the position
of the particle at the commencement of the motion. By sub-
stituting these in the three lintegrals and putting ¢ = 0 we have
three equations involving the six arbitrary constants and known
quantities. The other initial quantities are the velocity and
direction of projection, or, which amounts to the same, the
initial velocities* parallel to the three axes.

By differentiating the three integrals with respect to #, we

de dy d=z

shall have three equations involving @, ¥s & ——» —7» =7 and
df dt dt

the arbitrary constants: and giving the variable quantities their
initial values we have three more equations involving the arbi-
trary constants and known q nantities.

From these six equations, then, we can determine the six
arbitrary constants and the problem is completely solved.

230. Suppose, on the other hand, the problem to be
solved be the converse of the one already considered, namely, to
determine the forces which will make a body describe a given

curve.

* If any particle of the system commence its motion with a finite velocity, this is
imparted to it by an impulsive force, which acts for so short a time as to produce its
effect instantaneously : for this reason it is evidently indifferent whether we measure the
time from the commencement or termination of the action of the impulsive force: and

the term inifiad velocity, though there is no velocity, rigorously speaking, at the
commencement of the motion, is perfectly allowable.

In short, when asystem of material particles is projected into space and submitted
to the action of surrounding bodies, two entirely different systems of forces actupon
the particles. The first is a system of impulsive forces, of the nature described in
Arts. 199, 200 ; these produce their effect in an indefinitely short time, after which
they cease to act. The second system consists of forces of the nature described in the
same Articles: these require alength of time of sensible duration to produce their effect.

This latter system differs from the former merely in intensity.
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We shall in this case have given fwo equations involving
@y @, from which we are to obtain the three quantities
(—/-‘;}, i r’—!{ . f/ _or X. ¥V. Z: this shews that the problem is
die gt di :
indeterminate.

The following is the way to proceed.

The two equations involving @, y and = must be differen.
tiated twice with respect to £: by this means we have two
equations involving the four quantities X, ¥, Z, and velocity (v).

ds® dat dy* rf.:"'_

But »* = - o £k :
dif  df @ di o df
 d.v° Ao Jdy, L dw
1 S

I 7 e A

r

N 2 .dy dz
Lo X+ ¥Y—4+72__,
= da da
This is a third equation involving X, ¥, Z, ». By assuming
a value of any one of these four « uantities the other three may
J l A
be determined, in terms of QY=

RECTILINEAR MOTION.

231. Pror. 4 body is acted on by a uniform force (that
of gravity for instance) the motion being in the line

of action
of the force : required to determine the motion.

Let @ be the distance of the body at the time # from a fixed
point in its course, measured in the direction of the force
let g be the force.

Then the equation of motion is

d*x
di

: |
- ana

o,

By integration we have

da . ] ;
— =gt + 0, C bmng an nrl_ntr:wy constant,
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To determine C we must refer to the initial circumstances

of the motion.
Suppose the body is projected with a velocity % in the di-

rection in which the force acts.

da
Then whent =0, === 1o 6 =C
dt
dw
— =gl + U
dt

Integrating again
a=Lgf +ut+C.

Let a be the distance of the body from the origin of « at
the commencement of the motion : then the initial circumstances

are that when {=0, ¥ =a; .. =a:
v=a+ut+5g0

or the space described in the time # is ¢ + 1 ep.

This is a necessary consequence of the second law of

motion.
If the body be not projected then % =0 and @ = a + gt
If the body be projected with a velocity % in a direction
opposite to that in which @ is measured, then when #=0,
da . : Al et . &
_ 2% _ 4 since @ is diminished as # increases:™ and
di
x=a—ut+5gt

* In Art. 191, it was shewn that if s be thespace described in the time Z by a body,
: 3 ; A ds
and v its velocity at the end of that time, then s
£

But if the space be measured in a direction opposite to that in which the motion
takes place, then, & and s’ being the distances of the point from which the space is
measured at the commencement of the motion and at the end of the time #, then

. lf.\'l
s=b—s and ——=0.
di
Also in Art. 205, it was shewn that if £ be the magnitude of the force at the end of
: s . . i e, :
the time Z, then—-, =f. 1f, as before, the space be measured in the direction opposite

y 3 ; ; d?s
to that of the action of the force, then — T - f.
a1
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Pror. A body falls towards a centre of force the in-
tensity of which varies divectly as the distance of the body
from the centre: required to determine the motion.

232. Let u be the magnitude of the force at a distance
unity from the centre of force: this is called the absolute force
of the centre: @ the distance of the body from the centre at
the commencement of the motion, @ the distance at the time £,

Then pa is the magnitude of the force at the distance a:
and the equation of motion is

the negative sign being taken because the tendency of the
force is to diminish
de d*w da
(9] i — l-\'-’f’.‘f‘ =

" dt r.’f"'_: (/7

3 da’ 2

1 al 3

Integrating, — = C — ya?,
=i

C being an arbitrary constant to be determined by the initial
circumstances of the motion: these are that when #=0, ¥=a, and

da
the velocity, or s = 0; ... C=ua®;

at
da” (@ )
= u (a® — a%);
217
di 1 1

(! 14 ‘\//M \/([
the negative sign being taken in extracting the square root
because # diminishes as # increases.

d 1 & !

Tntv;_:‘rnf':ng, t=—=cos~ ' 4+ (
N a

when £=0, =a, .. C"=0:

Do
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1 &
. t=—=cos™!

Vi a

when @ = a, the body arrives at the centre;

. = A & m
time of falling into the centre =——3z=".
Brad ns
e e da
The velocity is zero when = 0, or when # =a and
i al

—a: hence the body passes through the centre and stops at a
distance on the other side equal to the original distance. I'rom
this point it will return to its original position and continually

oscillate over the same space: the time of oscillation from rest

to rest is ™ _ 1t is remarkable that this is independent of
Vi
the initial distance of the body from the centre of force.
The expression for the time shews, that the body will
oscillate backwards and forwards: for suppose a is the least

., . "I'I " .
positive value of cos~!— for any given ralue of @, then
a il

s a 2w — @t 2ar +a

— = 0O —— OFf ———— coavse
vV 1 Vi an

2nTF a

or, generally, n being any integer.

e 3
v

This proves that the body will 1‘Jc»l-indi(:ally arrive at any
given point of its path: the intervals of time between the
20 —2a 2a

successive arrivals being —\-/—,—f and —= alternately.
" L

Prob. Suppose the body in the last Proposition is pro-
jected with a velocity a in the line in which the force acts.
233. As before we have

da’

LEE ( s ;'[‘-'
di T f
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da

when @ = a, =2 or —w according as the direction of pro-
jection is from or towards the centre: in both cases
w'=C — ua®
da®

— = u’ + u(a? - 2%).
dt* )

Considering the motion Zowards the centre

dt I 1
a+ — —a°
I
1 ) @ ‘
t=—=cos™ — .
\/'u /\/ " u*
a + —
‘J.L
when £ =0, v = a;
1 . r L
f = — J(LfUr‘f - —cos~! —_—
\/,u Lo S e
l AT g e e
o M

The greatest distance to which the body goes from the

. o : . s
centre 1s '\/a.-" +—, and the time of a complete oscillation
i

from rest to rest is as before
i

Pror. 4 body falls towards a centre of force the inten-
sity of which varies inversely as the square of the distance
of the body: required to determine the motion.

234. Let u be the absolute force of the centre as before:
then the force at distance @ is equal to E and the equation

e

of motion is
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ot
o
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4 do d*e Qu da
dt dt*

integrating, — = —+ C
7 dt’ ¥
da 2u
when 2 =a, — =03 B i
dt 7

a [ cl | & ‘
t= S = — WerE axr — ‘1"[

aQ 9 ] 2

i

when the body arrives at the centre @ = 0, therefore time of

Q

r [a)\}
falling to the centre = —= ( J {
B

935. In a subsequent part of this work we shall see, that

the attraction of the Earth on external bodies varies inversely

as the square of the distance from its centre, supposing the

Farth a sphere. And that the attraction on any bodies within
the Farth varies directly as the distance from the centre.

It is for this reason that in the foregoing Propositions we

have selected these particular laws of force. No other laws

are known to exist in the universe.
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Pror. A body acted on by the constant Jorce of gravity
moves down an inclined plane : required to calculate the
motion.

236. Let the plane of the paper be the vertical plane
in which the motion takes place: 4B (fig. 78.) the intersection
of this with the inclined plane: P the position of the body at
the time #, 4 being its place when # = 0: ¢ the angle the plane
makes with the horizon. Now the forces which are acting
upon the body at the time # are the force of gravity g, which
acts vertically and the pressure of the plane on the body. If
we resolve the forces in the direction of the motion we shall not
introduce the pressure.

Let AP = .

Now the part of g resolved along the line AP is gsina,
hence the equation of motion is

o

di?

= g sin a,

and the results will be precisely the same as those in Axrt. 231,
if we there substitute gsina instead of g.

If we wish to know the pressure P upon the plane, by
resolving the forces perpcndi('lllarl}f to the line of motion we
have, since no space 1s described by the body in that direction,

0=mgcosa — P (Art. 225.)

Hence P = mg cosa, and is constant and 1s 1n proportion
to the weight of the body in the ratio cos i o vl

CURVILINEAR MOTION OF A PARTICLE.

Pror. 4 body is acted on by the constant force of
gravity, which acts in parallel lines : required to determine
the motion of the body when it is projected in a direction nof
vertical.

237. Let the axis of y be vertical and reckoned positive
upwards and drawn through the point of projection. The
motion will evidently take place wholly in a vertical plane.
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Iet the axis of # be drawn in thiz plane the origin being the
point of projection 4, (fig. 79.) Let also g be the accelerating
force of gravity.

Then the equations of motion are

d’w d*y
—=0, ——==g
dt* dt
By integration
da derly
=g e ,L"f-,

i TRy
¢ and ¢’ being constants to be determined by the circumstances
of projection.

Let » be the velocity of projection, a the angle its direc-
tion makes with the axis of .

e da dy :
Then when =0, — = ucosa, —, = WSINa;
di di

. /
weosa =¢C, UsSINa==~C ;3

da dy ) ;
— = W COS a — =usma — St
dt "t 5

Integrating again
ey ek A e 1,542
x = utcosa, y—ui.~n1u—-§gt......(1),

no constants are added after integration because when ¢ =0,
x=0 and y =0 by the circumstances of the problem.
These two equations determine the position of the body
at any time.
938. To find the curve described we eliminate ¢ from
equations (1); Art. 2283
ou”
y=atana — —————2—
j 2u° COs” a
This is the equation to a 1}:11‘&1)0]{1.
For it may be written
£ S 4

w SR 2w el
(v — —cosasing)® = — — cos’a (y —— sin a).
g 2g

g 28
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And by transferring the origin to a point of which the
co-ordinates are

0> ¥ w? i

—cosasina and —sin® g
O e

g <8

the equation becomes

2_',(’3 )
X" = — —— Cos* atf,
g
which is the equation to a parabola with its axis vertical and
measured downwards,
Qu*
and latus rectum = cos” .
P
The range is the distance between the point of projection
and the point where the body strikes the ground. The curve
described is called the projectile.

Pror. To find the range of the projectile, the time of
Jlight, and the greatest height the body reaches.

-
a®
239. When y =0, wtang — : g — =0;
2U° cos”
St 2
=0 and @ =— cos’qtan g = — sin 2a.
g g

this latter value of @ is the range on a horizontal plane

If the body be projected from an inclined plane perpen-
dicular to the plane of the projectile, then, if i be the angle
of inclination of the plane to the horizon, y = #tani is the
equation to the intersection of this plane and the plane of
motion : and the value of # when the body strikes the plane is
found from

xtant = x tan ¢ — é—g—l — 3
2U° cos”a

gpe i) . 2% cosasin(a—i)
<. #=0, and ¥=—cos®a(tanq — tan = —
& g cos i

this latter value of @ is the range on the inclined plane.




216 DYNAMICS. SINGLE PARTICLE.

By (1) @#=wufcosa;

therefore time of flight on the inclined plane

@ 2 sin (a — ) 20 . S
=— = — _V: =—gina, if i=0.
wecosa £ cos 4 g

When the body reaches its greatest height

Q

dy w® 3 P
= 0 =~ fanigic0s  a = == SIA L0 a5
daw g g

! /R A " S
greatest height = — {sin“a — Lsin“af = — sin® a.
, € 2 > 2g

CENTRAL FORCES.

940. Forces which continually tend towards a given point,
and the intensity of which depends upon the distance from that
point, whether fixed or in motion, are called Central Forces.
All the forces with which we are acquainted in nature are of
this description, as will appear in the sequel. For this reason
we shall devote a large portion of these pages to the con-
sideration of their action.

We shall, in the first place, investigate the most important
rties of orbits described by bodies moving under
ntral forces, and in the next place determine
he law and intensity of the forces

general prope
the influence of ce
the nature of the orbits when t

are given, and, conversely, determine the forces requisite to
cause a body to deseribe given orbits.

Pror. When a body is acted on by one central force the
motion is wholly in one plane.

241. Suppose xyz are the co-ordinates at the time £ to a
material ‘;)ai'tide'moving about a centre of force, the origin of
co-ordinates being at this centre : » the distance of the ])article
from the centre: and let P, some function of r, represent the
intensity of the force at the distance 7.

The resolved parts of this force parallel to the three axes

of co-ordinates are
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) %
= Pﬂ’, anel P~
r r r
and since these tend to diminish the co-ordinates the equations
of motion are

d*w B dy S L d's R

df r’ i e de r

Multiplying the first by y and the second by # and sub-
tracting the equations we have

d*y &
S e e )
TR
dq da
2 = R
dt di
h being an arbitrary constant.
: da dz
In like manner g— _ 5 %% _ hyy
dt dit
dx dy
g e Foss
it dt '

%y and f, being arbitrary constants, which, as well as h, are to
be determined by the circumstances of the motion at any given
time.

Now multiply these last three equations by =, y, x respect-
ively and add them together ;

0=he + hy + ho.

This is the equation to an invariable plane passing through the
origin of co-ordinates, its Pposition depending on the values of
Rl b,

Hence the motion takes place wholly in a plane passing
through the centre of force, the position depending upon the
initial (or any other given) circumstances of the motion.

Pror. The areas described by the body about the centre
of force are proportional to the time.

E g
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242, In consequence of the property proved in the last
Proposition we shall refer the body’s motion to two co-ordinates
instead of three. Let the plane of motion be the plane @y.

Then the equations of motion are

dw (1"'__1'; L pt

&
T e R 1), @ === dT ...aes (2),
di* r (1), d ¢’ P )
and. as before, we obtain
dy da p
p— —y — =M,
dt Y dt

and let 4 be the sectorial area swept out during the time # by

the radius vector ;

dAd 7

o — =g &= = —| by Diff. Cale. =3
dt o5 —var) i

10

hit

A= _*,2 .
if # and 4 be both measured from the commencement of the
motion. This proves that the area swept out by the radius-
vector 1s proportiunal to the time of describing it.
When polar co-ordinates are used let 6 be the angle that
the radius-vector » makes with the axis of @; then @ =7 cos 8

and y = r sin 6 : and by substitution
dAd ,df ,do
—=4r"— O
di dt di

The following is an immediate consequence of this property.

Proe. 7o prove that the velocity of the body at different
parts of its path is inversely proportional to the perpendicular

on the tangent.

ds ds db
243, Ve i = = i e
43 elocity = 1 EF T T
r* do

= — by the Differential Calculus,

i L]

di
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p is the perpendicular on the tangent at the distance »,

f': h h
= — — by last Art. = —.
]J ¢ i j}

Pror.  To prove that the velocity is independent of the
path deseribed.

: - da
244. Multiply equations (1) (2) of Art. 242. by 2—,
: : e
d .
9 gy respectively and add them, then
dt ¥

,d"’ d*x ,d."/ d*y 2P ( da dy\

< — e — — = T — 4 Yy —=
dt dFf dt dt* ;e 5 u’t)
dr
ZAﬂ]J‘---j ,‘c--{—'g: 1;
dt A y i
o a8 O dat
!Jl!! V'=—= ——a i
gt ditz L d#
B
dt dt
g o' =V?—2 [ Pdr, r=R whenv=V;

and since this, when integrated from one position of the body
to another, will be a function only of the corresponding dist-
ances, it follows, that the velocity is independent of the orbit
described, and at any given distance depends solely on the
magnitude and law of the force and the velocity and distance
of projection.

Cor. This is true also when the body is acted on by any
number of central forces tending to fixed centres.

There is one more property of central orbits which we shall
demonstrate owing to its utility in determining the velocity
whenever the force and orbit are known.

Proe. To prove that the velocity at any point of a
central orbit is that due to « body falling through one Sourth
of the chord of curvature at that point through the centre of

force wunder the action of the force at that point supposed to
remain constant
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dv
y

— =— P,
dr

245. By last Article @

= fe
Also by Art. 248. v = —:
] P

differentiate the logarithm of each side of this equation :

1 dv I dp

v dr p dr
divide the first equation by this ;

v' = Pp e =2P '! chord of eurvature through the centre
dp
of force at dist. 7.
Hence the Proposition 1s true.
Having demonstrated these Properties of Central Orbits
we shall proceed to the determination of the nature of the
orbits themselves.

Proe. A body being acted on by a central force : re-
quived to find the polar equation to its path.
246. The equations of motion are

d:x & 3 4’y

—_1) ...(l)‘\

= i i:“Pg-.”(Q\-::
dt* r dt* r ‘

d*y o i

a = — ——_;- =il
A
d1 d a

a - b 1 L constant = &,
dai =d

putting # =7 cos @ and y =7 sin @; we have

do
r — = h.
di
/ : X da dy : ;
Again, multiplying (1) and (2) by 2 7 and 2 -~ and adding,
Ll S, VSt : -
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da d*a LAl dy &y

ot o =

2 P ( da dy
2 — 2= =" (& +y==1z
dt dt* dt df RSN off) f

Ui a - W =—2PpP g g AN At
di \d#  di d# 3
and introducing polar co-ordinates

d [rdr g dr
= 2 it R, U B+ T
sillag ") rlf—’}

But
d {1 P 2P dr
(59 \}‘.1 de? h? (5_9
1 dr du
] —=u: g e T e s
Put il wnd r do d@’

d [du® 4 2P du
o B .
do \agt ™ W u® do

and then performing the differentiation on the left-hand side

du
and dividing by 2 —— |
ol do
dfu P
TR e
do? hPu?

This is the differential equation to the orbit described. The
force P being given in terms of 7, we must integrate this
equation: and the solution will be the equation to the orbit
desecribed.

The integral will contain three arbitrary constants, two
itroduced in the process of integration and the other, 4, exist-
ing in the differential equation. These are determined by the
initial (or any other given) circumstances of the motion : viz.
the velocity, distance, and direction of projection.

The general integral determines only the mature of the
orbit deseribed : but the circumstances of the motion af any
given time determine the species and dimensions of the orbit.
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d’u
de®
be used to ascertain the law of force which must act upon
a body to cause it to describe a given curve. To effect this
we must determine the relation between % and @ from the
equation to the orbit: we must then differentiate % twice with
respect to 6 and substitute the result in the expression for P,
eliminating 0, if it occur, by means of the relation between
% and 8. In this way we shall obtain P in terms of 72 alone,

244. The differential equation P = W*v? { + u} may

and therefore of » alone.
248. - When we know the relation between » and 0, we

! ,do : ! ,
make use of the equation 7° Pl h to determine the time of
¢

describing a given portion of the orbit: or, conversely, to find
the position of the body in its orbit at any time.

We proceed now to exemplify these principles by various
applications.

Pror. A body moves about a centre of force varying
directly as the distance: required to determine the MOLion.

249, - Let u be the absolute force: then P =ur = !:';

In order to simplify the calculation we shall first suppose
the body projected perpendicular to the radius vector.

Let V, R be the velocity and distance of projection ;

# = 2 area described in 1" = VR by Art. 243.

tleif, L
— St U=
do’ V:R*a
11E b du : .
multiplying by 2 — and integrating
el gl
dw’ po

_ 4+ ut=0C - -
de” i ViR*w®
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[!‘.{{.‘J l.’:_' 1 1!).2‘”- fL
(.’H:" g R2V? V2R TR

9

w

: (rl .

2 RVE
extracting the square root, inverting, and integrating

260 + C = sin~! LRV - (V4 Bp)

Vi— R 7

when 8 = 0, n:-[{-. S C=smt g = _‘7;
1 ., (VP4 RPu) + (V*— Rp) cos 20
—_ = Y = - SR . 4
 f 2 RV

V*cos? 0 + R*p sin® @

]l’ 2 D-' 2

(J' cos B\ * \/,ui' sin @ °
(R
Hence the orbit is an ellipse, the force being in the centre.
: : V
I'he semiaxes are B and ——.
vV
250. The periodic time may be found by integrating the
R el : : 2 : ;
equation — = T (Art. 242). But the following method is
L
more simple.
2 area of ellipse

i L, (see Art. 242.)
h '

i
Qar =
Viu 2u

s i
This result is remarkable; for it shews that the period is
independent of the dimensions of the ellipse and depends
solely on the intensity of the force.

Periodic time

I
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251. Cor. 1. If the angle of projection be 3 instead of

it will be found, that the orbit is still an ellipse, the force

being in the centre; and if «, b be the semi-axe

% This may be demonstrated with greater facility by using the equations of

motion, which are, this case,

d?a d*y
e T i
G ey s B
; ! da dy ! p
Multiplying them respectively by 275 2= and integrating we have
da® (32— 22 dy* s
i (h®—a7), Fp =+ (F -y ) ssrsersansesanes (1),

di®

h and k bei
‘\-'II'I“'IL‘.H.'}" 3

1g arbitrary constants, introduced in the above form for the sake of

dy?

Cdat hB—a®’ VT = 3 da

« &i 1 ¥ S . (9
« Sln sin - Sin 0 sessennrsviny R mamaRaRe &)y
k h

¢ being an arbitrary constant ;
y

8. z .
g B

hy transposing and squaring and transposing again

hk
This is the equation to an ellipse from the centre : since B —4.A4C =
4
h
spectively.
In order to determine the constants &, k, ¢, let ¥ be the velocity of projection,
a the angle which the direction of projection makes with the axis of «, a, b, the co-

€

ordinates to the point of projection : then equations (1) give

72eos a=p (B2—a?), V2sin®a=p (k% 5%),
T : b i 8 :
and (2) gives sin-! 7 — sin—' 3 = sin e,
by which 4, k, ¢ are known.
If, as in Art. 249, we suppose the body projected from the axis of » at right

angles to that line, then =10, « 90°;

soB=at, pki= P,

b a
sin—! ¢ =sin—! = sin—! j =—sin—, therefore ¢
ke

and the equation to the orbit becomes

"

yPr—=a=1
a=

The equation to an ellipse of which the semi-axes are # and ——
\
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FORCE VARYING AS THE SQUARE OF THE DIST, INVERS. :

L

I 1 VieuR? £ v ( Vet R =40 VAR sin® 5B ;
SN ETERE T T 7 3 respectively.

o

7 b* 2 V*R* sin® (3

e ~ 2Qaab 2
Hence periodic time = —— = —

(A=) VRsn B~ /a’

the same result as before.

Cor. 2. The result of this Proposition is of great im-
portance in Physical Optics. For the forces which act upon
the disturbed molecules of the vibrating medium of light all
vary as the distance so long as the displacements are not very
great. Now the colour of the light is assumed to depend upon
the time of vibration of the molecules: and the intensity of the
light upon the extent and magnitude of the vibrations, that 1s,
upon the quantity of motion. The preceding Proposition shews,
then, that light may alter in intensity without rh;mging in
colour, since the time of vibration is independent of the mag-
nitude of the motion, when the law of force is that of the di-
rect distance.

Proe. 4 body is acted on by a central force varying
inversely as the square of the distance - required to deter-

mine the orbit described. *

Many Propositions of this description may he solved in the following manner,

i hi 2% 5
By re—_2 / Pdr, v==13 .-, == &
JR P L
> l"": re 30 >
Ex.1. Let P wrs .. ;: VEfruRe—ype,
2
which is the equation to an ellipse about the centre, the axes being given by the
equations
V2 s (AR
G =— L B2 q2)2 S
JL M
) m e 2, 24 ;
Ex.2, LetP=L, .. === —— 4Pz
i P r R

This is the equation to a conic section about the focus.

: : oL |
Che equation to the ellipse is —
D=

).
.... ++« hyperbola is —
i £}

1
parabola is — = —

Fr L
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L

Let u be the absolute force: then P =~ = uu,
r

25¢

dd o
V, R, 3 the velocity, distance, and angle of projection : then

h = VR sin 3 (Art. 243.)

Aie du . 1
multiplying by JT(-; and integrating
: pe £ :

dw’ g .
— 4t W = — %+ G,
db h’

1 de
when —= R, r 4
u

Y or the tangent of the angle between the
dr v :
radius vector and the tangent line, = tan3:

do g
Uu— = —tan P ;
du
1 1 2 w 1 2 p VPR —2p

C-parpt® WE Esxp PR FE
dit VAR -2p o (B i
i ma s E P
extracting the square root, inverting, and integrating

[ L8

,T
0+ C' =cos™ — .

’\/?:ﬁ_ SR W
BR R

~ . ] ., ]
(' is found by the condition, that when w = =’ 6'=0.

— U

In the case of the ellipse
ol s A
PR BORRET R

Ry ol a B

s d==——F7o D y ~—yrg .
au— VR’ 2u— VR
The path is an ellipse, hyperbola, or parabola according as V*is less than, greater

9
& L
than, or equal to —5.
. R



iy QoM
FORCE VARYING AS THE SQUARE OF THE DIST. INVERS. 2 fi

F T VR-24 20 B
"Ehen == 50y /\/ —— 4+ —cos (@ + C
T PR g )

is the equation to the path: it is the equation to a conic
section from the focus, and may be written

L le vnsi(ﬂ —;_—(,") _

r a(l ~ (;}“’) i

the angle @ + ("’ being measured from the shorter length of the

axis major, and 2q and 24 \/l — ¢” being the axes :

‘ V'R —2u . }
Then e = —— gy ¥ + 1, subs. for £

R i
VR — 2 -
. 'T_fRWﬂwﬁ+LnUf

k]
i

K VR sin® 3

and gl <) =is s i
1 i

Now the conic section is an ellipse, parabola, or hyperbola

ater than unity.

Hence, from equation (1 , the orbit described is an ellipse,
s | I

parabola, or hyperbola about the focus according as V* is

according as e is less than, equal to, or gre

less

o
han, equal to, or greater than —
than, equse » Or greate é .

= R

able property, that the species of the conic section described
is independent of the direction of projection.

In the case of the ellipse and hyperbola the axis major
2uRR e . - . .
=i i and Zhis is also independent of the direction
*R ~ 2 4

This proves the remark-

of projection,
vertex from

the focus, or D = ¢ (1-e)(e=1)=

The position of the axis major with respe
vector R, is determined by €', wl
two lines.

¢t to the radius
iich is the angle between these

L e |
Put 6 =0 and » = B in the value of -:
o
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o el et V2R sin® 3 — n
cos il e ———————
Re e we
By referring to Art. 234, we see that the wvelocity of
a body falling from an infinite distance to a distance R from
s o 2 :
a centre of force — is equal to ~—. Hence the orbit
r* R
described about this centre of force will be an ellipse, parabola,
or hyperbola according as the velocity is less than, equal to,
or greater than that from infinity.
253. We might make use of the equation

P = h*u* du \
=hu | —+u
' ((! o° /

to discover the law of force when the orbit is given.

Thus if the orbit be a conic section with the force in one
of the foci, and m be the distance of the pole from the nearest
vertex, then the equation to the orbit 1s

1+ecosb b u® ? 1

'] B

m( +e)’ : m@+e) m(l+e) 7’
or the only law of force is that of the inverse square of the
distance.
If the orbit be the Ulli])su the centre being the centre of
force, then, « and b being the semi-axes,

05?0 sin®0 d 1 1 .
W= ‘_“(_)_\ 5 _ltﬁ; - S de f*- - f-) cos 0 sinf,
a* h* de \hE gt
d'w  du® (1
PR e L e e s*0 —sin* 0) ;
de* ’] d6® \b? r.r"J e i )

P = .1 {1’6 ol drul ¥ J 4 Ak b a? ( T, e |

w2 Y ae Y \vae i)

i -'_;] cos® @ sin® @
Wik e

B [ fcos®@ sim*Eh® /1 PN
(e, oy

W% i R

|

l; cos” B
i |

\

sin@\ (1 I
22) (5 = =) (cos* 0~ sin’6)

b @

a” e/
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”° [eos' O + 2 cos’@ sin® @ + sin' @ I’
— —- — % s

% a’b* a’b*

and therefore the only law is that of the direct distance.

254. If the orbit be a circle the centre of force being in
the centre of the circle: then a being the radius » = @ is its
equation : and

h*
P = ftaf =
a’
di et it I y
Also by Art. 242, 2 = in this case, and therefore the
k de fi h

velocity is constant ;

o ht = a’0 + const.

when £ = 0, suppose @ =0; and when # = 7', the time of re-

volution, @ =2 7;
hl =2xa®

Let V be the velocity, then 2= Va Art. 243

P= —F— and Tome s
a V
Since the velocity is uniform it follows that the force produces
no effect upon the velocity : in short, the only effect of the
force is to deflect the body from the rectilinear path which it
would describe with the uniform velocity 7 if no force acted.
Consequently the central force is a measure of the tcndcncy
that the body has at every instant to preserve a rectilinear
course. - This tendency is sometimes called the Centrifugal
Force ; and the central force is then called in reference to this
the Centripetal Force.

When a particle describes a curve in space the force which
acts upon it is employed partly in changing the velocity and
partly in deflecting the course of the body. A force equal
and opposite to the part of the force which deflects the course
of the body is called the centrifugal force in this general case

as well as in that specified above
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Pror. To prove that the centrifugal force of a particle
moving in space at any point of its course equals the square
of the velocity divided by the radius of absolute curvature at
that point, and acts in the osculating plane.

255. If X, ¥, Z be the accelerating forces acting on the
particle, the equations of motion are

d*w Y d"y' _y d*z

gt ae . T df

ds

Now if s, the arc described, be the independent variable
the absolute radius of curvature (p) is given by the equations

1 (dPa\* d’y d*z\*?
.- (5 - ((;T'i) . ((w) Sl oy

Hence if we change the independent variable in the equations

of motion from # to s, we have

dt d*x dx d’t

- ds ds* ds ds® dw do ds ds
X = —m—m—m—_—— =0 —— 4 — L =
dt ds® ds dt? di

ds®
in like manner
A% dy d's d'z  dz d°s

—_— 4 —— —=, =P __t_—,
gar e etdes ds* ds dt*

If, then, P be the resultant of X, V, Z we have

N / / \

s (de v dy Py dz d*z)
Rl —— 4= G4 o
det \ds ds* ds ds°  ds ds|

G gi} oy

|d s* " ds ds® r[?

+ 21

da* dy df
But — + —, + -
ds’ d s* ds®

— 1, and therefore by equation (1)
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Wi d*s
PR = (;] 4 (\{[,7’) .................. (‘.f)

Now ‘l? is the part of the force P that produces the
ar

: 1 : v*
change in velocity (Art. 206) : and the other part — acts at
f)
right angles to the former, as the form of equation (2) shews,
and consequently is what we have termed the centrifugal foree:
this expression proves the first part of the Proposition.
The force P acts through the point (xyz), let
v =-v=4d(x—-3), y—y=B(z —=)
be the equations to its direction : then the cosines of the angles
which this line makes with the axes are
A B 1

VI+ L+ B 1+ L+ B i+ L+ B

but these cosines are also

¥ ¥ Z
VXL TPL 2 XL P17 ST
X Y
Hence A==, B=—:
ENCE ,7, 7

and the equations to the direction of the resultant are
Z(m-0)= X (5, — %), Z(@—y)=F(m=2),

the equations to the tangent line, or the line in which the
s
force
d

acts, are

o

dz da ( da ( ) dy
T —a) — = (2 — ) —, =Y)5—=(8—8) —:
(z, ‘) T (= ) s b tt ) o o

Hence the equation to the plane passing through these lines,
or the plane in which the centrifugal force acts, is

[ dy da da d )
5 —-2) [ X ==-FV— h—-9) |Z—-X—|
(% ) ( ds d .\‘) -y (-\ ds ds)/

(/_E 45 d j/)

ds ds)

+ (@ — @) (I’ =0,
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and substituting in this equation the values of X ¥, Zon

becomes
dy e dr d'y) de d*s dsz d'a
(51.-%) (I ds® ds If) -9 ({I._\' ds* ds ds

de d’y dy d'=
1 (2, = &) (_ &y oy )

ds ds* ds ds®

which is the equation to the osculating plane at the point
(ryx), the arc s being the independent variable.

Hence the second part of the Proposition is true.

After this digression respecting centrifugal force we shall
return to the subject of central forces.

256. Kepler discovered by calculation depending on ob-
servations, that the planet Mars moves in an ellipse having
the Sun in the focus. He also discovered that the areas de-
scribed by the planet when near its perihelion and aphelion
distances (that is, the nearest and farthest distances from the
Sun) were proportional to the times of describing them. These
two empiric laws have since been proved to hold for the other
planets and also for every part of their course. Kepler like-
wise discovered that the squares of the periodic times of the
planets about the Sun were in the same proportion as the
cubes of their mean distances. These three laws are known by
the name of Kepler's Laws and may be thus enunciated.

1. The planets move in ellipses, each having one of
its foct in the Sun’s cenire.

11. The areas swept out by each planet about the Sun
are, in the same orbit, proportional to the time of describing
them.

I111. The squares of the periodic times of the planets
about the Sun are proportional to the cubes of the mean
distarices.

We shall shew how we are led by these empiric laws to
conjecture respecting the nature of the force which acts upon
the pl;nwt;ll'y system.

Pror. To determine the nature of the force which acts
wupon the planetary system.
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257. Let XY be the forces which act on a planet
parallel to two co-ordinate axes drawn through the Sun in the
plane of motion of the planet: then the equations of motion
are

d’x d*q

O i

de dr

d*y diw
== —yy—=p ¥V - yX.
; de® Y di* Y

But by Kepler’'s Second Law the area is proportional to
the time: therefore area = e. f, ¢ being the area described in
a unit of time:

d . area + dy dx
- or (‘r‘—v -9 =C;

dt =\"at Va3
d’y d*a
Vo ol =0
di* d#
; Xt
,;-l’ 71)1(\ :(_), .s = = .
! i y

This shews that the resolved parts of the force acting upon
I 8
the planet are proportional to the co-ordinates from the Sun’s
centre: and therefore, by the composition of forces, the force
itself must pass through the Sun’s centre.
Hence the forces acting on the planets all pass through
the Sun’s centre.
1 1 + ecos (0 - a)
Let ~or 4= ——— > 22
» a(l—e¢’)
elliptic orbit: Kepler’s First Law.

be the equation to the

Then the force P, since we have shewn it to be central,

h? ”{d?u } Art. 246
= fu’ F % Art. 240,
(IG“ == ((. I )

_ 72,0 f-ecos(@—a) 1+ecos(d- a)l
i a {1 = e)

/(.f;' 1

20

G r".
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Hence the law of the force acting upon the planets is that
of the inverse square of the distance.

Let 7' be the periodic time of a planet and a the semi-axis
major of its orbit, and therefore the mean distance from the
Sun’s centre.

Then ' —m8m = — .

9 area of ellipse  2ma’ \/l —¢€
h

h
h? foor® a?
T ali—e Ty i T
rrta® 1
and P = jl— —.
f LA

i .
But by Kepler's Third Law T is the same for all the

planets. Hence not only is the law of force the same for all
the planets; but the absolute force is the same: and conse-
quently the same cause seems to act on all the planets.

From this calculation, then, we conclude that the Sun
attracts the planets, and that with a force which varies as the
inverse square of their distances from his centre.

958. The elliptical orbits of the planets are nearly
eivcular : since, then, in a circle there is no wariation of
distance, it may at first sight be a matter of doubt whether
the calculations which prove Kepler’s Laws are sufficiently
accurate to allow us to believe the law of variation of the
Sun’s attraction to be correctly determined.

This doubt is, however, easily removed. For in the case
here contemplated the Third of Kepler’s Laws determines both
the law and intensity of the Sun’s attraction.

. 1
In this case % 1s consfant and = —;

a
p B dnfa  4Axtad 1
i a® g4 2 st

But 7 varies as @, for different planets;

: ; 1 ion
P varies as — for different planets,
a*
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and therefore the law of attraction is that of the inverse square
as before: and the magnitude is the same.

259. Now the greatest diameters of the planets are
proved by observation to be exceedingly small when com-
pared with their distances from the Sun. But in Art. 165,
Cor. we have shewn that the constituent particles of bodies
of this description, if they attract, will attract according to
the same law as that a(umhnu to \\]]1('1 the bodies tlmmsel\c
attract.  And we have just shewn (Art. 257.) that the Sun
attracts the planets with a force varying inv usolv as the square
of the distance from his centre. It is therefore hlghl_v probable
that the particles of the Sun attract the particles of the planets,
and vice versd, with a force varying directly as the mass of
the attracting particle and inversely as the square of the
distance.

260. These consequences to which we have been led by
Kepler’s Laws are equally satisfied whether we suppose the
centre alone of each body to have an inherent property of
attraction, or each particle of the system to attract. But this
ambiguity is removed by Dr. Maskelyne’s observations on the
stars from stations near the mountain Shehallien in Scotland.
By these it was proved that the mountain produced a sensible
effect in drawing the plumb line out of the vertical: see the
Philosophical Transactions, 1775. Also some beautiful ex-
periments by Cavendish on the attraction of leaden balls, re-
corded in the Philosophical Transactions, 1798, shew the same
thing; that the property of attraction does not reside only in
the centres of the he: wenly bodies but in every portion of their
mass. We are therefore led to conjecture that matter is en-
dowed with a general gravitating principle by which every
particle attracts every othcz pdztlcle according to the law before
mentioned.

261. Were, however, this principle unix-'crsull_y true, not
only would the Sun attract the planets, but the planets would
attract the Sun (which we have imagined immoveable®) and
likewise one another: and our calculations are erroneous, but
these depend on Kepler’s Laws. Wherefore it follows, that

See Arts. 240......246.  In these the centre of force is fived,
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cither Kepler's Laws are not true, or that Universal Gravita-
tion is not a Principle of Nature.

Now in point of fact observations of greater nicety than
those made by Kepler prove that his laws are not accurately
true, though they differ but slightly from the reality.

Here then is an additional argument (as far as it goes) in
favour of Universal Gravitation. For since the magnitudes of
the planets are very small in comparison with that of the Sun,
we should anticipate that the perturbations of their elliptic
motion about the Sun and of the position of the Sun in space
by the action of the heavenly bodies would be small ; and, con-
sequently, that the deviation from Kepler’s Laws would not be
considerable.

262. Our investigations thus far are only a first approx-
imation to the truth: it yet remains to be determined whether
the perturbations actually experienced agree, both in their
nature and magnitude, with those which are calculated on this
hypothesis of Universal Gravitation. These are the real tests
of the existence of such a principle. Probably many imaginary
laws would explain the ordinary phenomena of the motion of
the heavenly bodies; but that alone is the law of nature which
will stand the test of the more refined calculations of the per-
turbations.

It is by the complete harmony which is found to subsist
between the numerical results deduced from theory and obser-
vation, that we become convinced of the truth of the Law of
Universal Gravitation. To prove this complete accordance is
the object of Physical Astronomy.

263. Having stated the main arguments which lead us
to conjecture that the motions of the heavenly bodies are re-
gulated by a universal principle of attraction with which all
matter is endued, we proceed to a more strict investigation of
the consequences of this principle, and shall now enter upon the
consideration of the motion of a given number of material par-
ticles attracting each other with forces varying directly as the
mass of the attracting body and inversely as the square of the
distance. This Problem is one of insuperable difficulty when
considered in a general point of view, and has baffled the com-
bined exertions of mathematicians from the days of Newton to
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the present time. In our Solar System, however, the masses
of the planets are so small in comparison with that of the Sun,
and the inclinations of the planes of their orbits to one another
is also so small that the Problem is rendered capable of solution
by methods of approximation. But it must not be imagined,
that the results are for this reason not to be relied upon. For
by the process of successive approvimation in which we begin
by obtaining a Jirst approximation, thence proceeding to a
second, and so on, we can by extending our caleulations ap-
proach as near the truth as we please: and although the num-
ber of calculations must, strictly speaking, be infinite in order
to arrive, by this method, at an evact result, yet the error in
stopping at the third or fourth approximation is so slight as in
fact to be mappreciable to our senses. Suppose, for example,
that the longitude of the Sun’s centre is calculated to be
134% 0". 1" at some given time and that the real longitude is
134°: what difference does this make in a practical point of
view? But even if we were able to obtain an exact solution of
the Problem, yet in calculating numerical results we are
obliged to reduce the whole to decimals ; and though the la-
bour in this case would be perhaps diminished, yet the result
would still be only approximate.

We shall first calculate the motions of two bodies, con-
sidered as particles, attracting each other, and then proceed to
the more general question.




CHAPTER III.

MOTION OF TWO MATERIAL PARTICLES ATTRACTING EACH OTHER

Pror. Two material particles attract each other with
forces varying inversely as the square of their distance and
dirvectly as the mass of the attracting body : requived to
determine the motion of their centre of gravety.

264. Let M and m be the masses of the two particles:
r their distance at the time #: then, if the unit of attraction
be the attraction of a unit of mass at a unit of distance, the

. . ! 2 m
accelerating force produced in M by the attraction of m =—

,.
L - : ; M
and that produced in m by M’s attraction = -5 .
7>

L

Let ayx be co-ordinates to M at time 7,
)
AT R R S e L R

Then resolving the attractions parallel to the axes, and at-
tending to the direetions in which the resolved parts act, the
g ;

equations of motion of M are
d*w m(r—-a) dy m(y—-y) &= m(z —2')
dt i T S NETg L o e N F N

i 0

dt? ¥ 2 r

and those of m are

d*a’ M (x-2)y &y M@y-yv) d?s’

M(z—=2)
at 3 s 33 dt? i i

Multiply the first three equations by M and the last three
by m, and add the first, second, and third of the first set to the
first, sccond, and third of the second set respectively ;
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Y ] & o BE rz' y‘ g dy

5 =0, M=+ M —— =0,
dt gl dat d#* dt*
" gl s St J6LY.
M=Z imt _ =0
dt* C

Let rrj z be the co-ordinates to the centre of gravity of
the two bodies at the time #: then

(M +m)x=Mv+ma'y, (M+m)y=My+my,
(M +m)z= Mz +mz.

Differentiating these twice with respect to # and making
use of equations (1), we obtain

d*x d* )/ d*z

— =10 —1) =t emenaiin sl 2) 3
di g e )
ga — r/r/ = b i]i = ¢,

dt dt dt

a, b, ¢ being constants to be determined by the initial eir-
cumstances ut the motion of the bodies.

Hence the velocity of the centre of gravity = \/r.' -H} +r
(Art. 210. Cor.) and is therefore uniform.

r[ a d;’ b y

Also — = _ = = =
. dz e’ dz ¢

ot RN J
Tx=-z+a, y=-z+1b,
¢ 4 e
@’y b’ being constants to be determined as before.

These are the equations to the path of the centre of
0‘1‘:w1t_y ; and, since they are the equations to a str aight line
in space, they prove that that point will move in a straight
line.

If @, b, ¢ each =0, then the expression for the velocity
of the centre of gravity vanishes: and the general conclusion

That the centre of gravity of the two bodies will either
remain ot rest (I'H.ifﬂ‘.',' the motion of the bodies, or move
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uniformly in a straight line. Which of these will be the case
is determined by the initial circumstances of the motion of

the bodies.

Pror. To determine the orbits the bodies deseribe about
each other, and about their cemtre of gravity.

265. Let us subtract the equations of motion for m from
those of M respectively, and we obtain

dEy-y) (M+m)(y w8

Cleed) | (Msmite—s)

3

dt* 7 dt* r

3

d'ig-:'r = 3’) i (M +m) (= — &)

di® F 7

These are the equations we should obtain by supposing
either of the bodies at rest, and the force acting on the other
to be the sum of the masses divided by the square of the
distance.

Hence (Art. 252) each will describe relatively to the other
a conic section, the nature of the path being determined by the
circumstances of projection of the bodies.

266. To determine their paths about their centre of
gravity, let », and + be the distances of M and m from that
point at the time #: then

m Y M
P r, Fe=——T
M+ m M+4+m

Also, if P and Q be the two particles (fig- 80), G their

centre of gravity,

PN PN’ x—a a—-zx
Py e S
! = 5 o = b
and in the same way A, ?'L?_JZ and —— = ;
y 3
; ‘

Now subtract equations (2) of Art. 264. from the equa-

tions of motion of m in that Article respectively :
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d* (v — 2) m (v — a') m' -z
e 7 - (M +m)? i

d*(y —y) w Y- d*(z—2) 7 m’

£ 7 B (M + m)? AN T i )

These are the equations of motion of M rel: itively to the centre
of gr: avity of M and m, which as we have seen is at rest, or

is moving uniformly in a straight line. They prove that the
path about the centre of gravity is such as would be de-
. .w: I
scribed about a force — —; Tesiding in that point.
(M + m)*

Hence the orbits of M and m u]lttluly to the centre of
gravity are conic sections, their nature and magnitude being
dctcllmnul by the circumstances of projection re latively to the
centre of gravity of M and m.

Pror. To compare the relative orbits of M and m about
their cenitre of gravity.

267. Let v, hc' the absolute velocities of projection
of M and m : rzﬁ y» @[3 the angles the directions of these
velocities make with the axes.

Vand V' the relative vels. of project. about centre of gravity,
R and R’ the initial distances from the centre of gravity,
¢ and & the relative angles of projection,
a and « the semi-axes major of the orbits,
e and ¢ the eccentricities of the orhits,
w and u" the absolute forces.
Then by equations (1) (2) of Art. 252,

1 — ¢* 2u—V*R ]l’ V* sin® § ,u'd"

1—¢2 g = VER H r'a sin? & e 2
a(l~ ¢ VER sin 0t o
and S—— . = S
@ (1~e%)  VRZsin®y u
R m PRy, [
Also = = — . and = by Art. 266.
R M PSS
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(5]
=
2]

To find ¥, V', d, & we proceed as follows :

The velocities of the centre of gravity parallel to the axes
are at first and therefore during the motion respectively (Art.
964.)

Mwv cos a+mv cose  Muv cos B+mv’ cos Y Mu cos y+mv’ cosey'
b A d i v ] g
M+m

2

M +m g M+m
Also the absolute velocities of projection of M parallel to
the axes are v cosa, ®cos 3, vcosry: and therefore the rela-
tive velocities of projection of M about the centre of gravity

parallel to the axes are

m (v cos a—v' cos a’) m(v cos pB—v"cos3) m(v cos =0 cosy’)
M+m : M+m ;

Fh-

M+m

Adding the squares of these, (Art.210. Cor.) the square of
the relative velocity of M about the centre of gravity (V*) =

(N ) ! | ; "
) § (veosa=v'cosa’) + (v cosB— v'cosf3) + (veosy —v'cosy )’
M+m)” J

m* : Al ;
= _ (0?4 v — 200’ cos 4),
(M + m)®
where A is the angle between the directions of projection of
M and m: and therefore determined by the equation
cos A = cos acos a + cos (3 cos (3" + cos ~ cos ﬂ/’.
M? d

Siimilarly FiEatit L bl iyt o kok d).
{ (M + m)* ( )

Let the line joining M and m at the commencement of the
motion be the axis of @: then the cosine of the angle which
the direction of ¥V makes with the distance of projection (which
coincides with the axis of @), or cos d, equals the relative velo-
city parallel to the axis of @ divided by the whole relative
velocity (V) =

m veosa — v cos a

M+m V
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ngiRy s G J[ l"l COs (.[r — U COoS a
Similarly cos ¢’ = . - S
; M +m V
4 . f S ] I ) k= 8>
Substituting these in the expression given above for ——
> 1l —e~
we find
I —¢ )
T LA S Bl
1 — ¢

or the orbits are similar to each other.

a m' M?® m
Also — = =
a M m? M
or the linear dimensions of the orbits of M and m are in the
ratio of m to M.

268. Cor. 1. It follows from this that the perturbation of
the Sun by any planet is very small, because his mass is so
much the greater of the two masses.

In the same way it will be shewn that the combined effect
of the heavenly bodies in moving the Sun is very slight; and
therefore the error in Kepler’s Laws, anticipated in Art. 261,
owing to the supposed immobility of the Sun, is not very
great. 'Thus far, then, we are confirmed in our hypothesis of
Universal Gravitation.

269. Cor. 2. We have seen (Art. 257.) that if « be the
absolute force of a centre of which the law is that of the inverse
square, and @ the semi-axis major of the orbit described, the
periodic time

2 riﬁ ‘37r.'{.;
()= —— =————. (Art. 265.)
\/;L ‘\/:![ + M ;
M and m being the masses of the Sun and a planet.

Let m' be the mass of another planet : and &' the semi-axis

major of its orbit, 7" its period ;

".','r.'-‘!‘l} JiE: a M + m’

T = ———— and
f\//J.[ +m'

7

T o Mim

This shews that Kepler’s Third Law would not be true
even if we suppose that the planets do not attract each other,
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unless their masses were equal to each other. The deviation,
however, from the truth is extremely small.
shew us that

270. The investigations in Arts. 252, 265,
if our law of gravitation be true, the only orbits which a
heavenly body will describe, supp sed to be acted on only by
the Sun, are an ellipse, a parabola, or a hyperbola with the
Sun’s centre 1n the focus.

The manner in which the magnitude and position of the
orbit of a heavenly body is determined by actual observation
will be found in Works on Plane Astronomy. We shall here
briefly explain the process. There are six quantities which de-
termine the position and magnitude of an elliptic or hyperbolie
orbit, and the place of the body in its orbit: these are called
the elements of the body’s orbit, and are (1) the inclination
of the orbit to the ecliptic, and (2) the longitude of the ascend-
ing node, these determine the position of the plane of the
orbit in space: next (8) the longitude of the perihelion, (or
point of the orbit nearest the Sun), w hich determines the
;m.w tion. of the orbit itself: then (4) the mean distance, and

(5) eccentricity, which determine the magnitude of the orbit,
‘zml lastly (6) the epoch, or the time of the planet’s being in
the perihelion, this determines the position of the body itself
in its orbit.

The elements of a parabolic orbit are five in number, being
the same as the above, if we replace the mean distance dud
cccentricity by the perihelion distance.

The elements of a circular orbit are only four in number,
the eccentricity and longitude of the perihelion not being
required.

In order to determine the numerical values of the elements

of any heavenly body (supposed to move in a conic section with
e

the Sun 1n t|1c focus) two Trigonometri ical equtttlon are

deduced connecting the elements wlth the right ascension and

* For a parabolic and circular orbit see Maddy's Plane Astronomy, Chap. X1V.
Woodhouse’s Plane Astronomy, Chap. XXIV.
b, ¥

But for other orbits the reader may consult the Work of Lalande ; Gauss’s Theoria

Motus. Corporum Celestium ; the Mécanique Céleste, Vol. 1.; Lagrange’s Mec.

Analytique ; Pontécoulant’s Théorie Anal. du Systeme du Monde, and Mr Lubbock’s
Mathematical Tracts and various Papers in the Transactions of the Philosophieal and

Astronomical Societies.
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declination of the body and the distance of the Earth from
the Sun.

Since there are five or six quantities to be determined three
independent observations must be made on the declination and
right ascension of the body: when these are substituted
successively in the two equations mentioned above we shall
have six equations involving the elements : by means of which
we shall be able to calculate the magnitude and position of the
orbit.

271. By methods of this nature Kepler discovered his
three p[:l:‘;n-t:n"\* Laws.

Also Astronomers have in this way proved, that comets
move in orbits most of which are parabolic, some elliptic, and
others probably hyperbolic. In consequence of the vast dis-
tances to which comets penetrate into space, they are invisible
except when near the Sun. During their appearance numerous
observations are made, in order that the elements may be de-
termined with the greatest possible accuracy. The calculations
for parabolic motion are less laborious than for elliptic or
hyperbolic motion. The elements are therefore first calculated
on the supposition that the orbit is a parabola. If the
clements thus calculated shew that the comet has passed so
near any of the planets as to have experienced a sensible per-
turbation the elements must be corrected in a manner to be
explained hereafter.

If a parabola will not coincide with the orbit calculations
niust be made for an ellipse or hyperbola. It is thus found
that ¢ three or four comets describe very long ellipses: and
nearly all the others that have been observed are found to move
in curves which cannot be distinguished from parabolas. There
1s reason to think that two or three comets move in hyper-
bolas.” (Airy’s Gravitation, page 15.)

272.  Our calculations have been hitherto respecting the
nature of the orbits described. We now proceed to deduce
formulze for dotcrmining the time that the body occupies in
moving lhl‘():lg"ll a given angle ; and conversely the angle described
in a given time: by the former we know the time of the body
being at a given place, and by the latter we know the place of
the body at a given time.
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Pror. 7o find the time of motion of a planet or comet
through any portion of an elliptic orbit, the Sun's centre

being in the focus.

273. Let 0 and @ be the longitudes of the body and the
perihelion, that is, the point of the orbit nearest the Sun: «
the semi-axis major of the orbit: e the eccentricity : u the sum
of the masses of the Sun and the body (Art. 265): then the
equation to the orbit is

1 1+ecos (0—m) A o
o e RS TR I e S e
r a(l —e) e h

Now A must be determined in terms of the quantities above
given, since the orbit to be described is known and not the
original circumstances of projection. The following method,
which we here apply to l.hc-' ellipse, will answer our purpose
in every case. By Art. 243, h = vp at every point of a central
orbit; » being the \c]mlly tmd p the perpendicular from the
centre of force on the tangent -at that point: also by Art. 245,
the velocity is that due to one-fourth the chord of curvature
through the centre of force;

T bir
o S & 1,,f ! : but p* = from the focus;
- “,.“ 20 — 71
«  dr TR
(} (L

from the perihelion through the

Then the time of movin

.‘,illglt‘ 0—m=

n_'

5 0p2d0 al(1-e€)t [0 do
) l/@ ! A ,/.m ‘T—; € cos (J ﬁ')’
: ru{l —e)E do

3 vV / (] *')“"' (U w),l (1-e) sin® > (;?’77'&;11

o

: dtan L (6 — @)
" > S e e
2ol ot 0 4 i
: N S )-{— (1 ‘:'e)hm e, :E:r-)

do
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]
¥
=X

To simplify this let

, 1+e u
tan L (6 — @) = i\/r i tan —......... @)
e € o¥
_ + ——tan® — e
2ai(1-¢?)8 e \" T 1 g ;’) d 1+e
= - ***’—/ —_— ( — tan )rin
. S w A\ YVogis e

(1+e)*sec' -

aQ

at [ a7 e
= \—/t / (1 — e) cos® = (1 + e) sin® e d e
/ MmJo ~ b
g o
sty

a: - ai 1
= ——(% — esinu), let — = —;

Ve Vu o m

i = U — esiny.........(2).

(1 —ecosu)du

ks

When 6 is given we calculate # by (1), and substituting
in (2) we know 2

The angle @ — =, or the excess of the lIongitude of the
body over the longitude of the perihelion, is called the #rue
anomaly : and nt is called the mean anomaly, since it varies
uniformly with the time and coincides with the true anomaly
at the end of each revolution, as the formulz (1) (2) shew.
Also the angle # is called the eccentric anomaly, since it equals
the angle QCA (fig. 81), as may easily be proved: P is the
body, 4Pa the ellipse, ' the focus, 4Qa a circle on 4a.

Cor. 1. If £ be not measured from the epoch of passing
the perihelion, but from the time when 2 = %,, then
3
' i A ?
t=—=13(u—u)—e(sinu—sin u)i.
A
Cor. 2.  Whenever # increases by 2a, 6 increases by 2,

- 3
2mai

V'

and # by This, then, is the periodic time of the
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planet : it is remarkable that it is independent of the eccen-

tricity of the orbit.
To solve the converse of this Proposition, that is, to find

the position of a heavenly body in its elliptic orbit at any time
in terms of the time and the elements of the orbit, we must

effect several expansions.

Pror. 7o expand the true anomaly in terms of the

eccentric anomaly.

o s .
974. By last Article tan — .,__' / - tan

1 —e 2

Substituting the (-xponcntiﬂl oxprvssimw for the tangents,

E(U @)v=1 _ Fw‘\'_:l e 1 it
= M- . — =1m,
e\nu.ﬁ,)\ -1+1 gf\--|4 1 1 —e

, which ¢ is the base of Naperian logarithms.

aN =1 _ i3 7;_ ¢—uv=-1 B —
E(ﬂ a1 (mT:Q.Eff, (-m\—— ) /\777 = due

(m+1)— (na—l) =1 AV m+1

(9—@-)\/;—]7=u\/;i-+lng€(l—)\'a*"*"ji)—10 (1= "*‘)

it s T A s
LA A (e ) e (e R

L)k:-‘ :)P\
- =u+2\sinu+ 75111":;—# — SN 3% + ...

~ pel

: Y »\/l+a—\/1—e 1—7\/1—("3
in whichA\=e —r——F— = ———
\/1 + e+ \/l —-e €
Pror. "o expand the eccentric anomaly in termi of
the mean anomaly.

275. By Art. 273, w=nt+esinwu.

Hence by Lagrange’s Theorem, putting nt = 2,

u‘\« [rra—
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; e dsin’z e d’sinx
U= +esing -+ 5 —— 4 e

h: < = + - e =
| BT Lu2g gt

=% +esiny+Lesingy +1¢ (2sinz — 3sin®%) + ..,

nt +esmnt +1e®sin2nt + l €’ (8sin 3nt — sin nt) + ...

Proe.  To expand sinu, sin 2u,...in terms of the mean
anomaly.

276. By Lagrange’s Theorem,

; i coodsnw ¢t odif, . disns
SIN % = SIN % + e 81N ¥ — + o AN ——} + ...

dz 1.2 dz dz

= sin ¥ + e sin & cos & + L e*(2cos®z sin % — sin® )+ e

= sin g + 1

]

e sin 2% + L e* (2sin 33 — sing) + ...

=sin nf + L e sin 2nf + L ¢* (3 sin 3nt — sin ni) + ...
f " - o disim2x
Again, sin 2% =sin2z +esing— 4 .

o
~

sin 2nf + 2e sin nt cos ent + ...

sin 2n¢ + e (sin 3né — sin nf) + ...

I

sin 8% =sin 3nf + ...

and so on.

Pror. To ewpand the true anomaly in terms of the
mean anomaly.

277. By Art. 274 we have

’ ! 2}\2 : ﬁd_)\ﬂ :
- =u+ 2\ sinu + —-rsln27(+—{ sm 3% + ...
[} <

1-— ‘\/'i =6 el
where Noae ol S St 2k

e 2

Then substituting for w, sin %, sin2u ... the values ob-
tained in the last two Articles, and retaining powers of e as
far as the cube,

I




250 DYNAMICS. TWO PARTICLES.

O—m=nt+esinnt+Lesin2nt+ Le* (8 sin 8nt—sinnd) + ...

+2n{sinnt+ Sesin2nt+ 1¢*(8sinsnt—sinnt) +... {

+2A2{sin 2nf + e (sin 3nt —sinni) + LSOy e S L
4-%-?\33in (17 o0 ) CRMRP R ) K RN I e

&N 5t . A
=nt + (Qn+_) sinnt + —smn2nt 4+ _1 sin Sni + ...
.1._ 4 a

which is true as far as terms involving &

978. Cor. If the time ¢ be not measured from the time
of perihelion passage, suppose ¢ is the mean lnngitudc of the
body when £=0; then the mean longitude at the time ¢ 1s
nt+e; and the mean anomaly is nf + e—@': in this case, then,

€ 2
@—w=nt+e—w+ (&’r’- +T] sin (nt + € — @)
¢ 1/

5¢°
4+ —sin2(nt+e—w) + ...
i

e is called the epoch.
Pror. 70 ervpand the radius vector v in terms of the

mean anomaly.

279. The radius vector

a (1—e°) a (1—€°)

1+ cos .( 0= ) = (1 +(;3 cos® 97'(9—75}" (_l_- ¢) sin” L(H~z&)

_ 1 pie
s 33 a(1—e*) <1+ tan® —
a (1—¢°) sec® 5 (6—@) 1l —e 2

I — S R

1+e+ (1—e) tnilrl"i,', (H—-'ZD‘) i o U
2 (1 + e) sec” =

LU g
=a {(lﬁt’) cos® — + (1+e) sin® _—} = a (1—ecosu).
2 2

But w = nt + e sin w; putting nt =3,

d cos & g il o, dicos®
s1n® & T4 e

COS % = COS % + € sin ¥ — 4+ — —
ds 1.2 d= dz

= COS ¥ —Q-e(l —cos 2%) — &€’ (8cosx — cos 3%)+ ...

2 2 Q pd

r Ca e

L 14— —ecosnt — —cos 2nt — — (cos 3nt—cosnt) +...
« 2 2 8

<
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280. Cor. If ¢ be measured as in Art. 278, then

'=a {1 + L ¢* — ecos (nt + t—w)—g e cos 2(nt +¢— ) - St

The time of describing a given portion of an elliptic hyper-
bolic or parabolic orbit may be found in terms of the radius
vectors at the extremities of the arc and the chord of the arc.
These expressions are useful in determining the elements
of a heavenly body. They will be found in Maddy’s Plane
Astronomy, Chapter x111. New Edition: and in the Systeme
du Monde of M. Pontécoulant, Tom. I. Liy. 11. Chap. v.

Pror. 7o find the time of describing a given portion of
a parabolic orbit about the Swn in the Jfocus.

. ) — D
281. We have r*—=h: k= 2uDy and p=——
di cos® L (8-=)
is the equation to the parabola, @ and = being the longitude
of the comet and of its perihelion measured from the Sun. and
D the perihelion distance :
Py g

t {

b= — |

A 2u | -z

Ja cpst

(2]

2DE [0 ¢an Lp—=
= — / dlii 1 ) 31+ tan* 4 (6 — =) dp

V2

o

N
=A/ ZD* {tan 1 (0 - w) + $tan® L (0 - @)},
L
¢ being measured from the time of the perihelion passage.
By this equation it is easy to calculate the time of de-
scribing a given angle.
Pror. To find the position of the comet in a parabolic
orbit at a given time.
282. This would require the solution of the cubic equation
in the last Article. This is, however, obviated in the following

manner,
AL

Let / =1
N 9 ?

nt = tan 4 (0 — @) + L tan* L (0 - =)
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A Table is formed consisting of two columns: one with values
of ¢ and the other with the corresponding values of 6 — = calcu-
lated from this formula for an orbit in which » = 1. Suppose,
then, that we wish to find the position of a comet in a given
parabolic orbit (the mean motion in which is n) at a given time 2.
We must multiply ¢ by n and look for the valueof 8 — =
opposite the value of n¢ in the first column. This gives the
position of the comet.

Pror. 7T find the place of a comet at a given time in
very eccentric elliptic orbit.
dt a1 -e)? 1
de o b1+ r'cus(ﬁ—w)s"

Let D be the perihelion distance; .. D=a(l-¢e):

283. By Art. 273.

dt {)i (1 —‘.—f’)% sec' 1 (0 — =)

: a6 ’\/: 11 *—T-; (l_— Pi)wtan-’}m;(igu__,w)_: 2

Dl 1—e : i
=———sec' 3 (0~ @) {1 + i tan® 3 (0 — =)} ™"

V(i +e)
Expanding in powers of 1 —e, and neglecting powers of 1 —¢
higher than the first, because e = 1 nearly;

T ¢
oont=4 (1—-—: ’,) / sec' L(O-w){1- (1—¢) tan® 5 (0 -=){db
w

)

7107 4 Y
dtan L (0 - = 5
A / L 50 -a) 1 4 tan* L (6 - @)

e do t
+(1-¢) [ -3tan* L (8 - 7) — tan’ L(8-m)]} dO;
. nt=tand (0 —w) + 4 tan’ 5 (6 - @)

+(1-e){itanl(@-a) - 1 tan® (0 — @) - lj tan’ & (6 — ).

The following is a convenient method for calculating the

value of @ — @ for a given value of £
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Suppose 0'— zr is the true anomaly of a comet at the time
¢ moving in a parabolic orbit of which D is the perihelion dis-
tance ; then by Art. 282.

= 1 u 1l f
nt=tan 5 (0'- @) + 1 tan’ L (0'- ).

Let 0 —@ =0~ +a: then putting this for @ — = in
the first expression for m¢, and neglecting the squares and
products of # and e, we have by Taylor’s Theorem

nt=tan § (0 - @) + L tan’ L (9'- =)
+—sect — 4 o tan & (6 — =) 1 — tan? 16 -a)

~ -') tan' L (¢ — @)},
and eliminating n# from these last two equations
@ =5 (1-e) tan 1 (8'— ) $4-3 cos’ L (0 %) — 6 cos’ L@ —m)}.
A third column must now be added to the Table men-

tioned in Art. 282, consisting of values of — for the cor-
1 2

responding values of ¢ and 6 — . When this is constructed

u ¥

the manner of using it is as follows. Suppose o n 1in
our orbit: then in the first column look for the time n#¢: and
take the corresponding values of @ — zr and -: multiply the

1—-e¢
latter by 1 — e, which will depend upon the form of the orbit,
and then the true anomaly at the time ¢ will be this quantity
added to the value of @ — = thus found.




CHAPTER 1IV.

EXPLANATION OF THE LUNAR PERTURBATIONS,

9284. In the last Chapter we have calculated completely
the motion of two bodies, considered as particles, attracting
cach other according to the assumed law of gravitation. When
the various formula there obtained are applied to salculate the
motion of the planets about the Sun, and for that purpose are
reduced to tables, they manifest an agreement with observation
so far complete as to leave no doubt of the correctness of the
principles, which form the basis of the calculation; provided
that observations be made at times separated by moderately
long intervals. If, however, we proceed to a more rigorous
nicety, and especially if we compare together observations which
embrace a very long series of years, it is found that the agree-
ment is not so perfect. Minute irregularities are detected, and
the planets are found sometimes a little in advance, sometimes
a little falling short, sometimes a little above or below, to the
right or left, of their places, :alculated on the theory of elliptic
motion.

Now this is exactly what was to be anticipated. For if
the principle of gravitation be universal the heavenly bodies
disturb each other in their motion about the Sun, and so de-
range the elliptic form of the orbits and the equable description
of areas by the radius vector.

985. It is our object in Chapters V and VI to deduce
formulee by which the mutual perturbations of the heavenly
bodies may be calculated. The equations of motion for three
or more particles attracting cach other according to the law of
gravitation have never yet been integrated. In fact, their in-
tearals depend upon the integration of a function analogous
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to the function V in Art. 169. See note to Art. 323. We
must therefore have recourse to methods of approximation.

286. The peculiar configuration of the Solar System
renders this approximation practicable, though under most
other arrangements it would not be so; the bodies of our
system are arranged either singly as the planets Mercury,
Venus and Mars, or in groups as the Earth and the Moon,
Jupiter, Saturn, and Herschel each with their Satellites, the
central masses of the groups being much greater than that of
the attending bodies: likewise the single bodies and the groups
are always at considerable distances from each other, and de-
scribe orbits ahout the Sun very nearly circular and in planes
nearly coinciding. There is, however, an exception in the
case of the four asteroids Ceres, Vesta, Pallas, and Juno, the
orbits of these being not very far different from each other in
magnitude; but their masses are so small that in this way
a compensation takes place. The mass of the Sun is of enor.
mous magnitude in comparison with that of the other bodies ;
since, as we have remarked in Art. 284, the calculations made
on the supposition that the Sun is the only attracting body
nearly coincide with observation. Again the mass of the Earth
1s large when compared with that of the Moon; because the
Earth moves about the Sun and the Moon about the Earth,
nearly as if the Moon did not disturb the Earth’s elliptic motion
about the Sun, and as if the Sun did not disturb the Moon’s
elliptic motion about the Earth. In the same way we argue
that the mass of Jupiter is much larger than that of his satel-
lites by observing that Kepler's Laws are nearly verified, and
so of the other bodies.

It is in consequence of this peculiar configuration of the
Solar System that we are able to approximate to the solutions
of our equations of motion by converging series.

287. In the present Chapter we intend to explain the
nature of the perturbations of the Moon’s motion about the
Earth by the attraction of the Sun. We shall introduce a few
calculations as interpretations of Newton’s geometry into ana-
lytical language (Principia Book 1. Prop. 66. and Book I1I) ;
but shall reserve for the next Chapter the solution of the
problem by systematic approximation.
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We shall first explain a principle of great importance in
calculating the combined effect of several small perturbing
causes, which we shall find important throughout this and the
two following Chapters.

Pror. To explain the principle of the superposition of
small motions.

288. Let ayz be the co-ordinates of a body at the time ¢
when undisturbed by any other body: a a very small nume-
rical quantity which depends upon the disturbing force, of
which the square and higher powers may therefore be always
neglected.

@+ ady y+ay, ¥+ az' the co-ordinates of the body at
time ¢ when disturbed by the body (m) only.

z+aa’y y+ay’s = +ax” the co-ordinates of the body at
time ¢ when disturbed by the body (") only, and so on.

Now suppose the planets m’, m”, ... all to disturb together.

In this case the alterations in @, y, x arising from the
several planets will not be the same as before ; but they will
themselves suffer perturbations, since the action of each planet
is now modified by that of all the others.

Thus the value of @ will not become

xr+a (;n.-' + 2+ Ity

for each of the terms after the first will be modified, but since
this modification arises from the disturbing forces, it follows,
that the quantities to be added will be multiplied by o*, &’ ...
and may therefore be neglected and, under this restriction, the
co-ordinates of the body subjected to the combined perturba-
tions of all the others will be

etald + 2"+ eninnen )a
y+a( +9" + cennen. oyt
S alEiape iU ), at the time £.

Hence the perturbation in any quantities ¢ (2,9, %) = (w)
which depends upon the co-ordinates of the planet will
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HISTORY OF LUNAR INEQUALITIES.

du 3 I du F 5
=——a (&t o £, )b —raly gy
da dy ;
T 5
+ —a(® +2 + A
dz
: du du du
And this = — 4o’ + —ayf + — ax
dx dy dz
dee 0 Vg0l 3
+ —ax + — aqy + —as
do dy v dz

But this latter form shews that the perturbation in ¢ (@, y, ) is
equal to the sum of the separate perturbations of each planet
supposing the others not to exist. Hence the Principle we
enunciated is true. Its great use in our calculations is this,
that it reduces the ln'ohl'um from one of several bodies to that
of only three bodies. Hence the famous Problem of Three
Bodies.

289. At an early period it was observed that the apparent
motion of the Sun and Moon round the Earth was not uniform:.
This had been remarked by the Greek Astronomers. By ob-
serving the motion of the shadow of the gnomon they discovered
a considerable difference in the intervals of time between the
equinoxes and the solstices.

Hipparchus was the first who endeavoured to explain this:
he supposed the orbits of the Sun and Moon desecribed about
the Earth to be eccentric circles, or circles of which the centres
do not coincide with that of the Earth.

290. After a lapse of three centuries Ptolemy discovered
that there was an error in the Moon’s place in the heavens,
which could not be accounted for on the hypothesis of Hip-
parchus : and he shewed that the magnitude of the error de-
pended upon the position of the line of apsides, or axis major
of the lunar orbit. This inequality was called the Evection of
the Moon: we shall hereafter explain from what cause it arises

291. The next remarkable inequality of the Moon’s
motion was discovered by Tycho Brahe in the sixteenth
century. This was proved to depend upon the angular
distance of the Sun and Moon : and was greatest when the

K x
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Moon was about 45° or 185° from the Sun. In this respect
this inequality, which was called the Variation, differed from
the Evection, which Ptolemy found to be greatest when the
Moon was ninety degrees from the Sun.

292. Tycho Brahe was the discoverer of one more in-
equality, which was called the Annual Equation, since it
depends on the distance of the Sun from the Tarth, and
therefore goes through its changes in a year.

Not many years after these discoveries of Tycho Brahe,
Kepler published to the world his Three Laws, which he had
.alculated with almost incredible labour and perseverance.
Theory has led to the discovery of many other inequalities in
the Moon’s motion, but the above have been specified for their
historical interest and because they are more sensible than the
others.

993. All these, however, were merely bare facts, the re-
sults of continued and indefatigable observations and calcu-
lations. No common law appcared to connect them, no one
cause was known of which they were necessary consequences.
It was the glory of Newton, that he unravelled the mystery
and demonstrated that these were all results of a universal
principle with which matter is endowed by the Creator of the
World.

Kepler and other Astronomers had conceived the notion of
a universal gravitating principle: but it needed the master
genius of Newton to demonstrate its existence.

We now proceed to explain the causes of these perturbations.

Prov. To calculate the disturbing forces of the Sun on
the Moon.

994. The disturbing forces are the differences of the
forces of the Sun on the Moon and Earth. Let E, M, §
represent the masses of the Earth, Moon, and Sun. The law
of force we assume to be that of the inverse square of the
distance between the centres of the bodies. We shall consider
the orbits of the Sun and Moon about the Earth nearly cireu-
lar, since this is proved to be the case by observation*.

# The slight variations in the apparent magnitudes of the Sun and Mom con-

vince us of this.
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Let r be the distance between M and E (fig. 82),
7’ .. 8 and E,

Y T R S and M,
w the angle SEM,
measured in the direction in which the hands of a watch
move,
We must consider the motion of M about K as if £ were
fixed in order that we may discover the apparent perturbations :

15’

and — in the
o
directions EM and ES respectively :  and in order that the
relative motion may not be affected by supposing E fixed we
must apply forces equal to these upon each body of the system
in an opposite direction : the second law of motion shews the

; ; ; !
but the .-i('(-oh.-r;ttlng forces acting on K are

legitimacy of this process.
Hence the forces acting on M, E being considered fixed, are
M+ E

———— in the direction ME,
2

e e Weeaieris e WY

S e ...MK, MK being parallel to SE.

Then, resolving the second of these in the directions ME
and ML (Art. 18), and combining the resolved parts of this
with the other forces, the disturbing forces of § on M are

Sy S=diy ¢ St 80 g i
—-1n the direction ME, and — = — In the direction M L.
v 7 e

Again resolve these in the directions ME and perpen-
dicular to this line: then the whole forces which act upon M
about E at rest, are

M+ E 87 S (f""’
| OFE

s - -

: cos w in the direction ME,
).( :”\ }

ol At ae :
- (—_‘ - 1) SIn w in the direction perpendicular to ME,
= \y

ind acting towards the nearest SyZygy.
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The Moon is said to be in sysygy when it is new or full ;
and in quadrature when ninety degrees from syzygy.

The first of the above forces deprived of its first term is
called the central disturbing force: and the second is called
the tangential disturbing Jorce.

295. We proceed to obtain approximate expressions for
these. Since the orbit of the Moon is nearly circular; and
; i . L . 1
since = is a very small fraction, being about equal te F we

shall neglect its square and higher powers.

1 9

By the figure, y*= 1"+ 1" —27r cosw;

vl ; 2 3 3r

- = (1 —— cos w) i=14+—FcCosw;
y r d r

. o . S?, 3 FS". a n'\ "

central dist®. force = T Cos" w = — —-;?(1 e Cosi’w)
s P 9 '3
¢ T B 38r . 38r .
tangontud dist®. force = - - SN COSw = — SIn 2 w.
r ¢r*

In order still further to simplify these expressions ; let f be
the mean force of E upon M, E being supposed fixed: m the
ratio of the periodic times of the Moon and Sun about the
Earth (m= L nearly): a and o' the mean distances of the
Moon and Sun from the Earth: therefore by Art. 278. Cor. 2,

4 ar? a® . 4 TrL)(JJ:: S ad

M= —— = ——— = ——— — nearly;
M+ E S+ E MyEa* :

M+ E Sr
= =7 and . — = 5
a
S
. : : W At
central disturbing force = — - f e (1 + 8 cos 2w),

— sin 2 w.

tangential disturbing force = .
¥ " a
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206. If we suppose the orbit of the Earth about the Sun
and the undisturbed orbit of the Moon about the Earth to be
circular, then ' = ¢’ and » = a: and

central disturbing force = - Lm® f (1 + 3cos 2w),

tangential disturbing force = 3m? f sin 2.

297. The central disturbing force vanishes when
w=4cos™ (- L) =55% 125% 285°, 805° nearly.

The points in the Moon’s orbit determined by these angles
are called Octants.

The central rliﬁturl)ing‘ force is said to be addifitious at
points between those octants between which the quadratures
lie, because at those points the above expression for the force
18 positive and consequently adds to the force of M to E. For
a like reason the central disturbing force is said to be ablatitions
between those octants between which the syzygies lie.

208. We proceed to examine the effects which the dis-
turbing forces have upon the form and position of the Moon’s
orbit. We shall neglect quantities which depend upon the
square and higher powers of the disturbing force. Whenever
the undisturbed orbit is supposed to be nearly circular we may

dr
neglect all such terms as — . Thus

d6*
Vs 9T i
s il o
i f iy L a0 5
radius of curvature = = .
S ., .ar _dr d°r
PR
e de:a d93 dg::
e ds\*  /d@\* dr\* _ /d@\:
Also (velocity)® = (m) = (E) + (E‘) = 1 (_rﬁ) .
d*u

1 d°r h? (1 L d%r
T { r TR df

Again central force = /1‘]?{*'(16 s ) by Art. 246.




262 DYNAMICS. PROBLEM OF THREE BODIES.

4N 1 d’r
=0 (%) ——= —} by Art. 242.
dt) lr P#dbF

(vel.)?

S St e
rad. of curvature

We have introduced these expressions since we shall find
them useful hereafter.

Pror. 7o find the effect of the Sun’s disturbing Jforces
on the periodic fime of the Moon.

200, Since the tangential force passes through all its
degrees of magnitude positive and negative during half a revo-
lution of the Moon, it will compensate during one quarter of
the revolution for any loss or gain that the angular velocity
of the Moon may have ux1'wl'i0m-<‘(] in the prccvding quarter.
In fact the mean™® tangential force equals zero. For this
reason the tangential force has no effect on the periodic time.

For the same reason we neglect the p('rimlic term of the

m”
. Since

central force. The mean central force = f (l -

: 5
this is less than f, it follows that the mean distance is increased
by the disturbing forces.

i > B . m
I'he absolute force = fa® [1 — ) 1
. 5

the periodic time = ———= nearly, (Art. 273. Cor. 2.)

\/ abs. force

_ a m*

=27 =il e mearly.

el Gk

This is greater than if there were no disturbing force

(or m =0); Os])ecially when we remember that @ is greater
than in the undisturbed orbit.

* By the mean value of a function of a variable angle 6 we mean, the part of the
function which is independent of periodical terms which pass through all their changes
positive and negative as @ is increased by certain equal increments. Thus @ is the

mean value of a +&sinn 6,
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Hence the periodic time is increased by the disturbing
force. (Principia, Lib. 1. Prop. txvi. Cor. 6.)

300. Cor.1. If we suppose the Earth’s orbit about the
Sun not circular, then by Art. 205, the mean central force

and the length of the month

a m® a
:‘J-.rr’\./‘r;{l-+T }

e

Hence the months are longest when the Earth is in peri-
helion, and shortest when in aphelion. This accounts for the
Winter Months at this epoch being longer than the Summer
Months.

301. Cor. 2. The mean velocity (V) of the Moon =

s L \/£ (1 J.’f) :‘/"7(1 _%)

per. time & \

Pror. To find the effect of the Sun’s disturbing force
on the wvelocity of the Moon, supposing the wndisturbed orbit
of the Moon fo be circular.

302. Since the angle w is referred to a line moveable in
space we must adopt another means of measuring the position
of the Moon. Let @ be the longitude of the Moon at the time
t: then m@ is the longitude of the Sun, supposing that 8 is
measured from the time when the Sun and Moon were in Aries
together ; and supposing the orbits nearly circular: and there-

fore w = (1 —m)9:
tangential disturbing force = Im*fsing (1 - m) 6,

and this is the only disturbing force which directly affects the
velocity. We shall see in Art. 305, that the velocity is affected
wndirectly by the central disturbing force.

Now the space described by the Moon in the time ¢ is 8:
and the tangential force is the only force which acts in the
line of the Moon’s motion :
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2 &S
aﬂ :—fifsin 2 (1 —m) 0,
dt* 2 '

the negative sign being taken because the tangential force acts
always towards the nearest syzygy, Art. 294, and consequently
tends to diminish @ when the Moon is in the first and third
quadrants, through which angles sin2 (1 —m)#@ is positive,
and to increase @ in the second and fourth quadrants, through

which angles sin2 (1 —m) 6 1s negative.

e de g :
Multiplying by 2a T and integrating
STl [¢

\ ,ae’ 3m’ 1 :
P ier @i = = CONELL i e facos2 (1 — m) 6.
dt’ 2 (1 —m)°

Let V be the mean velocity; then

3m?

ot = V24 ——— facos2 (1 —m)0
2(1-m)' )
5 am’ %
=V*31 + " _cos2 (1 —m) B} negt.m’,
: 2(1—m : 7

since V2=fa(l —- 1 m?) l)y Art. 301.

The effect, then, of the disturbing force is to increase the
velocity above what it would be in the circular orbit, when the
Moon is not more than 45° from syzygy ; and in other positions
to diminish it. This follows directly from the fact proved in
Art. 204, that the tangential force always acts towards the
nearest SyZygy.

i S v i 3m*
The velocity is greatest in syzygles and = V{l + T }

4 (1 — m)
least in quadratures and =V {1 bl |

7 I(] — m)J-

(Principia, Lib. 1. Prop. 1xvL. Cors. 2, 3.)
Pror. To find the effect of the Sun’s disturbing force
on the form of the Moon’s orbit ; supposing the undistu rhed

orbit to be circular.
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303. The curvature at any point of the orbit is measured
by the reciprocal of the radius of curvature : hence, by Art. 298,
central force
the curvature equals — I
(velocity)*

: i e
Now the central force = f— — (1 + 3cos 2w), Art. 296,
‘ Sk

A Lo 3m®
also (velocity)? = I 14+ —————— 052w !

¢, Art. 302.
2(1 —m)

a
\

g — 7 m*
V = mean vel. = \/u_f ( 1 — T—J by Art. 301 ;

m* 3m’ L .
curvature = i1l—— —— [14+ ——) cos@ w
2 L 1 —m)
1 3m® |
:—-}l~b-(l+f—v— cos2w!.
a 2N 1 —m

This is greatest in quadrature, when w = 90" and 270°:
and 1is least in syzygy, when w = 0 and 180°.

This shews that the orbit will assume an oval form with
respect to the Sun, Imving its minor axis in syzygy, (Principia,
Lib. T. Prop. xvr. Cor. 4). Its form in space will be an irre-
gular curve, nearly circular, but not re-entering. Also the
expression for the curvature shews that the equation to the
orbit is » = a (1 — @ cos 2w), the major and minor axes being
24 (1 + @) and 2a (1 — ).

Pror. To find the ratio of the awes of the oval orbit

304. The equation to the orbit is 7 = a(l —wcos2w);
but since @ is measured from a moveable line we must put
w=(1-m)@ as in Art. 302 :

r=a41 —acos2 (1 — m) (-)E :

L. L b
curvature = - — — —— by Art. 298
S b (O
L g 2 ?
= -3l +a@[1 =401 —m)*]cos2 (1 - m) 0!
(4}

L 1
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Equating this to the expression found in the last Article,

1 . : .
—f1 41 -4 —m)’]cos2 (1 —m)0

15 3m® I
L i (1+ = —) cos 2 (1 —m) 8} ;

@ 9 1 —m
1
o L
am” 1 —m
P o= —
2 4(1-m)"—1
1 1
Ifweput m=——; @®=— nearly ;
18.8 139 X
1 4+ a T0
e T

the ratio in the Principia Lib. III. Prop. xxvriL

This is the ratio of the axes of the oval orbit which moves
round with the Sun while the Moon moves in it.

In Art. 302, we found the effect of the tangential disturbing
force on the velocity of the Moon ; and we have just shewn that
the tangential and central disturbing forces draw the orbit of
the Moon into an oval figure with respect to the Sun. We
proceed, then, to calculate the velocity of the Moon when both
disturbing forces are considered.

Pror. To find the velocity of the Moon in the oval orbit.

305. In Art. 302, we found the effect of the tangential
force on the velocity : but the velocity will be affected by the
change in form of the orbit: and thus we see the indireet
effect of the central disturbing force upon the velocity.

Let v be the velocity of the Moon at any distance,
... the mean distance,

V] soasncsnnsvesesssasnassasssnse

- A o o ody? \
then 2% = * — , neglecting — which depends on the square of
g oaE A !

the disturbing force: Art. 298
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i AN R ”*
v* i = == V)" = - = Y
dt) P® a*
i
v = — 02
e
o g 3 . :
By substituting for — we shall correct »* for the oval form of
] £ =

the orbit: and by substituting for »,* we shall correct for the
change in velocity in the circular orbit: and in this way the
complete veloeity in the oval orbit is found.

a®

S =1+2xcos2(1-m)6,
T
3m? : o
v’ = V2 {1 4 —_— cos 2(1 —m)B}. See Art. 302 ;

gr= e 31 4 (‘;’-'1’ o+ - Lkt )J cos 2 (1 —m) 6}.

. » r 2 . . . .
306. ILet 80 be the error in longitude owing to this change
in the velocity: then

de L _r/ ((—) =+ ﬂQ) )

= — nearly;
.J- v

di @ dt
d.oo v a ]
a0 T

) cos 2 (1—m) 0t $14-a cos 2 (1—m) H} =1

S K
(2‘1? + - - ) cos 2 (1 —m) 6
4 (1 — m) y

N\

) sin 2 (1 - m) 6.

00

I

a 3m*
= _I, - S— FSEE ..)
(l -m 8(1-m)’

This error in longitude is greatest (disregarding its sign) when
the Moon is 45° or 135" from the Sun on either side of SYZygy :
and therefore explains the cause of the error in the Moon’s
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place discovered by Tycho Brahe, and called the Variatiom
(Art. 201).

: 1 : 1
If we put @ = — and m* =—
189 179

. - a2 [ A -
Variation = m" ( 1l + ) sin 2(1 —m) 6 nearly
8 .

11m*
=——sin2(1-m)0,
8
which accords with the rigorous approximation of the second
order in the next Chapter, Art. 341.

We shall now suppose the undisturbed orbit of the Mooen
to be an ellipse of very small eccentricity ; the Farth’s centre
being in the focus.

Our calculations will receive a remarkable degree of sim-
plification by considering the purturl_mtimm of the Moon to
affect, not the Moon itself directly, but the elements of its
orbit, and so the Moon indirectly. The legitimacy of this hy-
pothesis will appear from the following Proposition.

Proe. To prove that the motion of the Moon may be
represented by supposing it to move in an ellipse, the elements
of which are continually changing.

307. We have to shew that at every instant an ellipse can
be drawn with one of its foci in the Earth’s centre; its circum-
ference passing through the Moon’s centre; its tangent at the
Moon in the direction of the Moon’s motion at that instant ;
and the velocity in this ellipse calculated according to the prin-
ciples of elliptic motion (see Art. 252.) equal to the velocity of
the Moon at that time.

If an ellipse can be found which satisfies these conditions
it is clear that we may suppose the Moon to be moving in its
circumference at the proposed instant: and the perturbations
of the Moon’s motion will be found by calculating the change
in the elements of this instantaneous orbit, as it is termed.

Two of the elements, viz. the inclination and longitude of
the node, are fixed by the condition that the plane of the
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ellipse must pass through the direction of the Moon's motion
and the centre of the Earth.

£/ e G

Let — =1 +ecos (8 — @)

-

be the equation to the required ellipse neglecting powers of e
l 2 o o

higher than the first: also let 710, be the co-ordinates to the
Moon in the plane of its orbit at the instant under consideration ;
v its velocity ; ¢ the angle between the radius vector of the
Moon and the direction of her motion ; then the above con-
ditions give

2 =1+ecos (6, — =),
f'l
df \ 1
tan ¢h = (1E :) ;((}nc(' 0, — =),
: 1 1
v =2 (& + M) {— - 7} :
" 2a

From these three equations a, e, @ may be found. The sixth
element, the epoch, determines the position of the Moon in the
instantaneous ellipse.

Hence an ellipse can always be drawn as described in the
enunciation.

308. We shall proceed to explain the nature of the alter-
ations in the elements. Since these variations during a revo-
lution of the Moon are small we shall, in accordance with the
Principle proved in Art. 288, consider the variation of each
element supposing all the others to remain invariable: and then
add their effects together.

At any proposed instant the equation to the orbit is

«
=1+ e cos (0 — =),
-
where a, e, - have values depending upon the proposed instant
Hence also if » be the velocity
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- §1 + 2¢ecos (0 — @) ¢
a

=fa 31 +2ecos (6 — @)}, since “— =T
a”

Ve shall use the symbol $ to indicate differentiation, not
w:th respect to the motion of the Moon, but with respect to
the geometric deviations of the actual orbit of the Moon from
the undisturbed orbit. Thus, if we wish to ascer tain the
change in the eccentricity in consequence of a change dv in the
velocity, we have by differentiating the above equation

vov = fa cos (6 — =) de,

which gives de in terms of dv: and so of other p('rtm‘lmt"nms.
If we wish to ascertain the change in eccentricity arising from
a change Jf in the force f, we ]mvo the equation

0=23f (1 +ecos (0 —m) + fde cos (0 — @),

which gives de in terms of of.

We repeat the remark, that the direct tendency of the tan-
gential disturbing force is to change the velocity : but the
central dlstulbmo force has not tlus direct effect. Therefore
when we consider the effect of the central force on the elements
a, e, @, we must take the variation of the equation

= fa {1 + 2¢ cos (6 — @)}

considering v constant : and when we consider the effect of the
tangential force we must take the variation considering f
constant.

We shall first find the effect of the disturbing forces on
the position of the line of apsides.

An apse is a point in a polar orbit where the radius vector
is perpendicular to the tangent.

Pror. T find the effect of the mean central disturbing
force wpon the position of the line of apsides.

m*

f— 4 205.

309. The mean central force

Ja”
- f— -
72

(o)
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We shall find it most convenient, in this case, to use the equa-

Lk P ] 1 {
tion — + % = ——— proved in Art. 246, for central orbits.
d 6? hw?
In this case h=aV =g ‘\//r‘)"(l - 1m?);
d*u 1 (14 Lo m* 1
4+ U=—(1++m) —— —,
de” a < 2a* 1’
; 1 H e . >
Now % — — varies as the eccentricity of the orbit; and
(9 x;

therefore we neglect its square ;

1 I / L T e . 1)
— == (u,—r-- =@ — 3a’ (,,_,) 5
2’ @ : a : )

d*u 1 m") m*  3m ( 1 )
— tu=-(1+ - — 4 u—=),
de? ( 2 R .

a 2a 2 \ a
d*u 3m?
et (I - —é-—) (2w —1) =0,
the integral of this is
a 3m®
aw or e 1+ e cos (1 W ) (0 - a),

e and a being arbitrary constants.

This is the equation to the path of the Moon, supposing
the mean central disturbing force to be the only disturbing
force. If the coefficient of @ — ¢ were unity it would be an
ellipse. The following is the geometrical construction for the
orbit.

Let AM'E be the ellipse supposing the coefficient of @
were unity (fig. 83). When 0 — ¢ = 0 the values of » in the
real curve and the ellipse are the same. Let, then, 4'M be the
real path of the Moon. Take the angle /EM =0 —a: and
the angle /' EM = (1 — $m?) angle A/EM: and let EM’ cut
the ellipse in M.

Then =1+ ¢ cos A'EM’ by the equation to the ellipse

a
EM'
{ 3 m®\ ;
=1 + e cos (1 s ) (6 — a) by construction
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@
~EM
EM = EM.
Draw FEA so that angle MEA = angle M EA : and make
EAd=EA : we may then draw an ellipse about E as focus and
through 4 and M exactly equal to AME.

The motion of the Moon may therefore be gv(nnuh‘iu‘:l]y
reprvsented by supposing it to move in an ellipse, the ellipse
itself revolving in its own plane about the focus with an an-

: dAEA 3m® df e
aular velocity = ——— = —— ——, or which is to the angular
g ; dt v di i
velocity of the Moon as Sm?: 1 in the direction of the Moon’s

by equation to Moon’s path;

motion.

Hence the tendency of the mean central disturbing force is
to make the line of apsides progress.

310. Observation shews that the above result 1s only half
the amount of the progression. The reason will be explained
in the next Chapter.

We cannot extend the approximation without introducing
the tangential force, and therefore refer the reader to the
Luner theory in the next Chapter, where the whole Problem is
accurately solved to a second approximation.  All that we
shall here attempt is an explanation of the tendency of the
disturbing forces in altering the motion of the Moon in her

eccentric orbit.

Pror. 7o explain the effect of the tangential disturbing
force of the Sun on the line of apsides.

311. Let the equation to the ellipse in which the Moon is
moving at any instant be

l ] @
~ =1+ ecos (f — @) neglecting e ......
E

Then by the principles of elliptic motion,

S B
W =2u - — — z—,l+‘2(*cn.~a((’)w'&f)%.
J ey a

But the tangential force is continually causing v to differ from
what it would be in terms of @ on the supposition of elliptie
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motion. But, as we have shewny in Art. 307, we may still sup-
pose the velocity to be the same as in the ellipse by altering =,
the longitude of the line of apsides, in such a way as to make
a compensation. By taking the variation of the above expres-
sion for »® in terms of @, we have

Avey = we sin 6 —=) dw;

n av |_‘ v
 fakioy u:’ sin (H ==y I
Now the effect of the tangential force is to diminish the velocity
of the Moon as it is moving from syzygy to quadrature, and
to increase the velocity as the Moon is moving from quadrature
to syzygy; see Art. 302. Hence dv is negative as the Moon
moves from syzygy to quadrature, and positive from quadrature
to syzygy.

Also sin (8 — =) is positive or negative according as the
Moon is moving from perigee to apogee, or from apogee to
perigee.

Now the motion of the line of apsides during a revolution
of the Moon is very small, since the disturbing forces are small,
We may therefore suppose, in examining the effect that the
particular position of the line of apsides with respect to syzygies
and quadratures has upon their motion, that they remain sta-
tionary dm'ing a revolution of the Moon: otherwise we shall
be illtl'oducing quantities which depend upon the square of the
disturbing force, quantities which we have purposed to neglect.
We shall consider the two cases when the line of apsides is in
syzygies, and in quadratures: and then take the average effect.

1. Suppose the line of apsides is in syzygies : fig. 84.

Then as the Moon moves from quadrature to quadrature
through perigee, (that is, through the are q¥Q), dv and
sin (6 — @) are of different signs and therefore Jz is negative,
or the line of apsides is regressing: but as the Moon moves
from quadrature to quadrature through apogee, (that is, through
the arc Qyq) dv and sin (6 — @) have the same sign and there-
fore @ is positive, or the line of apsides is progressing. Now
the time of moving from quadrature to quadrature through
apogee is greater than that of moving through perigee, Art. 242

M wm
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Also the alteration in velocity by the tangential force is greater
in the latter case than in the former.

Hence, when the line of apsides isin syzygies, it progresses
on the whole during one revolution of the Moon.

II. Suppose the line of apsides is in quadratures : fig. 85.
y through

r

Then as the Moon is moving from syzygy to syzy
apogee, (that is, through the arc yqY) dar is negative, or the
line of apsides is regressing, and as the Moon is moving from

o
o

syzygy to syzygy through pcrigcc o is posiﬁv(-, or the line
of apsides progressing. Now the time of moving through pe-
rigee 1s less than that of moving through apogee. And the
alteration in velocity in the former case is less than in the latter.

Hence when the line of apsides is in quadratures, it on the
whole regresses during a revolution of the Moon.

If we attentively examine the steps of the above investiga-
tion, and observe that the circumstances of regression in one
position of the line of apsides closely resemble those of progres-
sion in the other, and wice versd, it will easily be seen that in
these two positions of the apsidal line the progrvssinn is very
nearly the same as the regression.

When, however, intermediate positions of the apsidal line
are considered the progression decidedly has the preponderance,
and for this reason: regression takes place when the line of
apsides is distant from the Sunj; but pl‘ogrcssi(m takes place
when the line of apsides is mear the Sun. Hence 1'054'1'essi0n,
which, from its nature, causes the line of apsides to meel the Sun,
moves it towards a 1:1'ng1‘(*ssing position : while pl'ogros:ainn,
from its nature, causes the line of apsides to linger in a progress-
ing situation. Hence, on the whole, the tangential force causes
the line of apsides to progress. See Airy’s Gravitation, p- 99-

Proe. Tl eaplain the effect of the tangential force on the
eccentricity of the Moon’s orbit.

312. We shall resume the equation v* =fa $1 + 2e cos
(0 —w)} by which we can represent the veal motion, if we
suppose the elements to alter.

Now 2w =ifa cos (0 — @) des
(.

0L = —

fﬂr cos i(—) T
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Now, in consequence of the tangential force, v has the same
sign and nearly the same magnitude for opposite positions of the
Moon in her orbit, Art. 305: and cos (8 — @) has the same
magnitude with different signs. Hence e has different signs,
but nearly the same magnitude for opposite positions of the
Moon in her orbit: and therefore the tangential force has little
effect on the eccentricity, since a partial compensation takes
place in one part of the orbit for errors caused in the opposite
part.

But we must examine this a little more accurately : for
although compensation will take place pretty accurately when
the Moon is about 90° from perigee and apogee, since the
distance of the Moon from the Earth is then about the same,
yet it will not be so complete when the Moon is near perigee
and apogee, since at those points the Moon’s distances differ
more than in any other parts of her orbit. We shall therefore
consider the case in which the Moon is near perigee and
apogee.

I. When the line of apsides is before syzygies : fig. 86.
Then v is negative near perigee and apogee; and cos (6 — =)
is positive near perigee and negative near apogee. Hence de
is negative when the Moon is near perigee and positive when
near apogee. And therefore in this position of the line of
apsides e is increasing when the greatest change takes place,
and consequently on the whole the tendency of the eccentricity
is to increase during each revolution of the Moon.

2. When the line of apsides is behind syzygies: fig. 87.
Then it will easily be seen that de is positive when the Moon
is near perigee and negative when near apogee. Hence in
this position of the line of apsides the tendency of the eccen-
tricity is to decrease during each revolution of the Moon.

Proe. To ewplain the effect of the central disturbing
Jorce on the eccentricity of the Moon's orbit.

313. Now fa=1v"}1—-2ecos(f - =)}, and we have to
find the variation of ¢ corresponding to any variation in f:
we hav
" 7 ;'l‘:rj‘

91* cos @ - =)
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Now & f has the same sign, and nearly the same magnitule
in opposite parts of the Moon’s orbit : Art. 295. Also cos (0-7)
has different signs in opposite parts of the orbit. Hence Je
has different signs and nem'l_v the same magnitude in opposite
parts of the orbit, and a partial compensation will take plece
in the changes in eccentricity.

But, as in the last Article, we must examine this a little
more accurately. The values of (“)‘ differ more at apogee and
perigee than at any other parts of the orbit, since the distances
of the Moon from the Earth differ most at these points. We
shall therefore consider the changes in eceentricity when the
Moon is near perigee and apogee.

1. Suppose the line of apsides is near octants : figs. 86, 87.
When the Moon is near perigee and apogee, and therefore near
octants, of nearly vanishes and the eccentricity does not undergo
any material change ; and therefore the compensation of eccen-
tricity is pretty accurate during a revolution of the Moon.

2. Suppose the line of apsides is near syzygies: fig. 84.
When the Moon is near apogee and perigee, and therefore near
syzygies, of is negative (Art. 297); and cos (6 —=r) is negative
near apogee and positive near perigee. Hence de is positive
when the Moon is in perigee, and negative when in apogee.
Wherefore e is decreasing when the change is greatest : and on
the whole the eccentricity decreases when the line of apsides is
near syzygies.

3. Suppose the line of apsides is near quadrafures: fig. 85.
Then 5‘7" is positive when the Moon is near perigee and apogee;
and we shall find that the eccentricity is on the whole increas-
ing during a revolution of the Moon.

314. The result of the last two Articles is as follows.
The t:mgcntial force tends to increase or diminish the eccen-
tricity according as the line of apsides is before or behind the
Sun. And the central disturbing force tends to increase or
diminish the eccentricity according as the line of apsides is
near]y 90° from the Sun or near the Sun: in other parts a
compensation takes place.

Hence, then, during the Sun’s motion from the Moon’s
line of apsides through 90 the eccentricity of the Moon’s orbit

is decreasing : and during the Sun’s motion towards the line
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of apsides the eccentricity is increasing. The eccentricity is
greatest when the line of apsides is in syzygies and least when
the line of apsides is in quadratures.

315. We shall now proceed to explain the effect of the
disturbing forces on the inclination and the motion of the line
of nodes.

Hitherto we have supposed the Moon to move in the plane
of the ecliptic: let us now suppose that the planes of the
ecliptic and the Moon’s orbit are slightly inclined to each other,
as 1s the case in nature. Let the disturbing force of the Sun
on the Moon be resolved into two parts, one in the plane of
the Moon’s orbit, and the other perpendicular to this plane :
this latter is the part which affects the inclination and the
position of the line of nodes.

If we bear in mind that the Sun’s disturbing force always
acts fowards the Sun when the Moon is nearer the Sun than
the Earth, and from the Sun in the contrary case, we shall
casily see, by referring to fig. 88, that the part of the dis-
turbing force which is perpendicular to the plane of the Moon’s
orbit always acts fowards the ecliptic, except when the Moon
is between quadrature and the nearest node, in which case it
acts from the ecliptic.

By the plane of the Moon’s orbit we mean the plane drawn
through the centres of the Moon and Earth, and through the
direction of the Moon’s motion at any instant. And since in
consequence of the Sun’s disturbing force the Moon is con-
tinually drawn out of the plane in which it is moving, the
plane of the orbit is continually shifting its position by revolv-
ing about the Moon’s radius vector as an instantaneous axis.

316. Before we begin to explain the effect on the incli-
nation and line of nodes we shall enunciate the following
Lemma, the truth of which is self-evident.

LemMMma. When a body is moving from or towards a
plane and a force acts upon it in a direction from or towards
the plane, then the inclination of the body’s resulting motion
will be increased or diminished according as the original motion
and the force act in the same or opposite directions with respect
to the plane.
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Pror. To eaplain the effect of the Sun’s disturbing
force upon the inclination of the Moon’s orbit to the ecliptic
and on the position of the line of nodes.

317. 1. Suppose the line of nodes is tn SyYgies.

It is clear that in this case the inclination and line of
nodes will not be affected ; since no part of the force acts per-
l:vmliculm‘l\,' to the plane of the orbit. The line of nodes
would remain in this position were it not for the Sun’s

motion.

I1. Suppose the line of nodes is in advance of the Swun :
fig. 89.

Let Nn be the line of nodes: take Nm = 90" on the orbit:
let Qq be the quadratures. Then as the Moon moves from
N to @ she moves from the ecliptic, and the disturbing force
acts from the ecliptic. Hence the inclination of the Moon’s
path (Art. 816), and therefore of the plane of her orbit, is
increasing, and therefore in revolving about the radius vector
EM the node N must move towards quadratures, or the line
of nodes Nn must progress.

As the Moon moves from Q to m, her motion and the
disturbing force act in opposite directions, and therefore the
inclination is decreasing (Art. 316), and the line of nodes
regressing.

As the Moon moves from m to » her motion and the dis-
turbing force both tend towards the ecliptic and therefore the
inclination of the plane of her orbit is increasing, and therefore
in revolving about the radius vector EM' causes the point 2
to move back, or the line of nodes to regress.

In the other half of the orbit the effect will be exactly
the same.

Hence, if ¢ be the angular distance of the line of nodes
from S}"A}-‘g‘i(’h (¢ being less than 90%), the inclination is in-

creasing as the Moon is moving through an angle
=2(NEQ +mEn)= 360" — 2¢p:

and is decreasing as the Moon is moving through the remaining

angle 2¢. And the line of nodes regresses while the Moon 18
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moving through an angle 180° + ‘)(p and progresses while the
Moon is moving tllmunh the remaining angle 180" — 2¢.

ITI.  Swuppose the line of nodes is in quadratures.

Then as the Moon moves from quadrature to syzygy the
disturbing force and motion tend in different directions, and
therefore the inclination is decr asing and the line of nodes
is regressing. And as the Moon moves from syzygy to quad-
rature the inclination is increasing and tlunfun- the line of
nodes still regresses.

Wherefore the increase and deerease of inclination coun-
teract each other; but the motion of the nodes is wholly
regressive.

IV. Suppose the line of nodes is behind the Sunm :
fig. 90.

Then as the Moon moves from N to m the inclination is
decreasing and the line of nodes regressing : and as she moves
from m to ¢ the inclination is increasing and the nodes re-
gressing. As the Moon moves from ¢ to n the inclination is
decreasing and the nodes progressing.

Henw if as before ¢ be the angular distance of the line
of nodes from sy zygy, the inclination is increasing as the Moon
moves through an angle 2¢, and decreasing as she moves
thl‘uurrll the (mﬂlo 360° —O(p But the nn(]c regress and
progress tvapoctluh while the Moon is moving thmuOh the
angles 180° + 2¢p and 180° — 2¢p.

It appears, then, that on the whole the nodes regress
pretty steadily : but the inclination is much more fluctuating
and on the whole is not affected during a revolution of the
line of nodes.

We introduce the two followi ing Propositions as examples
of the method used by Newton in the Third Book of the
Principia: they will be found in Props. 30 and 31. Newton’s
geometry is translated into analysis.

Pror. To calculate the motion of the wnodes of the

Moon’s orbit considered cireular.

318. Let MM’ be the arc described by the Moon in a
unit of time, fig. 91: M'L =2 space tinmlgh which the dis-
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turbing force \muhl draw the Moon in the same time: Nn
the line of nodes, Qg the line of quadratures, AB of sy zygies:
Mm is a tangent to the Moon’s orbit at M meeting the uhpm
in m: join LM and produce it to meet t the ecliptic in /: this
gives th(' position of the tangent at M after the small time of
(](’HLH[]H‘]"‘ MM' and therefore £ mE! represents the motion
of the node.

Now LM’ is parallel to the ecliptic and therefore can meet
no line in the ecliptic: but it is in the same plane with /e,
therefore LM’ is parallel to im.

motion of Node LIEm sinmilE Im

Renes = S el el e ' nearly
Henet o on of Moon .~ 2 MEM  :MEW BEm =

sin AEn LM' Mm sin AEn LM’ ME
o R W — sin M Em.
7 MEM MM Em < MEM MM G

Now the disturbing force in the (lircvtinn M'L

S8 S (7
= ‘J — — (see Art.204.) =— r‘4 A 1}
y gr* =y /
38 . ; 5
=——cos MEA, -~ y=r —rcos MEA;
r"
LM' = ,’,Li cos MEA.
r
MM"? 21.)*
MM, ¢t MEM' = F — = E-V—( 1) = force of Moon to E
r rad.
E+M
H].: s
LM’ 38 9
; _ - ——— — cos MEA =3m’cos MEA,
MM. :MEM® M+ E r? ; ] Ji.\jl_t_ 295 ;

.. motion of Node
_ am® cos MEA sin MEN sin AEn . motion of Moon.
Let N = lt)ngitmlo of the Node,
TR A VISR A Moon,

m = . e RSN SR

L
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supposing that the Sun, Moon, and Node were all in the first
point of Aries when @ = 0.

Hence the above equation gives

F/“\‘ P 5 1 d 2 =
;= — 3m”cos (6 —m@) sin (8 — N) sin (mB — N),

do

the negative sign being taken because the mean motion of the

node is regressive.

0=

319. We shall now transform this by the ordinary trie

. o
nometrical formula
2 sin wcos b = sin (@ + b) + sin (o = b),

Wwe i}:l'\'l'

dN Sm* ' / i
— =———11+4¢0s 2 (0—-mB)—cos 2 (0—=N)—cos 2 (mB—-N )b
[4dv) I
For a first approximation we neglect the periodical terms and
take the mean values :
d N 3m’

- =— — = — 4 suppose:
df b Pl

.w N =-i8, constant = 0.

For a second approximation we shall put this value of N

in the periodical terms;
dN : il .
. —=—2%11+cos2(1 —m) B — cos 2 (1+2)0 —cos 2 (m+17) 0!,
do :
= — SN2 (1 —-m)0 +———sin2 (1 +4)0
2(1 —m) ; 2 (1 +1)
')

N— — sin 2 (m + ¢) 8.
2 (m + i)

For a third approximation we shall put this value of N

in ——- after neglecting the terms divided by 1 — m and 1 + 1,

because they are smaller than the term divided by m +i; then
2

V=586 4 s singifm 00

N~




282 DYNAMICS. PROBLEM OF THREE BODIES.
dN

JLion ,
=" i —i cos 2 (1 —m)B+icos f2(1+4)@ ———sm2 (m+i) 0}
[4 m-1 /

+icos $2 (m +1)0 — el -_ sin 2 (m + 1) 0§.
' m + i

If we expand these the last term aives
o

_J:.’ .;:':
mntaim P o e e cos 4 (m + 1)0.
m + i ( ) 2(m+4) 2(m+1) ( i

Hence we obtain

dN P

S f g e = periodic functions of 8,

a0, “'r;z(m + 1)

and therefore the mean value of N 1s

Facs e 1 l9-~|1-—”—'“——— il
f 3 4

2 (m + .’)‘ 4 o) 3 ,
( { 8 (\1 + J)\

If we expand in powers of m we have

: sm® 9m* 27m'
Ne=|co o ——Fienn |
4 32 128 )

320. In this calculation we have supposed the Moon’s
angular velocity to be uniform. To correct for the oval orbit
let N, be the corrected value of NV.

Now the motion of the node varies as the magnitude of
the disturbing force, which varies as the square of tlle time of
the Moon's (lChCl]bll']g MM', and thmcfow as the squere of
the velocity at M inversely ;

dN, vel.)? in octants sm’
—— ( ) ~ =t ——— _cos 2(1 =m)Es
dN (\ L) at M 2 (1 —m)
dN i
. s e 4cos2(1=m)B.. .}

de T o(m + i)
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212
X 31——— cos 2 (1 —-m)o + ...}
1 —m j
: 2 23 g )
= e T - ——cos?2(1-m) 0+ ...}
2(m+i) 1-m
i j o
=—tql — ———— —~ % periodical terms,
1 2(m + i) 1 —m

mean value of N, is

¢ )
e ifae o G
5 2 (m + 1) 1 —m
g | 3m e ]
R ) i Sm> 4 (1 - .”")
8 (1+ o
4
gm®  9m 15 )
it (.__. SR e m—‘-{-...)@;
\ 4 32 128

this correction does not

Pror.
to the ecliptic at any time.

affect the first and second terms.

To caleulate the inclination of the Moon’s orbit

321. Let ENm be the line of nodes (fig. 92), El its
position after a unit of time: Mp perpendicular to the plane
of the ecliptic, pG perpendicular to the line of nodes EN:

produce p G to cut F/ in &

; Join MG, Mg and draw Gr per-

pendicular to Mg : I the inclination of the plane of the Moon’s

orbit to the ecliptic.

a ! Gr
Now ol = « MGp - ¢ Magp = ¢ GMa—"—¢
¥ GM
: =i Gg
Also N = ¢ GEg=—2_;
(1]‘,’

ON =sinI.cot MEN.3N:
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dl . ) : ) :
= gm?sin I cos ME A cos MEN sin AE®n
dd

= — 3m*sin I cos (0 — H.rH) cos (68— N) sin (m8 — N)

3m’
~— 2 sin 7 {sin2(6—N)—sin2(0- m@)+sin 2 (mf—-N)§
1
This expression shews that 7 will always be small: and
therefore sin I = I nearly; let ~ be the mean value of I: also

" sm’ :
N=- .0 =—i0, (see Art. 319.)
A\

dr 3m

— = — "‘;"‘3]11”('"I—f}‘)—"*JU:.{L—H'-}Hl’ sin 2 (m +2) 8¢5

do 4

.',‘m"' [ 1 1 .

co IT=— —— UJS‘(l—!-r)() — Cnh“l[l—mll(-}

4 [ (1+4 2(1 —m)

1
2 (m + a)

The constant = -y, the mean value of 1. Therefore, neglecting

- cos 2 (m + 1) H} + const

the first and second terms because they arve of an order higher
than the third,

3 m :
I=n 41+ - cos 2 (m + )0}
oM
T
¢ 4
3m \
= : Lt cos 2 ("nm 5 lunnilll(i »—Node's (}H”l“ldi‘J:
i 3

I:('gk't'ling ', &e.
This accords with Chapter V. Art. 342



CHAPTER V

LUNAR THEORY

322. W& now enter upon the calculation of the pertur-
bations of the Moon by a process of systematic approximation ;
and shall proceed in the next Chapter to calculate those of the
planets. In the Lunar and Planetary Theories we use different
methods of calculation for this reason. The perturbations of
the Moon are much greater than those of any planet, because
the Sun, the mass of which is so enormous (Art. 286), is one
of the disturbing bodies. Likewise the ratio of the distances
of the disturbed and disturbing bodies from the central body
about which they move is very different in the two theories :
being about ;5 in that of the Moon, and sometimes so large as
% in that of the planets. The difference of the methods of
approximation will be seen in the caleulations of this and the
following Chapter.

Before entering upon the immediate subject of the present
Chapter we must investigate the f'f)}lnwing Proposition.

Pror. A4 number of bodies considered as material par-
ticles attract each other with forces which va ry inversely as the
square of their distances, and directly as the mass of the
attracting body : required the equations of motion of any one
of the bodies relatively to « second

" 1

323. Let M,m, m',m" .... be the masses of the bodies :

M being that of the body about which the motion is to be

caleulated : and m the mass of that body of which the equations

of motion are to be (':‘IA'NHiI'Iu!_
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Let X, ¥, Z be the co-ordinates of M,

XL ¥ty Lt s m,
Nwa, VoW 4% dapeeveesse m/

Then the distance between m and m’ is
’ o ' 9 o ~\21 &
f(@ =) + (¥ —y)+ (& —2)'5%

and the attraction of m’ on m is

'

m
(o' — @) + W =9+ (' —2)* -
Let this be resolved into three parts yarallel to the axes: that
{ . I 1
]1:11‘111101 to the axis of @ 1s
m' (.}" — )
(@ -y + -9+ @ -8

1 d mm’
Or e s s e ey
m da | §(&" —2)°+ (Y —y)*+ (& -

3

and so of the other bodies m” ......

N o man’
Now assimie N= 275 o0 7 ie =T
$(@ —ay+ (' —y)*+ (F —»)°¢?

which expression is the sum of the quantities found by dividing
the product of every two of the masses m, m/, m" ...... by
their respective distances.

Then the sum of the attractions of m/, m” ...... onm re-
solved parallel to the axis of #

LN
m da
. 1 1 ('A' . » ] "
In like manner — and — — are the attractions of m', m"...
m dy mdsz

on m parallel to the axes of y and =.
Let r+ " .... be the distances of mm' m’ .... from M.
M x

Then the attraction of M on m parallel to o is —__. and con-
7
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Lo

87

sequently the equation of motion of m in space parallel to  is

e (X ta) 1 dn My

dt* ~ m da P

ma ma i '

But —, ——, ... are the attractions of ma' ... on M parallel
9+ e

to #: and therefore the equation of motion of M parallel to @ is

X ma

-

(’f "t'! 7

and by subtracting this from the equation above we have the
equation of motion of m relatively to M

d> : Ji:.z’_ < me I g;\

4 ey s e
dit* 7 i m da
And in like manner
Sy My w1 DA
G SOREp I s
dt* 7 b2 m dy
dig) BMs o mz 1
A IS + 2. — = — =0,
dr ot 3 m dz
Now assume
; ; : i
+yy+28) ' (wa"+ gy + x2”) A
T ' e T
* The function R satisfies Laplace’s Equation (Art. 168).
N dR m'a 1 d)
) e T PR e e
: dr 7’8 mda
ma el mm' (2’ — &)
i " (@ —af (g (7)) F
AR _ 1 . mm' { (¥ —yP+(¥—2P-2(—a)2}
dz?  m { (2 —2)2+ (v y(s' = 2)? ) 3 3
and so ”‘:J!; —: = “”“..: ("' 3 v)?+ hes?
PO {(@—a) (v —y)
'ﬁin’ i o mn }(a 2P+ (¥ —y)2+2 (2 - i
s e A 5

(@ — a4 (' — y)24 (2—2)2l¥
_diR d*R R
“da? Tdr T ds
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m'a m a 1 d)
then —— = — - +——+ it — = —
¥ il m da
1 dX
e pon 5! ;
% _ A
A T
and the first equation of motion becomes
d*a (M+m)x dR
S i =0
ff,!' 7 da
and similarly
d'y (M+m)y dR : (1)
i L BT g s )
{t ) dy |
d°x (M+m)x dR
- L e = )

These are the equations by which the motion of the Moon
about the Earth, or of a planet about the Sun, is determined
when under the action of all the other bodies of the Solar

System. They have never vyet been \':nni}l;*i'c-l\-' il‘:i.ra_g'!‘;ltvd.

‘or this reason we must resort to ;a;:‘,n'-::\ii':‘..'t[ii:1!. To effect

function, must be de-

R, which is called the disturbing

veloped in a converging series. The difference of the methods
adopted in the Lunar and Planetary Theories depends upon

the different modes of expanding the function R. In the

Lunar Theory R is expanded in powers of the ratio of the

distances of the Sun and Moon, a very small fraction nearly
equal g3 but in the Planetary Theory R is expanded in
powers of the eccentricities and inclinations of the planetary
orbits, all of which are very small, with the vM"uptirm of those
of Juno and Pallas; the eccentricities of these being about -
and the inclination of the orbit of Pallas to the ecliptic being
about 85" : but the masses of these planets are very small.

324. We intend throughout our calculations in this and
r 1

C ect quantities which depend upon
the square and higher powers of the disturbing forces. In
consequence of this we may calculate separately the perturba-

tions caused by the Sun or a planet on the supposition that the




TRANSFORM", OF EQUATIONS TO POLAR CO-ORDINATES, 289

other heavenly bodies do not attract, and then add together
the separate perturbations: this follows from the Principle
explained in Art. 288,

Pror.  To obtain equations Jor calculating the radius
vector of the Moon ; and the inclination of the lunar orbit
to the ecliptic.

325. The equations of motion are h_v the last Article

n”,l' max

dR
dee P 4 fj.e.' g
1* d I
iy AL

e g
d*z uzx dR

0
dt* r dz

0

where u = mass of the Earth + mass of the Moon.

Let the plane of the ecliptic be the plane of zy: also let p
be the projection of 7 on the ecliptic: s the tangent of incli-
nation of p to the same plane: 8 the longitude, the axis of 2
passing through Aries: then

a2 i y:: S P:‘ ;4 Pﬂ = g2 ;
r=pcosf, y=psinh, x= ps.

Multiply the first equation by y, and the second by , and
subtract ;

d dy d.m\} in 0 dR p dR
== —y— | =plsinf - _ ¢ p—
AN T T
d do

gfi o [ T
T (e ria‘) P
’ d
if we put sin @ —R —cos @ E{—{?—-_-. T
da dy

Oo
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f!H
Multiply each side by:p* —

,d0 d ,40) :.ITdHV
P A de (777 g alatr T

10\*? . Sl
('u” (ch] =" +2[p 7d0o;

h* being a constant introduced by integration ;

a6 A 2. STd0 : [
Cde r.J" h;JP T U
~1'de
= hPu' + 20" | {‘ ......... 2)
!

Again, multiply the first and second equations (1) re-

0 iy
spectively by 2 %, 2 % and add,
C C

d¢  d “dt da dt dy

d da* dyf 2,,, ( d: (.!-_,,~ dr dR )r/;u dR
& r e r[z‘ (!f.) 1517 =

putting @ = p cosf, y=p sin @, o+ 9°=p’;

16* 2 ! d l 4
dp gf9}¥ wp dp H(ﬂuﬁ(lff(wsedg\
dt dy |

fiila de P dt 7 dt 1w
d dR 1R\
419 n Lu]r‘ 0 —— + sinf - : j 0.
dt dy
R e
Let ’u;f{-J- + cos— +sinf - ¢ = P;
r da dy

" d {d() s Hﬁ;idl'“}'“l)ﬁ-—zpﬁafp:@;
dt

e ARl di
dp db dp 1
. - # gp_L asfl=0, p=
rfﬂ{ e rlf\‘dr de P £ %
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d {[ du® 1 (JH"} P dw @ 2

. s -+ 7 = - = (.
dé |u' df w® di w de 2%
a* ,. ~Tde
Now i L Bt 420t | = hyi(2),
dt* i iget 7 ]

by this equation we can eliminate ¢, and we have

: ( . ~T'd8 9P du 2T
I T ] +2 Sk ;9 e .

do | \do” J
performing the differentiation
du [d*u N
2 — W+ 2
a0 g+ ) G )
2T (du’ \ 2P dw 2
, 4 ,,_--) i TR

w \d {-3‘:

B T du

d’ u et wu® df
e b U — —— () ... (3).
dg* i ~T'd@
) -
w

326. o obtain an equation for calculating the inclination
of the radius vector to the ecliptic, we have by the last of
equations (1),

d*z ux dR g
= — — = — § suppose,
dt* i dz 2
8 dx dz df iy e du\ dé
but « == Ul e in Zie g e g ] =
% di dé df wt \ df d@/) dt
{ ds d AT -T'd@
(26— —8s— ) N/ h*+2 [ —— by (2);
e da) : u’ :

d? 2 U7 S TS du A -']"rii-:‘} de
= | 2 |\ ‘/ -

G T dagN Tdatvigal ™ “J TwE | de
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={(\u d_ d u) /\/h ¢ 2" -T'd6

de” w?
(' ds d ?r) 44 }r/(—)
+ (2 -
10 H') Td
i i ?f \/,} 9 f ,J: f:}

'
=ty

4 ( &s d”u-‘) ‘ :{,-ﬁ‘? 4 r’!'r.lﬂ) . ( t(i;) :ﬁ;) T

Md_ﬂ"__sd—(:!”_ l-j u?

Ry i (r!’s § du)
"Wt \d8 u r!(—},)

(14

ds Vsl

L Rt =0;
dg: uw doF ) 1'do
Mg fmt
J 4
but by the last Article
Ps Ts du
s d*u W@ u de
— e
pd@ e e
42—
J w
adding these last equations we have
S —iPs, T ds
d’s W WP do : 1
Tl o ———— e ) e e e i I
de* A2 ’fpdﬂ ( )
hEC o
w

327. It is necessary that we estimate the comparative
magnitude of the various small quantities involved in our
calculations.

Let e, e’ be the eccentricities of the lunar and solar orbits ;
k the tangent of the mean inclination of the lunar orbit to the
ecliptic; m the ratio of the Sun’s mean motion to the Moon’s
mean motion, ¢ and ¢’ the mean distances of the Moon and Sun
from the Earth: the values of these quantities are nearly

1 Rt NESY FRLINA
=g € =g k=g M=gp,

60?2

these we shall reckon of the first order of small quantities.
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@ 1 i : n 4
But — = nearly is a quantity of the second order of
a 400 P E

magnitude, since it = ¢* nearly. The Sun’s disturbing force is

greatest when the Moon is between the Sun and Earth : in

7 l}]’

. . 1 b

which case it = St
(u - .'f)' a=

the action of the Earth on the Moon

the ratio which this bears to

’ ' : ]
J m m' ) m m' 2a’ :

=N T o TRl = = — —nearly = 2mt
(&' —a) & | a n oa’ ;

by Kepler’s third law. Hence the disturbing force is of the
second order.

We proceed to expand the values of T, P, §.

Pror. 7o expand the values of T, P, S neglecting
small quantities of the fourth order.

328. By Arts. 325, 326,

SRR ] dR
T =sin@ — cos B :
da dy
dR ST
P= i + cos@— + sin @ : .
m da dy
g dR
8 = i i , and by Arts. 323, 324,
dz g
m'(ex +yy + v m’
H = == (’ 7_:_/;/ s ) “7u | [ ey i 2 T !-T____.“"-_-_I-::( Ly
' 2 =Y+ (y—y)+ (x — &)L

m' = mass of Sun; a'y's’ co-ordinates of Sun: ' = dist. of Sun.
Let @ =p cos@, y = p sinf, ¥ =ps as before;
@' =1"cosl, y =+ sin@, ¥ =0,
since the plane of ay is the plane of the ecliptic.

’

’
m p m

R="Fcos(0-9)- . ;
i co ( ) :{‘Z Loz g f-—‘:!y]' COS (H k. (_});
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’ Pty ‘l : 9 1
H-r,'” cos (0 -0) - ”—!, -[l - —’i,j- cos (B —0) + (1 +5%) {-},-}
¢ y r i

R= l

y

' ’ 1
m m : ; A i
=—— 4+ — 114 §°—3cos’ (0 —0)% ";”
r ar e
y m’ :
m : ’ )
== — —— 11 —25 + 3cos 2 (6 — H‘):-fm_
r b re

L]

Also @ = tan™! 2 s p= vVat+yd s

; f — \/‘r-; " !/' .

dR dR d8 dR d P dR ds
= 1 % b o
da de da !."u de ds da

Hence

'

3m'p % ] 391 m oo i
- — " sin2(f—0)sind - [:I +3cos2 (0 —8)} cosB
gp's Q'S
m’ 3m’
0 3
=— —Lcosh —— ,O cos (8 —280") ;
91" 29"

dR dR df dR dp dR ds
dy T df dy ¥ dp dy ds dy

] ]
Smp . ; m p :
= — '[ sin2 (0 — 0" cos 6 - -—! 11+ 8cos2 (0 — &)} sinf
Iw ).‘ |_) .
mio . . S, v
=——"s8smnf 4+ — ,-!-_-:m‘.(HWEH);
298 298

(IR i r’[]l’ IITQ (f]g r[r) (J’Jf (t',\' mJ.\-P

r

dz  dO dz " -(.’{; dz ¢ ds dz 3

oA IR L e L R
Hence ']':smH( — —Co8 ka8t -m—,—_"—) sin2 (6 —0');

dax dy  2r®

L i A
& 1'{.-) i f’ner - + sin @ (]-Ii)
[

P
i da ly
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!
/] m'
M 'l_) w J“ 3

14
- - T U)\l'((-} {-})
1+ p s b J}
Q o% £ o r
¥ TR | o 1 m o oM p y
s (1= e =L =il anngige @y
p 2. e 12l
; !
J [T fh’f ,u_f'.m‘ m .\'f)
=5k S T e
Y 1 3 0 P8t Y
u 35N m ‘.s",;
= == (‘ = ] +
pt a |/ e

Pror. To integrate the differential equations, first
approwimation.

329. We here neglect all small quantities of an order
higher than the first, and therefore the disturbing force
(Art. 827) : hence by last Article

e ! ) d Mo 9
I'=0, P=—=pw’, 8=— =pusi,
P 4
and the differential equations (8) (4) of Arts. 325, 326 become
d*u i
— Ly ——=0;
d & h’
d°s
and 4§ = 0.
d@g*
The solutions of these equations are
AL < ; A
= " i14+ecos(B@—a)t=bi1l4+ecos(@—a)l, b= e’
T e

and s =k sin(0 —~): e, a, &, -y are constants.

The first of these proves that the orbit of the Moon is an
ellipse : and the second }nmu that the tangent of the latitude
bears a constant ratio to the sine of the longitude reckoned from
the node, and therefore the Moon moves in a constant p];m(—?.
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Pror. To shew that to integrate the differential equa-
tions to a second approximation we must introduce all terms
of the third order, in which the coefficient of 0 is either nearly
equal to unity, or is small.

330. By approximating to the values of the small quan-
tities we shall arrive at a differential equation in % of the form

d*u
a6 "

’ ’
%4+ a+acosnl+n)+ ...... =0,

the integral of which is of the form
U=—a+ Acos (8 + B) + Ccos (nf +n') + ...

A, B being arbitrary constants, and C'...constants to be deter-
mined by putting this value of # in the differential equation.
This gives
_— f!!
C(-n)=—=da; .. C= =
- 1 —n®
from which we learn that if » nearly =1, then €' will be large.
Wherefore when the coeflicient of the argument of a cosine or
sine is nearly unity we must retain coefficients of the third
order, since these terms rise into importance by the process of
integration.
Again, the function R and therefore the differential equa-
tion in « contains terms depending on 2’ : and the reciprocal of 7'

= 11+ ¢ cos @' - u’); =031 + € cos (m0 + f-' — {

the accented letters refer to the Sun: m = ratio of the Moon’s
period to the Sun’s period: (3 =longitude of the Sun when
the Moon is in Aries. Hence

1t dit 1 Tdo) %
: calculated from — {I + 2 / < }

do d0  hu' 2y
Art, 325, equation (2)) will contain a term Ccos(m0+3—a),
|

and therefore # contains a term

L sin(mf + 3 - o) :

m
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hence C' must be calculated to the #hird order. Wherefore
all terms in which the coefficient of § is small must be cal-
culated to the third order; as well as those in which the
coefficient of @ is nearly equal to unity.

Pror. To calculate sin2 (0 — 0) and cos? @ -0) to
the first order.

331. We need calculate these only to the first order

because they occur only in terms multiplied by quantities of
the second order.

dit 1 'l : /,_'[r{“) = | o] [
el L e - &) Fines L
af  h { J hud i 1 order

1

S il —2ecos (0 —a)}, b*h =n = Moon's mean motion :
)}
nt =0 —2esin (0 — a),

t = 0 when the Moon’s mean longitude = 0; also let the Sun’s
mean longitude then = 3:

n't+B=0 —2¢sin(@ —d'), n' = Sun’s mean motion.

r
7

Now i hence multiplying the first equation by m
and subtracting, we have
' —2¢'sin (0’ — ') = mB + B3; neg®. me, of second order ;
=mf + B + 2¢'sin (mh + B — o) ;
sin2 (6 — ') =sin {[(2-2m) 0 — 23]~ 4¢’ sin (mB + B —a)}
=sin{(2—2m)0 - 281 — 46 cos (2 —2m) 0 - 2B}sin(mf+B—a)
sin {(2 - 2m)0 —2B} —2¢'sin {(2—m)0 -3 -a'}
+2¢ sin {(2-3m)0—-3B+a'}
cos2 (0 — 0') = cos {(2 —2m) 0 — 23}
+ 4€'sin {(2 —2m) 0 -2 B} sin (m0 + B — o)
cos §(2 —2m) 0 — 23} + 2¢' cos $(2 —-3m)0 - 38 +a'}
—2¢'cos {(2-m) @8- B - a'l.

Pe

I
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T ”dH Waaditrt g
Pror. To caleulate ——, —— s a3 [0 the
h?u? h?u? h*u® d@
d order.
v ot
! sm :
332. By Art. 328, — =— —sin2(0 - @)
E hPu® a9t b’y
3m’b*?

S1+ecos(@—a)} " §1+ e'cos(0' — a')}*sin2(0-0")

=—2m* {1 —4ecos (0 —a) + 3¢ cos (mB + B — o)}
x §sin [(2 — 2m) 6 — 23] — 2€"sin [(2 —m) 0-08-d]
+2€sin[(2-3m)0 —33 + a'l}
-3 3 3‘,111[(1 2m)B—-23]—2esin[(1 —-2m)0—-20+ r:!%
; 1 . du ;
Again u=b31+ecos(0-a)f; -- 7 =—besin(f—a);
T du
h*w® do

Again f} = D {Q IQH;“’“L(D —2m) 0 —20]

= 3 bmPecos {(1 —2m) 0 —2f3 + af.

2e ;
-—— cos[(1~2m)0 - 23 + a}]-
1 —2m g l
= 3 m?cos §(2 —2m) 8 — 23} — 3m’e cos f(1-2m)0 -2 +a}
>
Pror. To calculate o to the third order.
" u®

333. By Art, 328.

y ] ;

1"_=h(1— s)

h*a®

First. b(1-2s)=b{1 -3k + 3K cos2 (0 — )}

1+ 3cos2(0-6)}.

24 ﬁ‘ i

Secondly.
r ’ 3
m m b :
= - =) K Al 4'"_ VL
YT ity S1+ecos(@—a)}?{1+€'cos(0 —a)}

=—Lbm*{1 - 8ecos(0 — a) + 3¢ cos (mb + B-a)t;
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both terms must be retained, since in the first the coefficient
of @=1, and in the second it is small.
; Sm
Thirdly. ——

——cos2(0 - @) =
2wk 7 HE)

~3bm* {1 —3ecos(0 —a) + 3¢ cos(mf + 3 - a')}
x §cos[(2 —2m) 0 — 23] + 'Jr”{-u:»'[(;’ ~3m)0 —-308 + 4]
- 2¢'cos[(2 -m) 0 - B -a']}.

Multiplying these together by the formula 2cosacosb =
cos (@ —b) +cos(a +b), neglecting quantities of the third order,
except those in which the coefficient of 6 is small or nearly

: ) ; e
unity, we have this third part of — =

2

h2u?
= 3 bm® {cos [(2 — 2m) 0 — 3[3] - 3 ecos[(1 —2m)d —-20+al;.
}'.J
Hence the value of —— is
hPu®

byl -3k + 3K cos2(0— )} — & bm* {1 — 3ecos (8—a)

+ 3¢e'cos (m0 + 3 —a') + 8cos[(2 = 2m)0 — 28]
—gecos[(1 —2m)0 —20 + a]}.

Pror. To form the differential equation for u.

334. By Art. 325, equation (3),

P T du

d*u W W do
— o Y — ——————. = (),
d6* " f’f'rf-ﬁ
1"+ 2
i w’

By expanding the reciprocal of the denominator of the
fractional part and neglecting the square of the disturbing
force which is of the fourth order, and neglecting all *other
quantities of the fourth order, and observing that P contains
a term pw’, or by Art. 329 bh*»*, which is not small, we have
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d*u P T duw 2b TdO
b U— et o =+ [
de’ 2 R b dO R 2’

By the last two Articles, we have

d*u

d e
—3bk* cos 2 (0 — y) + 3 bm® cos 5((3 —2m) 0 — 2,[3 !

w—b(1—-3k=1m?) —32bmecos(Q—a
0 g i 7 2

—Fbm*e cos §(1-2m) 0-28 +a} + L bm*e cos (mf +B-d')=0.

Now this equation cannot be integrated, as it stands, ac-
cording to the method mentioned in Art. 330; because the
term § bm*e cos (f — «) would introduce an infinite coefficient
into the expression of w since the coefficient of 8 = unity. But
this may be remedied by putting for be cos (8 —a) in the
term £ bm*e cos (B — a), which is of the third order, its first
approximate value % — b : then the equation becomes

d*u

0 + (1 —32m*) (v —0)+1b(BK +2m*) — 2 bk*cos 2(0—+)
do* i

+ 3bm? cos 3 (2-2m) 6 72)85- - %[nn”(’ cosj(1—2m)H—23+ a}
+ 3 bm*e cos(mb + 3 —d') = 0.

Let 1 — 2m?= ¢*; then if we neglect all coefficients of the
second order, we have

d*u

4+ (w—b)=0, ... u=bl14+ecos(cl—a iy
10 ( ) 2 ( )§

Now although ¢ differs from unity only by a quantity of the
second order, yet cos(¢c6 —a) will differ very sensibly from
cos (0 — ) after several revolutions of the Moon. Wherefore
the peculiarity of the differential equation in % (mentioned in
the last page) when we proceed to a second approximation
teaches us, that the value of =% in Art. 820 will cease to be
a first approximate value after several revolutions of the Moon ;
the true first approximate value being b1 + e cos (c6 — a)?.
We must therefore carefully retrace our steps, and replace
by ¢ in every place where @ is introduced in consequence of
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its depending immediately on the first approximate value of 7.
This may very easily be accomplished by putting a+ (1 —¢) 0
instead of « in every place where it occurs: for a enters the
equations solely in consequence of its dependence on 8 and # by
the equation 2 = 641 + cos (8 — a)!.

The same will be the case with the value of s, as we shall
shew in the next Proposition. We shall write down the
corrected equations of w and s in Art. 336.

Proe. To form the differential equation for s.
335. By Art. 326, t>(|u:ltinn (4),

S — Ps T ds

d*s T T
= +8 4 —— = ().
(fg A | ({H
2 f -
A
N 8§ - Ps 3m's ¢ @ — 8!
Now — = . 31 +cos 2 (¥ — :
i 2t f2r'® ! )§

¢ ’3
— SN (0 — ) 41 +cos[2(1 —m) @ - 23]}

zm'k {sin (0 — ) — §sin[(1 —2m) 0 — 283 + ]},

Il

retaining those terms of the third order which have the multi-
plier of @ nearly = 1.

K ds ; ©
A = = i COS —_—) 2
gain a0 ¢ COS )

T ds am'k . ,
7 COB (@ - v)sin2 (0 - 0"

kv d8 2uthir

=—3m’kcos (6 — ~)sin 32(1 —m) 0 — 23}
=—4m'ksin (1 —2m)0 —203 + v}.

Then the equation in s becomes

&’s

by + s+ §m’kisin (@ —y) —sin[(1 —2m) @ — 23 + vlf =0
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This (as in the case of the equation in %) cannot be inte-
grated by the method explained in Art. 330, because the term
Em*k sin (6 — ry) would introduce an infinite coeflicient into the
value of s. But by putting for /& sin (6 — «) its first approxi-
mate value s in the term 3 m*#%sin (6 — ), which is of the
third order, this difficulty is overcome; the differential equation
then becomes

d*s LS Fn Y |
T + (1 +3m)s—-imPksin$(1 —2m)0 -2+~ =0.
ae i i
Let 1 + %m® = g*; then if we neglect the coeflicient of the
second order, we have

- +g%°8=0; .. s=ksin(g0 - ).

Hence (as in the last Article) although g differs from
unity only by a quantity of the second order, yet sin (g6 — ~)
will differ sensibly from sin (8 — ) after several revolutions
of the Moon. Therefore /& sin (8 — ~) ceases to be a first ap-
proximation of s after several revolutions of the Moon: and
we must retrace our steps and put g@ for 6 in every place
where 0 enters in consequence of its immediately depending
on s. This may be done by putting ~ + (1 —g) @ for « in
every place where ~ occurs.

Pror. To integrate the differential equations wm u
and s.

336. After replacing by ¢f and g6 in all such places
as 0 enters the equations in consequence of its immediate
dependence on % and s respectively, the equations of Arts.
334, 335, become
&’ u i . ) i 3l
—— 1+ " (u—b) +1b (3K +2m*) — 3 bk*cos2 (g0 — )

d& §
+ 8bm*cos §(2 —2m) 0 — 2B} - S bm*ecos {(2-2m —c) 0 -2 3+al

+ 2 bm'e cos(mb + B —a') =0;
d's

ot gls —dmihksin{(2-2m-g)0-2B +yt =0
(A g

and
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To integrate the first assume #» =
14 +ecos(ch—a)+ Beos2(g0—ry)+ Ccos[(2—-2m)0 -23]
+Dcos[(2—-2m—c)0-2B+a]+Ecos(mb+3—-a)},

4, B, C, D, E being indeterminate coefficients: to find these
substitute this value of % in the differential eqlmtlon, and C(lll.ltt
the coefficients to zero: then, remembering that ¢* =1 — j

and g*=1+4m" and neglecting small quantities uf orders
higher than the second, we have

cAd=c-3—ftm*, .. A=1-3F—-1tm’
(¢*—4g°) B =2k, . B=~1k
}r"‘—(iﬁ—ij-m)ﬂ(f = — 3m?, o C=mF
$et~(2—-2m —¢)*} D =Y mie, - D=Yme
(*—m)E=-3m’e, o E=—3mte.

Hence u=b4{1-$k'—im’+e cos(cl —a) — Lk"cos2(g0 —)
+mtcos[(2 —2m)0—23] +Fmecos[(2—2m—c)0 -2+
—ime’cos(ml+B—a)t.
337. Again, to integrate the equation in s assume
s=ksin(gh—~)+ Fsin{(2-2m-g)0-2B+¢,

I'" being an indeterminate coefficient. Substitute this in the
differential equation, and we have

-2 -2m—-g)*t F=34m?k, . F=3mk;
=ksin (g0 —~) + imksin §(2—-2m —g)0 —28 + !
We shall now make use of these values of % and s to calculate

the distance and longitude of the Moon.

Pror. T find the distance of the Moon from the Farth.

338. Let » be this distance; .. r=p \/l: g

1 ol p
— =% (1 — 4 s*), neglecting quantities of the fourth order,
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=wu il — L& + LK cos2(gl —y);, (Art. 337.)
=b {1 -k —1m’+ecos (cO—a) +m’cos[(2 —2m)6 — 23]
+ymecos [(2—-2m —¢)0 -2+ a]
— 3m®¢ cos (mB + B —a)}. (Art. 336.)
=b {1 +ecos (cO —a) +m* cos [(2 —2m) 6 - 2f3]
+X¥mecos[(2—-2m—¢c) 0 —203+ a] — 3 mPe cos (mB+B—a’) } 3
where b=15 (1 —k* — } m").

Pror. 7o find the longitude of the Moon in terms of
the time.

339. By Art. 325. equation (2) we have

dt 1 Wik I I'rlH] 1 {i -T'd@
do hwr | ' J R i ha? ﬁ»/ hd)

s

Then substituting for /}, . and w by Arts. 332, 336, and
o (A

retaining those terms of the third order in which the coefficient

of 0 is small (Art. 330),

dt 1
de  hb’

+2e*cos2(cl — a) + LK cos 2 (g0 — )
— 'T"— m* cos [(E —2m) 0 - QB] - 11—' me cos f(i —9m — ¢) 9—‘36+a]

2

{I + 2+ m®+ 36 —2ecos (cf —a)

o

+ 3m*e cos (mB + B —a)t.

Then putting 2b° (1 — & k* — m* — % ¢*) = m, multiplying by =
and integrating,

nt=0-2¢ sin (cB—a)+3 € sin 2 (c6—a) +1 k* sin 2 (g8—+y)
—Sm?sin §(2 —2m)0—28} —Lmesin {(2 —2m—c) 60— 23+a}
+ 3me sin (mB + 3 — o).

To obtain @ in terms of ¢ we pmcemi as follows. Transpose
all the terms but 6 to one side of the equation. If all small
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quantities are neglected @ = 2#; then for a first approximation
we neglect small quantities of the second order, and put 8 = n¢
in the small terms;

0 = nt + 2esin (ent — a).

For a second approvimation we put this value of  in small
terms and neglect small quantities of the third order ;

< @=nt+2e sin (cnt—a) +2 ¢* sin 2 (ent —a)— kK sin2(gnt—ry)

+ X m?sin §(2—2m) nt—2 0% + ¥ me sin §(2—2m —c)nt—-20B+al

— 3me' sin (mnt + 3 - ).

340. These expressions for the radius vector and the lon-
gitude of the Moon shew, that her distance from the Earth
preserves nearly a constant value, fluctuating between very
small limits: and that her longitude varies nearly as the time
of motion, departing from this law only by small quantities.

It will be an interesting enquiry to examine these formuls
for the radius vector and the longitude, and see whether they
will enable us to explain the various inequalities that observa-
tions have pointed out in the motion of the Moon. The prin-
ciple of the superposition of small motions (Art. 288.) allows us
to examine the cause of each small term upon the supposition
that all the other small terms do not exist.

Pror. 7T interpret the physical meaning of the various
terms in the analytical ewpressions for the radius vector and
the longitude of the Moon.

341. The first variable term of the reciprocal of the
radius vector, or be cos (¢ — «), may be thus interpreted.

If ¢ =1 this term would be the ordinary variation from
circular motion when a body moves in an ellipse: but ¢ does
not=1. ILet ¥ bhe the focus and a £ A" the axis major (fig. 83.)

. : ‘ ol L . G
of the ellipse of which the equation is - = b {1+ecos (9 = —); :

7 e
a ., . Y gt (T . .
then 0 — — is measured from the line £4': 4'is a point in the
=

Qa
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Moon’s orbit ; let A'M be her orbit; and let 2 A'EM =8 - :

f &
o

also let 2 /EM =¢ + AAEM, and let EM' cut the ellipse
above mentioned in M’ : then

g =P {1recose 2 AEMY =b {1+ecos 4EM'Y = s
.. EM=EM'

’

Draw EA equal to E 4" making an angle equal to £ MEM
with £4': then through the variable points 4 and M an ellipse
can always be drawn having its focus in K and equal in dimen
sions to the ellipse on @ 4". Hence this inequality shews, that,
if we neglect all the other terms, the Moon’s motion may be
1‘up1'csmubti by supposing that it moves in an ellipse, the perigee
of which revolves about the Earth with an angular velocity =

d@ 3sm® do e A .
— = — — nearly.  Principia, Lib. 1. Prop. 66.
di 4 dt ¥

(1-2¢)

Cor. 7.
The two terms of the longitude
2e sin (ent —a) + 2 e°sin 2 (ent — a)
correspond to the above term in the reciprocal of the radius
vector; as may be seen by comparing the form of the terms
with those in the expansion of § — @ in Art. 277.
The second term in the reciprocal of the radius vector is
bm*® cos §(2 —2m) 0 — 23}.
Now (1—-m)08-B=0-(m8+[B)=long". of Moon—long®. of Sun
= angular distance of Moon from the Sun.
Hence this inequality has its greatest positive value when the
Moon is in syzygies, and its greatest negative value when the
Moon is in quadratures. This agrees with the Principia,
Prop. 66. Cor. 5. and also with Art. 303.
TR ) ! y b /i
The term 3m?®sin {(2 —2m)nt— 2B} in the longitude
corresponds to the above term: and is the inequality called the
Variation discovered by Tycho Brahe (Art. 291, 305).
The third term in the reciprocal of the radius vector is

!T?IH'H(‘ cos ),(Q —2m — ) 8 — 3'8 3 (1{.



MEANING OF THE TERMS IN THE RAD, VECTOR AND LONG. 307

Since 2 —2m — ¢ nearly equals unity it will be seen that this
term is nearly analogous to the first term, though of much less
importance because of the smallness of its coefficient. We shall
take it in conjunction with that term (see Airy’s Tracts, Lunar
T'heory), neglecting the motion of the perigee and other small

.|n:u1titf(-.~‘.

1 _ )
Then —=b 1 +ecos (0 —a) + ¥ mecos (0 — 28 + a) i,
=

neglecting the other terms
-b 31 + e cos (0 — «) + gmecos [0 —a+2(a-pB)]!
=ile 11 + |f + ‘ me cos 2 (a — j'})] cos (6 — a)
- P mesin 2 (a — 3) sin (0 - a)y

bil+ell +3mcos2(a-[3) | cos [@—a + ¥msin2 (a — )45

{

as will easily be seen upon expanding this latter expression and
neglecting small quantities of the third order.

Hence the effect of this third term in the reciprocal of the
Moon’s distance is to increase the eccentricity of the elliptic
orbit by ¥mecos2 (a — 3); and to diminish the longitude of
the perigee by Y m sin 2 (a — [3).

If we suppose the Sun to be stationary during one revo-
lution of the Moon, 3 = longitude of the Sun: therefore

eccentricity =e{1+ymcos2 (long. perigee—long. Sun) !
long. perigee (corrected)=a — 3 m sin 2 (long. perigee—long. Sun).

The term Pmesin {(2 —2m — ¢)nt - 2B+ al in the
longitude exactly corresponds with the term above. It is
called the Evection, and was discovered by Ptolemy (Art. 290).
When the perigee is in syzygies, then a — 8 = 0 or =, and the
eccentricity is increased by ¥me: and when the perigee is in
quadratures the eccentricity is diminished by that quantity

Principia, Lib. 1. Prop. 66. Cor. 9. and Art. 314.

The last term in the reciprocal of the radius vector is

sbhm e cos (mb + B —a).
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This is of the third order: but the corresponding term in the
longitude, wiz. — 3me’ sin (mnt+ (3 —a'), is of the second
order. This inequality in the longitude depends upon the
Sun’s mean anomaly : when the Sun is in perigee and apogee
then (mnt + 3) —« = 0 and o, and this term vanishes: when
the Sun is moving from perigee to apogee the term 1is ncgutivcs
and positive as the Sun moves from apogee to perigee : hence
the Moon is behind or before her mean place (in consequence of
this inequality) according as the Sun is moving from perigee
to apogee or from apogee to perigee. This is the Annual
Equation : (Art. 292, 300). Also see Principia, Lib. 1. Prop.
66. Cor. 6. and Lib. 111. Seholium to Lunar T'heory.

There is another term — -1 %°sin (2gni — 2+) in the lon-
gitude. 'This depends upon the Moon’s distance from the

mean place of her node, and nearly equals the difference be-
tween her longitudes measured on the ecliptic and her orbit:
hence it is called the Reduwction.

Pror. To explain the physical meaning of the terms in
the analytical ewpression for the inclination of the Moon’s
orbit to the ecliptic.

342. The first term is k& sin (g6 — ).

Let N be the ascending node when 6 — Y _o, fig. 93. Take
L NEM =0-X: and 2 M'En=g.¢ M'EN: also let
P

M be the Moon, tan MEM' =s: then = is the node, moving
backwards. For in the right-angled triangle MM'n, we have

sin M'n = tan MM’ cot MnM', tan MnM' = tan AB =k;

|

s=tan MM’ = ksing £ M'EN = ksin (g6 — )-

Hence the meaning of this term is that the node regresses with
1 e e de 3m® do
R O DO o e el
an angular velocity = (g 1 T TR
The second term &mlksin §(2 —2m —g)0 — 283 + ¢ is

best considered in conuexion with the first, as we did the

Evection: (Airy’s Tracts).
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Neglecting the motion of the Node
s=Fk {sin (8—~)+2 m sin (0 y+2y-2[3)}
=k {1+3mcos2 (y—fB3)} sin (B—~)+2mksin2 (y—P) cos (6-1)
=k 31+§m cos 2 (y—3)} sin 10—y +Emsin2 (v-0B)}.

Hence the effect of the second term in s is to increase the tan-
gent of inclination of the lunar orbit by 2m#k cos 2 (y—[3) or
dmk cos 2 (long. node — long. Sun), and to diminish the lon-
gitude of the node, calculated on the supposition of its uni-
formly regressing, by the angle msin2(y —3) or 2msin2
(long. node — long. Sun). Principia, Lib. 111. Props. $3.
and 385.

The inclination of the orbit is greatest when the node is
in syzygies, and least when in quadratures: see Art. 321,
and Principia, Lib. 1. Prop. 66. Cor. 10.

343. The angle described by the perigee during a revo-
lution of the Moon, as calculated in Art. 341, equals 2m? 24
=Em’r = 1° 307 nearly : but its true value as proved by
observation is about twice this. This apparent discrepancy
between theory and observation shook Clairaut’s belief in
Newton’s law of gravitation, and induced him to propose a
new and more complicated law ; pamphlets were already printed
and about to be circulated by Clairaut, when he discovered
that by extending the approximation the value of ¢ is

gt = m’,
the third term of which, owing to the largeness of the coeffi-
cient, nearly equals the second term: and therefore reconciles
the apparent difference.

344. The value of gis 1 + 3 m® — Zm®, and therefore the
ratio of the motion of the perigee to that of the node

=(@m*+Fm’) = G w’ —gm’)= (1 +Fm)(1 + 3 m) =2 nearly.
This ratio is much larger than for one of Jupiter’s satellites,
because for that system m is very small indeed. Principia,
Lib. 111. Prop. 23.




310 DYNAMICS., LUNAR THEORY.

345. Ifm, be the ratio of the mean motion of Jupiter
to that of one of his satellites; then the progression of the
perijove and regression of the node during a revolution of
the satellite ecach = 3 wm,>. Hence the regression of the node
of this satellite during a given time equals the regression of the
Moon’s node x (m,* = per. time of satellite) = (m® < per. time
of Moon)

(mu.!n motion of Jupitery ? ( mean motion of Moon
X

SR -— | regress". of Moon’s node.
nean motion of N.‘L[L‘Hl[c) L)

mean motion of Karth )
The same formula is true for the satellites of Saturn.

The progression of the perijove = §7m;*, and that of the
Moon nearly = 87m® (Art. 343) : hence the progression of the

puriiovv during a given time

mean motion of satellite

soresst. of Moon's perigee.

, (mean motion of .Jup"u)--‘ mean motion of Moon )
T re
motion of Earth , ( )

meai
The same is true for the satellites of Saturn.

If the series for ¢ were more converging (Art. 343), then
the 1 which multiplies this expression would be 1. Principia,
Lib. 111. Prop. 23. Newton omits the } and says diminui
tamen debet motus augis sic inventus In ratione 9 ad 5 vel 2
ad 1 circiter, ob causam hic exponere non va at.”  So it seems
that Newton had some way of accounting for this apparent
anomaly.

The reader that wishes to enter more deeply into the
caleulation of the lunar inequalities must consult a memoir by
Baron Damoiseau in the Mémoires présentés par divers savans
a U Académie Royale des Sciences; Tom. 1: the Lunar
T'heory of Messrs. Plana and Carlini ; and that of Mr Lubbock.
In these works the approximation is carried so far as to enable
us to deduce all the inequalities from theory alone.

846. In this Chapter we have given the inequalities of

the first and second order:  those of the third.order are fifteen
in number, these and some of the inequalities of the fourth and
higher orders will be found in the Mée. Cél. Liv, vii. We
shall mention some of the more interesting results.

Among the periodical inequalities of the Moon’s motion
in longitude, that which depends on the simple angular distance

of the Sun and Moon is important on account of the great

ht it throws upon the Sun’s parallax. The parallax is found
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to be 8.56 seconds, being the same as several astronomers have
found from the last transit but one of Venus over the Sun:
Méc. Cél. Liv. virr. § 24.

An i]'u-quniit‘\'. which is not less important, is that which
depends upon the longitude of the Moon's node: as it did not
appear to depend on the theory of gravity, it was neglected
lay most astronomers; till a more thorough examination led
Laplace to discover that its cause is the

Earth: it gives an oblateness = ;1—: Mée. Cél. Liv. vir. § 24.

There is also an inequality in the Moon’s latitude, which
Laplace discovered by theory: he shewed that it arises from
the oblateness of the Earth’s ficure: it gives the oblateness
=zt Mée. Cél. Liv. vir. § 25

oblateness of the

These two inequalities prove that the Moon’s gravity to
the Earth arises from the attraction of all the particles of the
Earth, and not of the centre alone. (Art. 260.)

By examining the records of ancient eclipses of the Moon
it was found that the Moon’s mean motion was continually
accelerated. The cause of this was long sought for in vain ;
till Laplace discovered by theory that it depends upon the
variation (the secular variation, see Art. 377.) of the eccentricity
of the Earth’s orbit. All the observations which have been
made during the last century and a half, have put beyond
a doubt this result of analysis. When the acceleration of the
Moon’s mean motion was known, but not accounted for, con-
Jectures were started as to its depending on the resistance of
a medium, or the transmission of gravity ; but analysis shews
that neither of these causes produces any sensible alteration.
Méc. Cé. Liv. vir. § 23.

Pror. To prove that the centre of gravity of the Farth
and Moon very nearly describes an ellipse about the Sun.

347. Let &'y ¥ be the co-or. of the Earth from the Sun,

Y R e s Moon from the Sun,
B s B Moon from the Earth,
TR AP SR centre of grav. of Earth

and Moon from the Sun
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m!, E, M the masses of the Sun, Earth, and Moon.
o', the distances of the Earth and Moon from the Sun.
r the distance of the Moon from the Earth.
Then a, —2'=0, H—Y'=9y =& —-%==
The ratio of E to m' equals 1 : 354936 and may therefore
be neglected.

The equations of motion of the Earth about the Sun, the
Moon being the disturbing body, are

dad ma dR

oo , =10
PT T da
dy' mly dR
,,-/_,-T__;an—,:n‘ ............... GEJE
df T dy
d’y m's’ dR
- = ()

de " 3 T ds

, M(@2+ vy, +

T s e Y
\/(‘I" ‘-'.“,)‘j +i{th = ,’f‘r)"'.-i; (= —T?_'!):: \

The equations of motion of the Moon about the Earth, the
Sun being the disturbing body, are

%‘1.{:-‘4. .”‘..'j 4‘ >

/

dz2 (E+ M)z dR
—_— — — 4 =0
dt 7 da
dy (E+ M)y dR
TR T )'f+—r:{) ......... (2);
dt® 73 dy
'z, (E+rM)=z dR
— 4 = - L — =0
d 9% dx ‘
B=
since —a’, — 1/, =z are the co-ordinates of the Sun from the

Earth.
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- Ex+ Ma, A Mz Ex
Now z = —— & s =& + ———, also =@ — — - -

TEM E+ M E+ M
d’r &a M da

" —— =—— + ——— — by equations (1) (2),
aF~ af T LM ar Y saations (1) \5)

m'z2 Mx dR' M dR

T T S T dr E+M dw
m'y Maxa Ma, . M (2, —a") M [(ma ar.r'(.r-'--|-‘45}‘t

W AN E+M AN

E m'a’ /4 m'a, oo Ma
—— — ——— ——, neglecting ——,
"E+M B E+M ¢? e

substituting for #" and &, in terms of # and z,

m E R Ma ) m M (, Ex
N ry e oy P B+ M\ 11_11)
S { - Me il My\* (- Mz )E|-g
o RT ( R8Iy e s o Ml et e

, : J
I SM  zz+yy+zz
sl ET g T el
i Ea it FEy » = Ezx '\
s Yal & il
Also S {(r - T, (9/ i-ﬂf) \# ],+‘W) }
BRI Dl
SU T E+ M re fiit
u’._”.-r m'a

dt’ pS
SE Mm' zx +yy+22 |- My — l")-'r
“(E+ MY s CT LMY B Ml

m @ SEMm 2z + u/a,' +
— e | —_— e e e e ,.}

"(E+ M)y

R r
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m' Ghtah @
= — —— + terms multiplied by the products and powers of —,
r" T

1 ey i
i and = higher than the first.

y 7
g i 1
Now = = — nearly, and @, y, x cannot be greater than :
r 400 ;
hence if we neglect small quantities of the fourth order, we
have
dx wmz
e s D
dt* .
dy )
and similarly —‘{ Wi A
S r?
dz
gt

These equations shew that the path of the centre of gravity is
a conic section in one plane the Sun being in the focus, (Arts.
241, 246, 252) ; it evidently must be an ellipse.

348. Mr Airy, Astronomer Royal, has proposed a method
for determining the mass of the Moon, which depends upon
this Proposition. Since the centre of gravity of the Earth
and Moon describes an ellipse about the Sun, it follows that
the Earth does not describe an ellipse about the Sun: this
deviation from elliptic motion depends upon the mass of the
Moon, and can easily be calculated by theory: and thence can
be determined the error in the Sun’s right ascension and de-
clination on the supposition of the orbit of the Earth being an
ellipse. Now when Venus is near inferior conjunction she is
only a third of the distance of the Earth from the Sun, and
consequently the errors in her right ascension and declination
will be much greater than in the Sun’s. Some observations for
this end will be found in the Memoirs of the Royal Astrono-
mical Society, Vol. V. p. 225.



CHAPTER VI.

PLANETARY THEORY

349. WE have already stated that the perturbations of
the Moon are far larger than those of the planets, because the
Sun, the mass of which is enormous and distance not propor-
tionably great, is one of the disturbing bodies.

The perturbations of the planets, on the other hand, are
very minute; and are not detected in short periods of time.
These might, however, be calculated in the manner pursued
in calculating the longitude, latitude, and radius vector of the
Moon : but since the approximation is made by means of series
which proceed by powers of the ratio of the distances of the
disturbed and disturbing bodies from the central one, and since
this fraction is much smaller in the Lunar Theory than in the
Planetary Theory, it is necessary to retain many more terms
in the calculation of the perturbations of the planets than in
that of the perturbations of the Moon; and consequently the
process is much slower in the former than in the latter calcula-
tion. For this reason R is expanded in powers of the eccen-
tricities and inclinations of the orbits of the planets instead of
the ratio of the distances of the disturbed and disturbing
bodies : and the calculation then conducted as in the last
Chapter.

350. But we shall make use of an entirely different mode
of calculation. It is to Lagrange that we are indebted for
the method we are about to lay before our readers of calculating
the Planetary Perturbations.

If at any instant the disturbing forces were to cease acting,
the planet would move in an exact ellipse; and this ellipse
and the actual orbit of the planet would manifestly have a
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common tangent, and the actual velocity of the planet and
that calculated for the motion in this ellipse according to the
elliptic theory would be the same. Tor this reason this ellipse

is called the ellipse of curvature to the orbit at that instant:
it is also denominated the instantaneous ellipse of the planet.*®

% That this ellipse is an ellipse of curvature to the actual orbit, and that the
contact is of the first order only may also be thus shewn.

The most general equations to an ellipse in space are the equations to a plane
order. These contain fwelve arbitrary constants.

and to a surface of the sec

Now these constants are in our case, connected by the following relations.

1. The plane of the ellipse must pass through the Sun’s centre. This gives
one relation connecting the constants,

2. The focus of the ellipse must lie in the Sun’s centre. This gives three
more relations.

3. The co-ordinates of the j)l;m;'t at the instant under consideration must satisfy
the equations of the ellipse.
This gi

{, The velocities of the planet in the two orbits must be the same and their

es fwo more relations.

directions also at the instant under consideration : or, which comes to the same thing,

the three velocities parallel to the axes of co-ordinates must be the same.
This gives three more relations.

5. The velocity in the ellipse must be equal to that which results from the

theory of elliptic motion, viz: 2u

This give: 4 sl valattor
118 gives one more relation.

These five considerations give ¢em relations among the constants of the equations

to the ellipse. Hence these equations in our case involve only two arbitrary constants.

Now let Tk be the co-ordinates to the common pnint of the orbits: ¥+ da

y+6y, x+ 2 the co-ordinates of a point near th he path of the planet: and
r+6 &

responding to the above : also let ¢ become ¢ 4 7 :

instantaneous orbit cor-

Y+0y, #4482 the co-ordinates of a point in the

| i
then oa ’—” T 4
da’ a2y T

a5 0

('u"-", dea

= by condition (4).
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From what precedes it is evident that the motion of the
planet may be represented by supposing it to move in an
ellipse of which the elements are continually and slowly
changing. If we know the elements of the instantaneous
ellipse at any proposed instant, we have nothing to do but to
calculate the position of the planet in this ellipse by the
ordinary formule in Chap. IIIL.

351. Since the perturbations of the planetary motions
ire very small, it follows from the Principle of the super-
position of small motions, that the perturbations will be the
sum of the perturbations produced by the several disturbing
bodies considered separately: (Art. 288). We shall therefore
in the following calculations consider only one disturbing body.

Pror. To eaplain the process of integrating the equa-
lions of motion of the distwrbed planet.

equations of motion of a disturbed planet are

m/ (za + m

where R =

TV @-0)+ (y—y V(=)

s = mass of Sun + mass of disturbed planet
m’ = mass of the disturbing planet.

In order to make

the ellipse have a contact nearer than t of the first order

st make the first term of this expression =0:

only #wo disy

seavle constants.

Hence the ellipse described in the text is an ellipse of contact to the real orbit

the contact being of the
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We shall first integrate these equations of motion omitting
the disturbing forces: by this process we shall obtain six inte-
grals of the first order, containing six arbitrary constants.
These six constants must be determined in terms of the six
elements of the planet’s orbit (Art. 270.); the inclination, the
longitude of the node, the mean distance, the eccentricity, the
longitude of the perihelion, and the epoch. By eliminating

e bdip Nidgylidiei (hefel
the three quantities —, —, — from these six integrals we
dt dt" di 5
have the three final integrals of the equations of motion.

We shall then proceed to the integration of the equations
of motion taking into consideration the disturbing forces.

The six integrals of the first order obtained on tbe sup-
position that there were no disturbing forces, contain the six

: ¥ doe dy dz
arbitrary constants and also the quantities @, y, &, ——, —75 —=-
3 dt  dtf di
Now since the actual orbit and the instantaneous orbit touch
each other in the point (2y=), and since the velocities in these
two orbits at that point are the same (Art. 350), it follows

de dy dz i :
that @, y, ¥, —, —, —— are the same in the actual orbit

dt dt o di
and.in the instantaneous orbit. Consequently we shall con-
sider these six integrals to be still the integrals of the equations
of motion when the disturbing forces are not neglected ; with
this difference, that now we must consider the six constants as
variable quantities. To determine their values we must dif-
ferentiate the six integrals with respect to ¢ and eliminate
Fr dy  d'z
de’ de’ de
equations will be obtained for calculating the six variable

the equations of motion. In this way six

o~
<

quantities.

We shall then use the equations which connect the elements
of the instantaneous orbit with these six quantities (which are
the six arbitrary constants when the disturbing forces are neg-
lected), and in this manner obtain equations for calculating
the variations which the elements of the instantaneous orbit
undergo: so that if at any epoch these clements are known,
they may be calculated for any other epoch. Then these
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elements being put in the series of Arts. 278, 280, we know
the position of the planet at any given time.

We proceed now to the investigation of the several Pro-
positions necessary for these results.

Pror. To integrate the equations of motion of an
undisturbed planet.

353. These {*(lll;ll.iﬂnn are

d*w M 5

- } — =)

di " ,

&y u

AR ’J:raf: O LTI {1},
dt* i

d’z uz ‘

— 4 — =

et P :

where u = M + m = mass of Sun + mass of planet.
Multiply the first by y and the second by « and take their
difference ; then

d*y d*x
e — =0
df dt
dy da /
v ==y — = const. =
7 Y T con f
. da dz ;
in like manner ¢ — — @ — = AR T S )
- : dt dit g (2)
dz dy
) — — % — =N
dt df

These are three of the first integrals and they contain the three
arbitrary constants &, h,, k..

. - : 3 : da dy
Again, multiply the equations of motion by 2——, 2 —,
o dt dt
2 — respectively, add them, and integrate: then

di
dy* d3* 2u

o = = == = CONEE e R ()
dt df r ( )
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This is a fourth integral of the first order and contains the
zu'bitrzn'y constant e.

Again, multiply the first and second of the equations of
motion by the second and third of (2) respectively : then by

subtraction we have

dx d*y ] wd da dx\ wy ds dy
e gt Al e S ) o = ('U-’* —:'*"')
g dt* r® \ dt dt = St di
13 % 3 3
B T R N
dt N dE tdt dt )

dt
ba "*%”" % 9 M:'+_fl1 syl (1)
j%“§:%¥ﬁ

Thus we have three more integrals of the first order, containing
the arbitrary constants f, f1, fo-

It would appear, then, that we have seven, and not only
six, integrals of the first order: but we can shew that any one
of these seven is a consequence of the other six: and the con-
stants A, kg, by fo fis fo are connected by an equation.

For by the last of equations (2) and (4) we have

dy da da d ) wa
= ]( o —— — 1 -—-) hy | — — by — - —h,
.' \]1 - A 273 + fy (1 7 ft,[“) = /

=—hf—Mhf— "i(.ufr,‘, + yhy + zh) by equations (4)
= )

= — hf — hyf, by equations (2)
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) }’.f+ }'].fll + /"::f,« =i sek e ('))

or the arbitrary constants have a necessary relation, and therefore
the seven integrals found above are not independent integrals.
And moreover, since the seven integrals contained in (2)
(3) (4) do not involve the time ¢ explicitly it would appear that
by eliminating fﬁi,_ d—“ L we should obtain three final in-
dt’ de’> df
tegrals functions of #y~ without #: but this evidently cannot
be the case. It follows, then, that the seven mtoomls must
be equivalent to only five m(hpnmhm integrals: and the con-
stants A, ki, ko ¢, f, fi, f; are connected by another relation.
This relation is found as follows. Add the squares of

equations (4);

L : . .
B SR e z (f= +fiy + fow) + u°

e {h}{ s h‘d?’wr;.‘f}?

d""
= (R +hl+T j&
Wit s I \d at 2t g

: +
£ de " de
2w i
= (A° + A*+ h?) (-——+ r') by equations (3) and (2).

\ 7

But by equations (4) fx + 1y + fow + ur

1 1 da d g fLag
— (r‘(—zA ?j—rj) + hy (& = —m(—) + hy (yfi——-;zd—y)

dit dt Nt di di di
=he e
P4+ =+ (P4 B2+ B ... (6),

this is the relation sought for.

We are unable to obtain a sixth integral of the first order
by direct integration : and must therefore integrate the integrals
already nhtdmvd to get a relation involving the time : tius will
be one of the final integrals.

To obtain the other two final integrals we must eliminate the
differential coefficients i{-ai, E{f{, c_g_::

dat i dti df
first order: to effect this multiply the equations (2) respectively
by %, ¥, ¥ and add

from the integrals of the

Ss
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hr4+hy+ha=0.......... e (1),

this proves that the undisturbed planet moves in a plane.
Again, multiply equations (4) by =, 4, respectively and
add: then

J= +f1?j+frl’+u\/i,'+i} + 2

; ( dy da ; da dz ; dx dy)
=N _— Y — ) g — — P — o | 8 T —
T ( g o (if) Pl ( 2 "

=Rt A bt By (9] . i (8)-

This is the equation to a surface of revolution of the second
order, the origin of co-ordinates being in the focus: the
equation to the plane generated by the directrix of the gene-
rating conic section being

I+ iy + o = B2+ P+ s
For the perpendicular from any point (#yz) of the surface
on this plane
4 fr+ iy +fiw— B — b= kS ur
2 T fiere AR
Now 7 is the same for all points equally distant from the

origin. Hence the surface must be one of revolution about an
axis perpendicular to the plane of which the equation is

f¥ + fiy + fud = B+ b + h™

Also the ratio of the perpendicular to the distance » is constant:
and this is a property peculiar to the focus of conic sections.
Hence the surface is a surface of the second order from the
focus: and by combining this with the equation (7) we learn,
that the planet moves in a conic section the Sun being in the
focus : (Art. 252).

To obtain the third integral add the squares of equations
(2): then

=02+ 0+ Rt

-

TIPS L de dy dz)’
(7*+9°+2 ){m; o }—{1 }

: &— +
d dit . d dt

and »° = a® + ¢* + 2*;
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dir' dytt dst Gdr? | BB PR LS

v SRS MaAE ey sk -
detige IR ap = ©)

Let @ be the longitude of the planet at the time # measured
on the plane of its orbit: then
det dyt dx d@F d¥
= ek e = e e
g dr d1* a ' dF
dt e
a0 A/ 4 R+ b
In this we must substitute for  in terms of 6 by means of the
two other integrals: and in integrating we shall introduce the
sixth independent arbitrary constant : this constant is called the
epock, since it depends upon the epoch of the planet’s perihelion
passage.
Having integrated the equations of motion for an undis-
turbed planet we proceed to the following Proposition.

Proe. To calculate the elements of the orbit in terms
of the arbitrary constants introduced by the integration.

354. Let i be the inclination of the plane of the orbit to
the plane of the ecliptic; the ecliptic we shall take to be the
plane of 2y,

Q the longitude of the node, the axis of # being drawn
through the first point of aries,

w the longitude of the perihelion projected on the ecliptic,
2a the axis-major of the orbit,
e the eccentricity,
e the epoch.
The equation to the plane of the orbit is xh+yh, +@hy=0:

, h ! ] \/hﬁ Sy
W COS = ——————————, and tani = ' —
\/ W+ b+ b’ ”?
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By putting ¥ = 0 in the equation to the plane of the orbit,
we have b,y + k@ = 0, the equation to the line of nodes :

h.,
“ tanQ)=——.
Iy
At the perihelion # is a mini AN L
t he perihelion 7 18 a minimum,; .. ¥ — + Y —_—t — =
P drisdt T R

Y 1
also tan 7 = = at that point:
T

we must therefore find the value of this ratio at the perihelion :
for this end we have
wy dz da

!—‘_ = h, T h = ~f, by (4) of last Article

dy dz  da) i A
: (“ =5 4 v ) - fi by (2)

ek bt e oF et ithe peribelion’;
a!e.”) I I

1 na (‘dz’ dy* da® SR heli
so also —=@ | = + —= + 5| — J: at the periielion ;
- =o\ga* gat ga) b i
g Bk |
. tanw = Y at perihelion =‘f—1 :
& 2
dr

At the extremities of the axis-major T and therefore
Jor. -
equations (3) and (9) of last Article give

A hiih | 2n

R 15 e
7 "
g ANEL@E+hE+hDe
r=— =+ . .
O '
n
e e
¢
and e = '\/U + (B + A + h’ff‘:-) L \/f) +-_f';‘! +fe
M I

by equation (6) of last Article.



MOTION OF A DISTURBED PLANET. 325

Lastly to find the epoch (¢) we must integrate the equation
a8 e fter having substituted f
= = —————— after having substituted for .
(lf(-) \/h o /l,]: q /&?-_ 2

Having thus obtained the elements of the undisturbed
orbit in terms of the constants we will proceed to shew the
importance of these expressions in determining the perturba-
tions of a disturbed planet.

Pror. To integrate the equations of motion of a dis-
turbed planet.

355. The equations of motion are

f!")‘}‘ FIReH dR

4 — 4 — = (),
ar P da
dy py dR
oo e 0
d 7 dy
dts us AR

= -+ - i - =t

dt » dz

In conformity with the method of the variation of para-
meters invented by Lagrange, and explained in Art. 352, we
shall assume that the following integrals (taken from Art. 353.)

satisfy these equations, & &, h,c ff, f, being variables,

; dy da
V= ey sy
dt J dt -
da dz
=8 — —a—.
g dt dt
dz dy
,n’ = s
i 1t dt
21 dy* d=
(o A Sy RN } ]
0 df '
% l di
f#ﬂ :/J,,()ffr Y
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iy dz da
e SR Wil sl e

hi+ r " dt s dt’
[y dy ds
i (9 TPl U S e i

Y vac "t

and we now proceed to shew how to determine the values of
the variables % A, k, cff,f in order that this may be the case.
Differentiate all these equations with respect to ¢ and
i doe dy d'z : } A
eliminate —— , —~, —— by means of the equations of motion:
di®" df dt

dh dR dR
we have — =y — —a—
C

dt la dy’

, dR dR

dh, i ¥

& e dw
dh, dR dR
— =g —— =y,
dt dy dz

il

(ir-_ A dRdy dRdy dRdz qd(h’.)
Ze T Ndmidi” dy rriaite ey G T T

the brackets surrounding R implying that the Zofal differential
coefficient with respect to ¢ is to be taken, buf this only in so
far as R is a function of xyz*.

df dh, de dh, dy /(Ua’. /rl]f

e A B g B et D g Ml By T
dt dt d¢ dt dt "dw i dy
df, dh, ds dh da ; dR p dR
Yo o e — = Yy —— h .
di dt dt dt dt T ds da
df, dh dy dh dx dR dR
e i AP e N e N
di " dt dt. di gt dy dz

¢ I is also a function of ¢ in consequence of being a function of a'y'z', but
the bracket is meant to imply that R is to be differentiated only in so far as it is

2 function of vy 2.
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356. The inclinations of the planes of the planetary orbits
to the ecliptic are very small; the asteroids (of which the
masses, however, are very small) being excepted. This is the
case also with the eccentricities. We shall consequently neg-
lect powers of these quantities higher than the square.

By referring to the value of R (Art. 852.) it will be seen

dR dR dR ; ; d
that —, —, — all vary as m' the mass of the disturbing
de” dy  d=
planet, which in our system is always extremely small in com-
parison with that of the Sun: we shall therefore neglect these
quantities when they have small multipliers, and also their
squares.

The difference between all angles and distances measured
on the plane of the orbit and their projections on the ecliptic
varies as the versine of the orbit’s inclination, and therefore as
the square of the angle of inclination nearly. This shews that
in calculating the perturbations of the mean distance, the ec-
centricity, the longitude of the perihelion, and the epoch, we
may neglect ¢ and therefore ,°+A.? and consequently %, and A,
and also f, Art. 353, equation (5): hence the equations of last
Article become

dh dR dR

praal b e

di dt

df rL?’J dR dR) dR
—= — W ——y—+ h—,
di dt | dy ° da da

af. dy dR dR dR
== dpe =y
di di dy y da : dy

357. When we have expanded the function B then we
must calculate the terms of these equations which involve the
partial differential coefficients of B. After this we shall obtain
the variations of the elements of the instantaneous orbit of the
planet in terms of these variations of the arbitrary quantities
hhhseff.f.. Then by integrating these we shall know the
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elements of the instantaneous orbit. Let ae,@ 6,12, be these
clements at the time #; the subscript accents being used to
denote that the elements are variable. Then by substituting
these in ]

)
5 2

r e’ 2

=14t —ecos(nt+e—T)——

(" + 2 i ( i 1 (I f) L!
'

cos2(nt+e —@)— ...

/ e ™
. Diz= - [9 ! 1 p .
and @=nf+¢, + (Jf’-f = —jJ sin (nt+e,—@)

\ !/

5e’

) i D A

sin2(nt+e —w,
we know the position of the planet in its orbit ; the pnsition of
the orbit being known by i, and Q.

At present, however, we shall proceed to the transforma-
tion of R to polar co-ordinates.

iR dR 1R dR
Pror. 7o determine s , — in terms of h Foit

dx - dy dg ’ dr

358. In calculating these disturbing forces we may sup-
pose 1 and 0 the same as their projections on the plane of 2y :
for otherwise we should be retaining quantities varying as the

product of the square of the inclination and disturbing force ;
: Il y
x = rcos 0, Yy = 7 sin 6, r=a+y, tan 0===;
@

dR dR dr dR d8 dR dR sin @

A en S Fon
dr

da dr da y ;H_ d &

T,y

dR dR dr dR d0 dR . dR cos 0
e —— — ¢ — — =——3in 6 + .
dy dr dy do dy dr

g8 r

359. But since Ris to be expanded in terms of # and the
clements we must still further transform these partial differ-
ential coeflicients.

Upon examining the expansions of rand 6 we see that ¢,
and @, are remarkably connected with nZ: is a function
of nt+e —m, and 0 equals nf+e + a function of = ¢
+€ — W5 and ¢, and @, occur in no other way in 7 and 6
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and consequently in . Hence by an analytical artifice we may
consider R as a function of ¢, and =, in consequence of its
being a function of » and 6, and may change the variables
from » and 0 to e,and z : this will be better understood by
reading the next Proposition.

d(R) dR dR
Pror. To obtain ‘( ----- —) B gy L

dt dé” dr

tial differential coefficients of R with respect to the elements.

in terms of the par-

d(R)
dt

inasmuch as it depends on the co-ordinates of the disturbed
planet; viz. » and . Now by examining the expansions of
r and 6 we see that wherever # occurs ¢, is connected with it

360, 1In R is supposed to be differentiated only

in the expression n ¢ + ¢,» and ¢, occurs in no other place in
r and @ : hence

d(R) dR dR
= =,
dt ‘d(nt+e) 2 de,
d iR dR X
Again, to obtain — and — we observe, as before, that R
: do dr

is a function of ¢ and = solely because it is a function of
r and 0 ;
dR dr

dR dR d6
de, dO dec, " dr de’

dR dR df dil dr

e + — :
dar do dw dr dw,
Now by referring to the expansions of » and 8 we have

de do 4 (fq' dr

in consequence of these the above equations give by addition
dR dR dR
r}ﬁ b n’_(-_ W ""'ZB',‘
Tr
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: . dR : A
361. Again, to obtain i we observe that r is a function
i

of €, solely because it is a function of 8; for ¢ does not oceur

: . 1 14+ecos(@—w)
in the equation - = —————*3
r al(dssie )

dr dr df »’esin(0-wm) )

TS, ~ do de, A o= (’f) de,

i

do de [ '\/(! ,u(-i — ¢e¥)
and o= = o - ((Art 273.)
de, d(nt+¢) n dt n r*
e
- 5 _
Substitute these in the formula
dR dR df dR dr
de, ~ d0 de, = dr de,
: Elinsd dr
transposing and dividing by =5 We have
' ; de
dR Vi—e’® (dR a’v/1-e? dR
dr a e sin (0 — @) |de, 7 ael’

We shall find the following Proposition of use hereafter
in reducing our formule.
dR dR

el
Pror. To obtain in terms of — and —.
de de, d,

362. Since R is a function of e, solely because it is a
function of # and 0;

dR % dR d@ dR dr

' de, T T(rf dr rlc{l

de dr
We must therefore calculate — and .
de, de,

Now O=mnt+e +(2¢, -+ e’)sin(nt+ ¢ — W)+ ...

and r=a §1+Le’—ecos (mt+e—w) .. &

]
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; dr {
and from these we should obtain — and —: but since we
d"; le
do not know the law of these series we wust refer to the

functions from which they were developed, viz: (Arts. 278,

279.)

f{?‘ ( 1 — !313)5:: Ak
= —, n = —
df =n,{l+ecos(@-w)}t? ¢ a’

a (1 - f‘lﬂ)

and » = :
1+ e cos 6 — = )
y

0 is calculated by the first, and substituted in the value of »,

and then » is expanded.
By integrating the first we shall have £ = ¢ (0, e);

df df
dt = —dO + —de ;
¢ ({H(HF ([e{((’

K i L] a
transposing and multiplying by 57 Ve have
Todt

dé dt dé
=—dt - — —de ;
dt .’({"_ dlini !

d9  dt a6

de, i (i(._‘; dt’

a8

Now ¢ =— — : —
1 + ¢,cos(0 — w,) "

I (1 - ("B)?@H
/5

n,
dt 1 [’\/li:'—e/” {.’;('I +(@2+e’)cos(0 — =)} ag
rl(’l g i1+ ecos (0 —-w)}’ :

11 —_e LUW}_—'K:T{) :{2 1+ e cos (0 —m)

A ?:?i-{ sin (6 - ) sin (6 —@4}

n
1

* This integral is obtained in the following manner.

Fo 1. (0 128N acniw T Ak L v
Assume {‘.L‘uf‘_"l' de=— il 5+ Lans { L
J (1+ e cosa)? (1+ecosa)®" 1+ecosa J1Fecosw’®

hiis is evidently the form of the integral
Differentiating




332 DYNAMICS. PLANETARY THEORY.

do n : )
Also o i (iTr_‘z)_‘ $1+e cos (6 — 'W,)E 5
dg sm(0-@)

1
o o 1 o) ' 2 - o
= — 2 +ecos(B0—w)§-
de 1—e” 4 Lty
/ .
Also, since the series for » is obtained by developing the
a,(l—-¢e’)

function
1+ecos(0 - )

after substituting for 6,

dr 2 (’n’}') dr do
(fr?_ r?r’j T do r/;f

n‘,% —2e,—(1 +r_.'f"’_) u)a(ﬁ_—_'za' )’[7 ~_ﬂ;ﬂfjilf (H—':zr_f_) 2.4 (v‘_cc)h(f'?- w)

$1+4e,c08(0—m)}* {1+e cos 6- @ )}°

=—acos(0-w);

dR dRsin(@—w)i2+ecos(B—w)} dR
e e L ' 2 —a — cos(0—=).
de, df 1—ef ‘ dr ;

We now proceed to obtain the formule for calculating
the variations of the elements.

Pror. To calculate the variations of the mean distance,
the eccentricity, and the longitude of the perihelion of the
instantaneous orbit of the disturbed planet.

363. Let a, €, @, be these elements; the subscript
accents indicating that the elements are functions of Z. Then
by Art. 354

Differentiating and multiplying by (1 + ¢ cos2)’
3e+ (24 %) cosa=A { cosa (1 +ecosx)+2esin®x } + B (14 ecosa) (cosy +¢)
4+ C (1 +ecosa)

Let a=0; 3e+(2+)=A(1+e)+(B+C)(1l+e¢)?

or 24c=A4+(B+C)(A+e).c.(1)
=5t Bo=20A e BAC (iuitiiinrnsi(2)
p="r; 3e—2—¢ 1(l1—e)—(B-C)(1—eg)?
or2—e=A+(B-C)(1—e).... e (3)
From these A=1, B=1, C=10

Hence 1 in the text
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’ : in 1 c
I, The mean distanee o ='—.—; . & = 20
» C ”‘, M

da a? de X r{(ln) il
=t = - by Art. 356.

a7 w di 7 Vdt

2na* dRR
=— ——F~ == by Al 360
M r{e'

2. The eccentricity

= :; NTEL T £ ri_ NV IE+ 17 (Art. 356);

_ rlr’ U f { dfl 4 .(f,f-.}
T g e  a
, :
= - {»mw ke + cosw “jl tan @, =
ot ] / ¢ ([fj

But by Arts. 356, 358,
df; [d? da) dR jn’R sinf dR |
A - 76 Jad s A 605,
T ’”“Gru}rm e

S A0 . a0
{hut in small terms 4 = '\/(.r, w(l — e ), and = 7* “}

(cos @ dr 2sin@\ dR {Ui‘]
‘ s ) + u]‘:(’)
{ \ dr [

S anti=eh

¥ d8  r ) df
df. dr do) dR dR cos® dR }
Sud R G ena ) AL o el
dt {rtf/ B [mH( }(!‘-H {d[—) e Tige i

. [ sin@ dr ~2cos0\ dR r.!]n’}
BT e e S

W
dt 7
T ] {/n 2cos(0 — =)\ dR d]l)}

[ /sin (0 — 9 { j
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_ : 1 1+ecos(@ —w ;
{putting - = — -( ) small terms, and using
A~ .

a (] — f"")

the properties prmcd in Arts. 360, 361.¢

i \/a iath

n
'—('“wm (0—w)—ecos® (9 —;,:r) +1 dR i ¢* rUu]
4 i AU g2
ae (1-¢7) do rrrf'l de ’
\/| Py ((Ui’ (u.’) 1 —¢* dR
= -(ir(';"‘ de, dw, \/;ur r!c
3. For the longitude of the perihelion tan . = 2
dwr, df difs
o e e A ’_fl 7]
at f ng dt |
1 [ dfi dfi)

=BT

Mme,
& \/rr} (1—¢7)

me,
. cos {(—) @) dr 2sin(f - ?zrf) dRiR ‘ dR
‘{('_; a6 ~ v ) T “"‘”5}

i

pe
sin(f— =) {2 +ecos(0— )} dR dR
x{ a, (1 —e,) 277 e ® _W’):ﬁ}
\/1 —e! dR
= Art. 362.
/] ;u‘,’: d(’ by i o

Pror. To find the variations of the inclination and
the longitude of the node.



VARIATIONS OF THE ELEMENTS. 335

364. We have by Art. 554 the formula

A RE+ By hy
tan ) = -3

tang = —— =—
h ] ! i
t . . O ”:ﬁ t . O ]fl
<o tani sin Q) =— —, tand cos Q@ = —.
‘ 7l 3 > r i h
d (tan ¢ sin ¢ 1 dh dh,
Hence —( ) —dhy — — h—
dt TR dt dt

.‘:iul)stituting by the equations of Art. 355, and neglecting

% ‘mf{ - as being small,
df

d tanz dQ, Yy dR

sin ) ————~ 4+ cos ) tani, —* = il
ndit { Ldt R dw

In a similar manner by differentiating

. (3}
tanz, cos (2 = % we have
{

d tani ; . dQ x dR
! — s1n €2, tan 2 4

T T e T

COS Q,-
Multiplying these equations by sin Q, and cos Q, respect-
ively and adding

(l tan ¢, !R
7o (J sin € ), + @ cos S.l
C

Multiplying by cosQ,, sin Q, and subtracting

, dQ,
tan ¥~

: dR
(f/ cosQ — @ sinQ) —.

dz

(l?.‘

dR dR dv dR rZ'r; dR dsy dR ds .
Now —— = STl s e — — nearly;
di do di,  dy ré-z (lz f!z dz di, :

; dR_dR dz :
*dQ,  de (I(P i o

and si
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since for a given alteration in the inclination or longitude
of the node the alteration in x is greater than in  or .

h, h .
Also e =2 — —y by Art. 353, equation (7).
h RISy

= tan ¢, (@ sin Q, — y cos Q ),

dz 1.5 ; ;
. — =sec’? (sinQ —ycosQ);
fl’,’ i i i
i
dz ; ! J
ol tan i (2 cos ), + y sin Q).
il
o d tan i, 1 dR
Hence —— = —— —;
di htani, dQ,
d{) 1 dR : e
—=— ——— —— neglecting tan®i ...
di htani, di, !

Since the squares of ¢, are mneglected and since
i \/l-—(::

h = ————* these may be written
n a <
I

di, na dR

dt  usini . TE H0
i A1 er Gay

dQ, na dR

dt usiui‘,\/l_,;t‘ rfi"

which agree with those given by M. Pontécoulant 7'héorie
Analytique du Systéme du Monde, Tom. 1. p. 330.

Pror. 7o find the variation of the epoch.

i /
since the instantaneous ellipse is an ellipse of curvature to the

orbit described of the first order (Art. 350), it follows that the
first differential coeflicients of » and @ with respect to # will be
the same in the real orbit and in the instantaneous ellipse. The
same will be the case with the first differential coefficient of any
function of » and @, as R.

365. Now R is a function of @, ¢, w, nt+¢ i, Q, and
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d(R)  dR

Now in the ellipse —

n,—; and in the real orbit,
di ‘de,
since R is a function of the variable quantities a , e, =, nt
+ e, 8, and Q ;
d(R) dR da, dR de, dR dw,
Gt da, dt i de, dt T(I@-f di "
dR f y dn, de| dR di, dR 719}
ko = L e
i “'"‘,1 : dt fff_l di, di d< di
d (R) Ly da
Equating these values of ——2 and substitutine for — £
1 o dt b dt’
de dw dn | Sn da di Q :
o ) PR ——’) i 'S * the values found
dt di di \ 2a, dt di di
. : . . de, Ty v dR
in Arts. 368, 364, and transposing —! and dividing by —, we
dt “ de,
hif\'(‘
de 3n‘a dR 2na” dBR na - e R
— =t t+— ~—-—-’—'-}\/1—8*’—(1—('“’)} - .
ut i de, M da, e, % ! dr',
366.

We shall now bring together the variations of the
elliptic elements obtained in the last three Articles, and pr

esent
them under one point of view,
da 2a*n dR
(]) Rt
dt I d &

@) de, ?i,}njvfl_—?': (’(fH 7 dh’) na (1-e°) dR

e e, de, da, e, f[_q.
dor na a1 -e¢* dR
(3 St aa e sy
e vdd me, de,
de, 3n‘a dR 2na’ dR
QRS
dit I de, u da
n @ —_ dR
— L 1—e?—(1—¢? .
me 'V/ K ( )} "fé."

Uvu
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(, dtani, n,a, dR
i ptani o/1—e* dQ,
dQ n,a, dR

© 2 M
di ptan 2, ,\/1 —e’ dt,
Before we can make use of these formule we must explain

how R is to be developed.

Pror. To ewplain the manner in which R is to be
developed.
367. If we recur to Art. 352 we see that
,

m' (2’ +yy + =) m

Ea e RV g e e Y =

TLet r and @ be the radius vector and longitude of m
measured on the plane of @y as far as the node and then on
the plane of m’s orbit.

r, and 6, the rad. vect. and longitude projected on plane zy.

Q, and i, the longitude of the node and inclination of m’s
orbit to the plane xy.

A the latitude of m.
Then we have
z=r,cosf, y=7rsnb, s=rtank=r, sin (@, — Q) tani ,

Similar expressions are true for m'.

Hence R
m' {r r cos(6,-0,)+22'¢ m'
— - - 2 73 — —_?.—‘__ﬂ?;-::..?::; e e
(r)*+ =78 N rier/2=arrcos(,—0,) + (x—5')’

Now 7, =7 cos A =7 §1 — % tan®A} very nearly

{1 =] tantisin® 6, - )]

I

3
<.

9 . g .
=r4$1—Ltan®i + tan’i cos 2(0, - Q)
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Also tan (68, — Q) =cos i, tan (8 — Q) ;
Crlll;
0,-Q =6-Q — tan® - sin 2(0 —Q), (see Art. 274).

Substitute in these the values of » and @ given by Art.
357, and we have

¥

= 1412 ] . 1
, =@ 1+ge—ecos(nite—mw)—5¢

fcos2(nt+e—w)

— ttan® i + 1 tan®i, cos 2 (nt+e-Q)+...}

and 6 = nt+e+2e sin(nt+e ~w)+ 3 (!,':5i11 2(nt+e,—w)

an?li cin 9 ( (i
—tan*§i sin2(nt+e,—-Q) + ...

= fo. + €, + v suppose.

Now let R’ be the value of R when @ and @/ are put for
] i

#, and » and suppose r =a, (1 +u%) and 7/ =@/ (1 + u')

w and %' are small quantities because the orbits of the planets
are nearly circular: then by Taylor’s Theorem
dR' dR'

R=R+ —au+—a'u+...
tfrr.f g a, 4

, m'{a,a’cos(0,—0')+a,a tani tani, sin(f,—Q,)sin(6'—-Q') }
also RP="A 0 L T ST e L% =
{a,*+a/7tan*i/ sin® (0, —€Q) |

m’

Va2 i-r.:}'*'——‘:!ri.r:"-c'us -(-!" :”,'-H- | @, tant,sin (0,—Q )-a, tani 'sin(8'-Q’) }?

13 m'a cos (Qf—_f')_:). I m’

o =5 = "_,2 7-1 e =
a, \/f!, +a,*-2a,a, cos(0,— 8,)

+

' 3 A i ’ 7
m'a, tan i, tan i, sin (6,— Q) sin (8, - Q)
3
@& -

]

3m'a, tan® i sin® (6, — Q) cos (0,— 6))

e

#

a9

24,

’ Ll 3 s E Ly ’ N2
m 4§ tan g, m_n_(H{_—— Q) —a/tani sin (6, -0, )j

1 - EEEO R L i g S AR U
e e o TRk
2 ta’+a-2aa, cos ((}f— o)t




L5 ] i »
240 DYNAMICS. PLANETARY THEORY.

1
Let — Seee o e !

2, 2 ¢ =S a 0’
\/uJ +a*— 2a a/ cos @-20)

=31 C,+Cicos (0,—6) + Cocos 2(0,—0,) +......

1

feEn ’::_\h' { et L Y7 14
o +a*—2a,a cos(0,-0)}2

’

i, D, + D, cos (0, -0y + D,cos2(0,~0]) +......

These coefficients should’ be calculated and then R' may be
arranged in a series. When we have thus calculated R’ we
dR' dR'

must find —, — ...... and substitute them in
da, da,

and we shall have R expressed in a series of terms depending
on the time and the elements of the instantaneous orbits.

It is not our objeet to enter into the numerical caleula-
tion of the coefficients of the expansion of R : for this we refer
the reader to M. Pontécoulant’s Theorie Analytique du
Systéeme dw Monde, Tom. L. p. 840, Mécanique Céleste,
Tom. ITI. and Mr. Lubbock’s Papers in the Philos. Trans.
and Astron. Trans.

We proceed to demonstrate some Propositions relative to
the general nature of the terms.

Pror. To prove that the terms of R which depend on
the mean anomalies (nt and n't) of the planets are of the
form P cos {(pn—qn)t+ Q} or P cos {(pn,+qn,)t + Qf,
where P is a funetion of the mean distances, eccentricitics,
and inclinations of the orbits, and Q is a function of the
longitudes of the perihelia and nodes and of the epochs ; and
p and q are positive inlegers.

368. We shall make use of the following elementary tri-
gonometrical formulae :
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I. Cosacosh="}%cos(a—-b)+ 1 cos(a+b).

I1. Sin @ sin b = 1 cos (@ —-b) - é cos (a + b).

ITI. Sin a cos b = Lsin (¢ + b) + L sin (a - b).

E- it
Now 0, -0 = (n,t+¢) — (n/t + e)
+(28, ..... )sin(nt+e—w)+(2e? +...)sin2 (7t +e,—@,) +...

—(2¢/+...)sin(n/t e/ -w/)+ (4 e*+...) sin 2 (n/t+e/-m/)+..

Nt s leini pi=l il
—tan"g¢ sin2(n, t+¢ —Q) A

b ey Sl A
+tan* Li'sine ('t +¢/ - Q') +

=(nt+e)-(nt+e)+ T suppose ;
. cos ki (6,~0)) = cos {k (n,t + e)—k(n't+e/)} coskT
—sin {k(nt+e)—k(n't + €)} sin kT,

and cos k7T =1 — —IJ (i SR

csvee

sinkT =kET - I]; — BT 4.,
2.3
Now by formulee IT. and I. the even powers of 7', and .. cos £ 7",
will involve only simple cosines; and by formule II. and IIIL.
the odd powers of 7', and therefore sin kT, only simple sines.

Hence by formulee I. and II. the expansion of cos k (8,-0))
given by the above formula will contain only simple cosines.

In the same manner we might shew that sin (6{—&2/) and
sin (6, — Q) will equal a series of simple sines (with no con-
stant term), and therefore by formula II. the squares or product
of these will contain only simple cosines.

We see then that when the complete development of R’
given in Art. 367. is worked out and arranged in a series, it will
consist only of simple cosines.

Again by Art. 367. we see that u and 2/ consist of a series
of terms involving the simple cosines of angles. Hence, by
formula 1. each of the quantities u, @', w’, ww', w”.... will

consist of a series of simple cosines of aneles formed by com.
o o
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bining the arguments* of terms of 7 and 2 in endless variety
by addition and subtraction.

It follows, then, finally, that the series into which R is to
be developed (Art. 367.) will by formula I. consist only of terms
of the form

Pecos §(pn,—qn,)t+ Q} and P cos {(pn, + qn/)t+ Qi

P and g being positive integers, P a function of the mean dist-
ances, eccentricities, and inclinations of the instantaneous orbits ;
and Q a function of the longitudes of the perihelia and nodes
and the epochs.

369. We have already frequently remarked, that the
eccentricities and inclinations of the planets are so small, that
their higher powers will be of almost imperceptible magnitude.
It becomes important then to search for some means of deter-
mining the relative magnitude of P in reference to the argu-
ment (pn, — gn))t + Q for this will materially shorten the cal-
culation of R, by pointing out at once those terms of the
infinite series into which R is developed, which are of sufficient
importance to be retained.

In the following Article we shall prove a principle which

answers our plll‘p(}SC.

Pror. The lowest dimension of the quantilies e, e,
tan i, tan i, in the coefficient of P cos §(pn, —qn,) t +Q} is
of the order p~q:

370. We have by Art. 367.

S d :
R=R +-—oau+——7at + ..
da, da' '

(1) A remarkable law prevails in the expansions of %
and 2. Itis this (Art. 367). The number which multiplies
n,t+¢, in the argument of any term in these expansions re-
presents the dimensions in ¢,, ¢, tan i, tan i, of the principal
part of the coefficient of that term.

* In an expression @ cos (pni + ) the angle pnt+ g is called the argument

of the term a cos (pnl 4 q)
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Now the same holds good in any power of % or %'. Thus
in %° a term P cos (pnt+ P') can arise only in the following
ways, partly from the multiplication of any two terms in u of
which t_he arguments are {n ¢+ L and mn t+ M, where I 4m=p;
and partly from such as have the arguments f’-n.lt+], and
m'nt+ M, where I' —m'=p. In the former case the dimen-
sion of the principal part of the coefficient will be I + m = p,
in the latter it will be /' + m’ and this is greater than p.
Hence the principal part of the coefficient of a term P cos
(pn,t+ P in % will be of the dimension p.

The same is evidently true of %, «*, 2", ......

(2) In the product of any powers of % and ' as w®u'f,
the dimension is the sum of the multipliers of n¢ and n't.

For let us consider a term N cos {(In =In)¢t+ M}.
Now this must evidently have arisen from the multiplication
of cos (Int + L) and cos ({'n/t+ L") in »* and «'# respec-
tively. The coefficient of this is of the order 7 + 7.

(3) Let us next consider the law of the coefficients in
cos k (6, —0)).

If we turn to Art. 368. and examine the expansions of
cos kT and sin & 7T, we shall find that the laws (1) and (2)
hold equally in them. But in cos % (0, — 8,), since it is equal
to

cos $k(nit+e)—k(n/t+e)}coskT
—sinf{k(nt+e)—k(n't+e¢))} sinkT,

the dimension of the coefficient of any term calculated by
the laws (1), (2) will be higher or lower by 2% than it ought
to be according as the argument is formed by addition or
subtraction.

If, then, we turn to Art. 367. and examine the expression
given for R we see that the laws (1), (2) just proved hold for
R, if we leave out of consideration all the multipliers which
are of the form cosk (6, — 0'). Bearing this in mind we shall
be able to prove our Proposition.

Any term Pcos }(pn,—qn/)t+ Q} in R has partly arisen
from the wmultiplication of cos{(kn, — kn/)¢ + Q! with
cos §{[(p—k)yn, - (g —k)n']¢+ Q'} and partly from mul-
tiplication with cos §[(p + k) m, — (¢ + k) »']# + Q"}, and

{9
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in no other way can it have been formed : % being any number
of the ‘series |0, 1; 2, 3,00

First : suppose k intermediate to p and ¢. Then the
first of these cosines becomes

cos{[(p=R)m,+(k—q)n/]t+Q"}

and the dimension of the l)rimip.ll coeflicient of this and
therefore of cos §{(pn, —qn/)t + Q} is by law (2) equal to
(p ~k)+ (B~ q)=p ~ q, since k is intermediate to p and gq.

Second : suppose k& is not greater than the smaller of p and
PI g 1
g- Then the dimension of the principal coefficient of

cos{[(p-F)yn,—(g-k)n/1t+ Q" is p+q—2k:
and therefore the dimension of the principal coefficient of
cos {(pn'—qn/)t+ Q! is the least value of which p+q—2k
is susceptible, and that is p~ ¢.

Third: suppose k is not less than the greater of p and g.
Then the dimension of the principal anﬂincnt of

cos {[(k—p)n,— (k-q)n/]t-Q"} is 2k—p—gq,
and therefore the dimension of the principal coefficient of
cos §(pm, —qn))t+ Q} is the least value of 2k —p —gq, and this
is p~gq, as before.
Hence the Proposition is true.

Pror. To prove that the principal coefficient of the
term Pcos{(pn, +qn))t+ Q} in R is of the dimension
p+q in e, e, tani, tani.

371. This term arises from the multiplication of such
terms as P'cos {(kn, —kn))t + Q} with

Pleos{[(p-F)n,+ (g +k)n]Jt + Q"}
and P’cos{[(p+k)n, +(q—k)n ]t+Q"}.

Hence, in both cases, the dimension will be p + g, since
(p=Fk)+(g+k) and (p+ k) + (¢ —F%) each oquals P+
see law (2) of Art. 370. We have here supposed % is not ﬂ*u,atm
than p and ¢: but if % be greater than p or g it will be easily
seen that the dimension will be greater than p + ¢. Hence the
Proposition is true
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Pror.  To determine the part of R which is independent
of the periodic ferms.

372. We have

7 .
. dR ar: ..
=1 a w -a’u
da - da,
d*R' ay’ R R 2
— B —, 4,0 "uu' + - -
fffff 2 rr’rr (/n d a,* 2

We shall neglect small quantities of the third order: hence
we need u!(\ilm the first differential coefficients of R’ only
to the first order: and in the second differential coe Huu’n{-.
we may neglect nli small quantities.

Let us turn to the expression for B’ and that for # in
Art. 367, and it will be seen (after reduction) that the constant
part of R is

al ]
mae e

7 cos(w, —w)) ifrom the first term of R'!

4
!

-2 mC, —mee/C, cos (zr, — w,) {from the second term of R’ !
++m'(a]tan®i + a/"tan*i) D, jfrom the fifth term of R'}

-+ m'aa'tani tani' D, cos (Q,—Q/){from the fifth term of R’ e

4

5 A 3
T'he constant part of — a % is
3 A0 i
/ !
m x.f‘r’_rl‘ . = I et
+———— cos (@, ~ W) yfrom the first term of R}
2q

d ( m'a

; e’ —+tan*i) Sfrom the second term of R
aa (] ! i r

d ¢ m‘n.' e, n(
G cos (@, ~ @) {from the second term of R’ t
da 2

Nlox
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/
s A
a, u 18

T
da,

The constant part of

! ’
ma,e,e, ; \ AR
——t L eos (W, —~ W from the first term of R |
r2 i/ ’ )

i
dC, m'a,

~ (e/* — }tan*i) {from the second term of R}

da'
'
dC, m'a'ee’
J,ma ee ;
e .+ cos(w —r,) {from the second term of R {.
da' 2 i s .
/

15

&R ﬂ'{"'?fz

The constant part of =
da’ 2

d*C, m'a’e® e
- —— ——* (from the second term of Ry
da’ 8

y R g
The constant part of ———— a a, uw 1s
] Lt e
dada,

; ;

maeée ’ 77
2 cos (@, — =) {from the first term of R’

2a

i

gt ] ' ’
o d:C, maa,epe,

cos(w,—w,) {from the second term of R'}-

dada 4
Lo PR au’ .
The constant part of 527 ot i
da a2
&?C, m'a'*e* g
- E—,ﬂ ~ = "+ (from the second term of R).
a - 8

’

The part of R which is independent of periodic terms
equals the sum of these parts. We shall call this sum F';

A m
B
CL]

. 1 . !
| o dC, LR, Ay ,dCy o
e I)n +a—2) tan’i +— (a D, + a, ——; | tan™ 2
; s ; y ;
7 i Vi

m’ ] b 5 15
== tan s tani, D, cos (Q, — Q)
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’ \ 2 71 v a
m [ dC, s COYy, mdie S U\,
-—le,—++3a’ ilieass @, — = e ®
Sl Y da?) 4 \ ‘' da da?
/ ([ ; / q
m’ . dC, d.C LA CN A ;
== v...(;(__ A" ¥, il TS : - 2a ¢e, cos (w,— w)).
4 \ 1 ‘da is?) ' /

4

r
‘'dada’ Ll

Now +Cy+ Cicos(8,-0/) +...=1a’+a*~2a,a/cos (0,-6,1-4;

dC, i LA y A 2
1 7 SR D Do+ D, cos(0,-0))+...}.{a,—a, cos(8,—-0)}

o

"ﬂ" H;‘ \
okt (2 - D) + e
9 d G, '
a'D,+a, Pl aa, D,.
Ll M dC, f
51!1‘111:11‘]}-’, rf.f])._. (t-',f d”(, =@, ‘-’,Dp

Wherefore putting the coefficients of the last three terms
of ¥ equal to B, B, C, we have

r ! r
m _ maa N oy
= — ot w‘ © D, (tan’z, + tan®s ")
’ !
m'a a

o e o e b S B S
gtz tane tani D, cos (Q2, - Q)

! Rot i 2 LS 480 RPN Al e y %
- m Be? —m B'e* —~m'Cee/ cos (w, - a))

in which we observe that C' is symmetrical with respect to
2, and a.

373. In Art. 366. we collected the formule for calculating
the elements of the instantaneous ellipse at any time. Since
the object of the present work is only to explain the theory
and not to enter into the numerical calculations of the per-
turbations, we shall proceed to demonstrate a few of the most
important and interesting results to which these equations

conduct us,

* We miy shew that B= B'=la e D, ; but there is no occasion for this in

vhat follows
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Pror. 7o shew that the effect of all the terms of R
(after the first) upon the elements of the planetary orbits is
periodical.

374. Any term P cos {(pn,+=qn,)t + Qf will produce
dR dR dR

a similar term in —, — and : but a term of the form
da’ de, di,
P in § i N+ QY dR dR dR . Qi
sin $(pn. £ qgn')t+ Q} in — an —: since is
W, a0, J de, é da, dQ,

independent of a,e,i; and P is independent of ¢, @, €2,
If then these be substituted in the equations of Art. 366. and
the integrations be effected, the elements «,, e,, @, ,, Q, will

receive, in consequence, a term of the form

2 CcOos ;
s S(pn,=qn,)t+ Qf;

! ANdE : W
since the formula for i_ff contains a term multiplied by £, the
dt h

element ¢, will receive, besides this, terms of the form (as may
be shewn by integrating by parts)

Pt

. _cos S(pn Etgn)t + Q!
(pn, +qn') %08 ikan, ) Y

P :
E8 —_sin $(pn £qn)t + Q}.
(pu(iqnl )2 PU Y { ) Q'\
: il & 360
It follows, then, that after a period of time = —— — the

pn, = qn

perturbations of the elements, arising from the above term in R,
will have gone through their changes.

These variations of the eclements are therefore termed
Periodic Variations.

It will be remarked that if pn, +¢n,/ or pn, —qn' be
a very small quantity the integration described in the last
Article will increase the corresponding terms considerably :
and therefore it may happen that terms in R, of which the coeffi-
cients are so small as to appear of no consequence may rise to
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importance h\ tucnmu in the process of integration a small
divisor.

Pror. 7o find what terms in the development of R will
be much inereased by the process of integration in determining
the elliptic elements.

375. By l'cﬂ-rcnvc to the last Article we see that either
First, pr, + r,m must be a small quantity : hence, since p and
q are positive integers ‘or zero, %, and n/ must be small. By
reference to the first Table in Art. 391. we see that this is not
the case with any of the planets.

Or Secondly : pn, ~ gn' must be small.

Hence p and g must be in the ratio n' : m, as nearly as
possible. Now the lowest dimension of the coefficient in terms
of small quantities is p~ g, Art. 870. i 1 thc-’n we can find
two integers p and ¢ nearly in the ratio .*2 : », and having
a small differ ence, the LUIIL‘\})(IH(III]O term of H wﬂllm- into im-
portance by the integration. If we turn, now, to the first Table
in Art. 391, and b\ continued fractions find the convergents
which express the ratio of the values of n, for any two p]:tm-tsS
and choose those of them which have a :,nh.ll} dlﬁc:cn(,c between
the numerator and denominator, we shall be able to detect the
most important of the terms of the (]uvlopmcnt of R.

For Jupiter and Saturn e nearly, and
5—2=3: Iwnu the dimension of the (uolfrwnt of a term
Pcos {(2n,— 5n) ¢t + Q} will be of the third order and will
be divided by the small quantities (2n,—5n) and (2n,—5n )

For the Earth and Venus n,in'': 8 180 arly (md
18 —8 = 5: hence the order of small quantities in the coeffi-
cient will be of the fifth degree and the argument

(18n — 8n,)t + Q.

376. These two examples present very remarkable in-
stances of the agreement of 1]10“[\' with U}N'lwtl on.

The observations upon uulntw and Saturn from the times
of the Chinese and Arabian Astronomers down to the present
day prove, that for ages the mean wmotions of these planets
have been affected by an inecquality of long period. This
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formed an apparent anomaly in the Planetary Theory till
Laplace pointed out the real cause of the inequality, and
rescued Newton’s doctrine of Gravity from the reproach which
had long attached to it in consequence of its inability to assign
the cause of so remarkable a phenomenon. Laplace proved
that the inequality depends upon the near commensurability of
the mean motions of the planets (as explained in Art. 375),
and succeeded in calculating its period and amount.

Mr Airy has discovered a similar inequality in the motion
of the Earth and Venus. In the Phil. T'rans. for 1832 he
shews that it amounts to no more than a few seconds at its
maximum, though its period is no less than 240 years. Mr Airy
had detected an error in the solar tables, and this induced him
to seek for the cause, which is so satisfactorily shewn to arise
from the near commensurability of the mean motions of the

Earth and Venus.

Proe. To explain the difference between Periodic Va-

riations and Secular Variations.

377. In the last Proposition we have supposed the ele-
ments which are involved in the right hand side of the equa-
tions to be constant, while they are in fact functions of £ 'The
only effect however which would result from this consideration
would be that the period of the variations would be slightly
altered.

But if we consider the effect of the first part of the ex-
pansion of R, which is independent of the periodic terms, and
which we call F, and suppose the elements involved in F
constant, it is evident, that by the integration of the equations
of Art. 366. the elements will receive additions which con-
tinually increase or decrease with the time, unless in any in-
stance the right hand side of the equation vanishes when F' is
put for R. If, however, we make a nearer approximation,
and suppose that the clements in F are variable, and then
integrate the equations of Art. 366, the integrals may give
pc-riu(lival values for the elements. If this be the case in any
instance the variation is not called a Periodic Variation,
though in fact it is periodical, but a Secwlar Variation; since
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it arises from a cause quite different from that, which produces
the periodic variations. In short a periodic variation arises
from the fact of R involving » and 6 the co-ordinates of the
planet disturbed: but a secular variation arises from the fact
that the elements of the orbit vary. And since they vary very
slowly, the period in which they perform their secular vari-
ations is of immense duration . Perhaps the following obser-
vations may throw light upon this subject.

The magnitude of the forces which disturb the elliptic
motion of the planets depends solely upon their relative posi-
tions, and not on their velocities and the directions of their
motion. When therefore, after a lapse of years, the planets
return to the same relative positions that they occupied at the
commencement of that period, the disturbing forces and the
perturbations in the places of the planets will have gone
through a series of changes, compensating in one part of this
period for the errors they have caused in some other part.
The inequalities produced during this interval of time are
termed Periodical Variations. But although the configuration
of the planetary system may become the same, yet, as was
before mentioned, the velocities and directions of the motion
of the planets will not necessarily become the same also; the
original and final orbits intersecting respectively in those points
which the planets occupy at the beginning and end of the time,
which the periodic variations have taken to go through their
changes. The inequalities produced in this way are termed
Secular Variations in consequence of their very slow variation.

We proceed now to the examination of the Secular Vari-
ations.

Pror. 7o obtain the equations for ecalculating the
Secular Variations of the elliptic elements of a planet’s orbit.

378. We must first find the differential coefficients of F'
(the part of R independent of the periodic terms) with respect
to the elements: hence by Art. 372.

* The periodic variation of longest duration among those that are of sufficient
Importance to be calculated has a period equal to 929 years. But some of the
secular variations have a period of 70000 and even more years.
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dF
de,
ar : i
— =m' Cee sin(w,—@,),
(lm / i i
dF ; ; ; ,
=~ ——2m' Be —m'Ce, cos(w,—@,),
de, g ?
1 !
dF m ! o ! :
= g a tang tanid D) sn (Q,~Q),
([(-—], g e y ]
~ ! !
dF , 0,0 (ke ; ! .
75 m —L D, tani — — a,a, tani, D), cos (Q, — Q).
ai b : k . - 2

Substituting these in the equations of Art. 366.

dua ‘_
dt

de, nam'Ce . . }
Ll sin(@w, — &, ),
dt L g

dw.  nama/1-e®
] il T 3

i JaBe + Ce'cos (m,— @)}
1~ be, 2y f2
dt e, : - :
dtani mnawm'aa'tani' D, .
fl S SR £ fsm(il -Q),

¥

di b

dQ mafa'm'D tan ¢’ )
RN et : y—1+ £ cos (2, — Q).
dt 4 u tan i, £

‘We have retained the variable values of the elements on
the right hand of these equations: but should it be necessary,
we may use the constant values in approximating.

Pror. To prove the stability of the mean distances of
the planets from the Sun: and of their mean motions.

1
379. By Art. 378 o
i dt

= () : . . = const
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This shews that the axis-major of any of the planets is
susceptible of no secular variation; and will suffer no per-
manent change: the changes it undergoes in consequence of
the mutual attraction of the planets are wholly periodical.

The same is true of the mean motion n,, since it = \/i,
a?

and u does not alter. We are hereby assured of the imp:';m
sibility of any of the bodies of our system ever leaving it in
consequence of the disturbances it may experience from the
other bodies, and secures the general permanence of the whole
by keeping the mean distances and periodic times perpetually
fluctuating between certain limits (very restricted ones) which
they can never exceed, nor fall short of.

Pror. To prove the stability of the eccentricities of the
planetary orbits.
380. By Art. 378 we have

de, namCe" | ;
—l= -t —gin(m, ~w).
dt i £

In the same way we should have

! ’ i/ Y
de n'a'mCe
/ / / Ve !
- = -sin(@w, —w,).

di M
/
’ m m :
Multiply these by —e, and —— ¢/ and add them
i " na n'a' !
e l
m de, M. de
" ,‘J__ A= ’7"‘; . =0
i@, dt niail di
i i P 'l
m - m' b
e e 2t rORStant,
il I na,

If we had considered three planets we should have had
the following equations

Y v
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de, m,amCe . . mnam’Ce’
= sin(@,—@,)+— ‘

(ff # 1y

sin (@, —-@,") »

, SR A AL
d,;‘ n, a,m C €+ ; -)?:(.r. me (,’Wf’- " ) . "
—L = - sin(w, —@)+—————*8ib (w/-@,")

dt n I
and
i 7 ' a2
de” m, u‘”-m e, . nr”n,"m-’(,‘ A i o
= 2l Soin(mmi—r ) L sin(w ' —@,)
dt M 7 ‘
These equations give
m de, m' ,de/ ot e
' ;
2 -+ e =03

-€ i T ’ " =T
na 'dt  #ne ' dt ® R

™ e+ n o S ??_r:i ¢'” = constant.
na, ’ nla' * 7@

And the same formula would be true of any number of
planets.

Now observation shews that the eccentricities of the orbits
of the planets at present are very small indeed, with the ex-
ception of the Asteroids, the masses of which are very small.
Hence the above constant must be small. Since, then, all the
terms of the first side of the last equation are positive and their
sum always equals a small constant it follows, that the terms
are always small and the eccentricities are always small.

Hence the eccentricities of the orbits of the planets are
confined within very restricted limits: and therefore the forms
of the orbits are said to be stable.

381. The only quantities in the above equation, subject
to a change of sign in applying it to a system of bodies, are
the mean motions n,, n/, n,”, ... But observation shews that all
the planets revolve round the Sun in the same direction: and

consequently the terms are all positive.

Pror. 7Tl prove the stability of the inclinations of the
planets of the Solar System.
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382. By Art. 378 we have

d tan i n,a’ n ‘m’ Enlu i ]) y
il Sl —sin (§2. - )
di k

in the same way

: /e =
dtani’ n'a*amtani D,

: , :
— L =L L i sm(Q -Q),
dt Lo ( ’)

m d tan ¢ m' ; ,dtani/
——tany ——* 4 <lll! —L =0
n,a, dt n'a’ di

’ )
m - m'’ i
tan“z + -—— tan®2 = constant.
n,a, n, a,

The same equation would (as in the eccentricities) be true
for any number of planets: and we see that the inclinations
must alw: ays be small. The certainty of this fact tlL‘pL‘[’l(]H, as
before, upon the fact that the })Luwts all revolve in the same
direction ; Art. 381,

383. We are thus led to the following remarkable conclu-
sion: The fact that the planets revolve about the Sun in the
same direction ensuves the stability of the planetary system.

The converse of this would not necessarily be true, as we
shall see in Arts. 3885, 387: the numerical relations of the
dimensions and positions of the orbits of the planets might be
such as to ensure stability although they revolved in opposite
directions. But the above is independent of particular nume-
rical relations.

384. We have given the two foregoing Propositions be-
cause of the simplicity of their demonstrations as well as the
beauty of the results. We shall, however, in the following
Articles obtain formulse for calculating the magnitude of the
variations of the orbits in dimension and position.

Pror. To find the secular variation of the eccentricity
of the planetary orbits.
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385. By Art. 378 we have for the planet m,

de, mn,amCe/ . :
. = L sin (@, — @, ) ;
dt i

dw, mnam -\/1 —ef S o
— = — 13 Be + Ce cos(w, —a, )¢
dt e, ¢

And for the other planet m/,

de/ mn'a'mCe, . j
—L = - —=sin (@, — @ ),

dt i i
r ! !’ o I
da namr/1—e” Sk ”
i B S 12Be + Ce cos(m —w )
/ / : i/

dt we
observing that C' is the same for m and m', (Art. 372
To integrate these equations assume
P =e sill 'Za'{ » & =€ CO0§ “GT‘ .
; y
; A ; : ; :
y =e sinw, ., § =g cCoRW, ;

dr dw de
— =€ COSw + — SIh @
dt 4 “dt dt g

3
-n.rtim R R B 13
= — 12 cosw, + Ce cosm |

I
!
n,a,m
et 12Bs + (_.‘.s"f_,
u
ds A dw, de, 3
— = — ¢ sin S B
dit ! ‘ dt dt 5
n,a m'
eof el {EB:‘+(]?”},

LS

d n'a'm 1oy :

— =—""'_22Rs + Cs},
dt 1 =

ds' n'a/m

- 323’1“1—(.‘;'?

;}? i M
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These four are linear equations and their solutions are of the
form

~

= Dsin (gt + k) + Esin (kt + 1)
= Dcos(gt + k) + Ecos(ht + l)

.

r'= D'sin (g¢ + k) + Esin (ht + l)
§ = D'cos(gt + k) + E'cos (ht

If we put these values in the differential equations we
arrive at the four fu}lnwmn conditions connecting the eight
constants, four of which are (uanncntl\ arbitrary .md deend
upon the umhmlmtmn of the !‘Jld!l(‘tdl\’ system.

) @ m/ 2
Dg = Ll {eBD + CD i,
2 3
v am
Eh =207 (o oY,
M

n'a’'m
/ !

Dg="2"tapp ; D,
i
n'a’'m y
E'h="""(app , cE.
N

By clmmmnng D’ from the first and third of these,
we have

o 2

2n,am B 2n'a'mB' nn Jﬂ'f(l, "mm’ C*?
e ._3 S S L S ‘ ‘
. o

g—-—
M M

n,am Byt bLin'a'mB' 1 fr——— LA =
== g (R g 7 7 IFar]
*=-w(n,am B_n a'mB'Y+rnn'a a mm (

m=

Lt

In a similar way we might shew that % has the same values.
Now these values of gand % are possible when n, and 7’
have the same sign ; thdt is, when the planets ILvoin in th(
same direction about the Sun. But even 1F they do not
revolve in the same dne( tion and n,am B+ n, «r 'mB be not

less than \/w n'aa’'m 'mC, then g and h are s-tr]l possible,
Now %= 42 4 4% B By )[)Lma«‘(gﬁ/z)f4 k- 1}
and a similar R‘XI)I‘('::‘.\I‘()H is true for e
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This shews that the eccentricity of m’s orbit fluctuates
between the limits D + E and D~ E. Hence the form of
the orbit will be stable: the same is true of m'’s orbit.

The values of D and E are very small in all the planets,
this is shewn by observation.*

The periods of the changes in the eccentricities of the orbits

360°
of the two planets are the same in each, being e In
& )
the case of Jupiter and Saturn this equals 70414 years !+ The
greatest and least eccentricities which Jupiter’s orbit can attain
are 0.06036 and 0.02606, and those of Saturn 0.08409 and
0.01845; the maximum of each taking place at the time of
the minimum of the other, and vice versi.

Pror. 7o find the secular variation of the longitude
of the perihelion.

386. By Art. 385, tan, ::
_ Dsin(gt + k) + Esin (bt + 1)
" Dcos (gt + k) + E cos (ht +1) '

The maxima and minima values of @, or the greatest
deviations of the perihelion, from its mean place are found
by the equation

gD+ hE* + DE (g + h)cos §(g —h)t+ (k- D} =0,

gD’ + hE?

or cos{_(g—h)t*'(k'])} =_m

which is obtained by equating to zero the differential coefficient
of tanw,.

* Sir Jolin Herschel finds that
D =—0.01715, E =0.04321 for Jupiter,
D' = 0.04877, E’=0.03532 for Saturn,
£=2179905, h=23"5851, k=306°34"'40", I=210°16/40",

¢ being the number of years since the year A.D.1700. See Article Physical
Astronomy in Encyclop. Metrop.
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If this (disregarding the sign) be not greater than unity,
the pt‘l‘ih('ﬁ{m will vibrate: but if, as is the case with Jupiter
and Saturn, this be greater than unity the longitude of the
perihelion has ne maximum or minimum and therefore the
mean motion of the perihelion is continually in one direction.

Pror. ’I'rz‘ﬁm! the secular variation of the inclination.

387. By Art. 378. we have for m
dtani, na m a a "tan 7 D Q Q)
=t ' { ¢ _&in -Q
di b ( /
dQ, ma'a’m J) tan s/ i
= i—1+ Leos (2 — Q)i
dt i-u tan i 4

and for the planet m’

dtani’ n'a'maa’a tani D,
i’ i’ Fi i 4 i

e —sin (Q' - Q)
di 4 ( 2 2
dQ’' mn'a”a mD, tan i @' -Q)
— = — + ' cos (' — Q
di 1-,u. s t(un 4 &

To integrate these, assume
t=] ]
e Y 2 <1 ) = i PP
p =tang sin{},, g =tani cos{Q,

’

. ! . - .
p =tani sinQ’, ¢ =tani ' cosQ’;
/ i’ ) i

dt

dp ' _ dQ § dtani
tanz cos Q —~ + sin ¢ ?
/ / ([f i/

Il

n,a, a ‘m' D),
2 -9

!|

dp
dq nala'mD, ( ;
=+ __(p-p),
dit 4 pa 1 P )
dp’ n'aa*mD, dg n/ealm D,
= = I - e )
= PR L P

The integrals are of the form
p =G sin(at+vy)+H sin(3¢+3), ¢=G cos(at+vy)+H cos((3t+0),
p'=G'sin(at+~)+H'sin(Bt+35), ¢'=G'cos(at+~)+H cos(BE+3).
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Substituting in the differential equations we have

n a’a'm'D, i n a’ ‘D
ga=20An By g RO BB g gy
4 ko
3 D mD
T hg-6), Hp=4%"D g gy
{7} {71 L

Eliminating G from the first and third

nn, u I’ ‘mm f)

nala, m ]) ‘ n'aa, '”m])
(o4 REEWDY (. 3

1'.“' ][}Iu

(n,am +mn'a'm)aa’ D,

4
We should arrive at the same equation for 3: hence

n.a, m' + n, :.f 'm ;
a = — Ll a,a, D, and }'3 =0

i“u,
tan""if =p*+ ¢ =G+ H*+2GH cos jat + vy — 0.

Observation proves that G and H are very small for all the
planets (except the Asteroids). Hence the tangent of inclina-

tion fluctuates between the small limits G + H and G ~ H*.
. ) e 360°

The period of the changes in the inclination equals

(£}
years, In the case of Jupiter and Saturn the number of years
is 50673! The maximum and minimum inclinations of Jupiter’s
orbit to the ecliptic are 2% o’ 30” and 1° 17’ 10”: and those
of Saturn are 2° 32’ 40” and 0° 47". The maximum of each
takes place at the time of the minimum of the other, and vice

versi.

* Sir John Herschel shews that when Jupiter and Saturn are the two planets,
G =-0.00601, H 0.02905 for Jupiter.

G' = 0.01537, H'= 0.02905 for Saturn.

5756, =125 15 40", &=103° 38" 407,

¢ being the number of years since A.D. 1700.
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Pror. T find the secular variation of the longitude of
the node.
388. By Art. 378, we have

o _P _ Gsin(at+ )+ H sin
tan =— = - :
el

g Gecos(af + v) + H cos o

When Q, attains a maximum or minimum value the differential
coefficient of tan Q equals zero: hence

0=aG" + GHacos (at + vy —9);

G
Il
cos (at+y —9) =— —.
\ / ]I

If this (disregarding the sign) be not greater than unity, then

; e T 1 : 360°
the node fluctuates, the period of its fluctuation being

a

years. But if this be greater than unity then there cannot be
any stationary positions ; but the node continually moves in
one direction.

In the case of Saturn and Jupiter the node oscillates, the
extent of oscillation being about 138° o' 40” in Jupiter’s orbit
and 31° 56" 20" in Saturn’s on either side of their mean po-
sitions : the plane of the ecliptic being supposed immoveable.

389. The conclusions at which we have arrived in Arts.
379—383, with regard to the stability of the planetary system
are of especial interest. In consequence of the changes in the
elements we might have fancied that in the lapse of ages the
orbits would undergo such alterations in their dimensions as to
bring the planets into collision or hurry them into boundless
space. But we are assured that this can never be the case,
unless by the action of a resisting medium ; since analysis
shews us that the orbits will continually fluctuate within very
small limits, never departing considerably from circles; and
the inclinations of the orbits will nev er change much.

390. Our caleulations have not included the square of
the disturbing forces. But the same conclusions are found to
hold when the approximation is carried so far as analysts have
at present advanced : see the Mécanique Céleste, Liv. vi ; Pon-

Zz
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técoulant’s Systeme du Monde, Tom. 111 Plana’s Planetary
Theory in the Memoirs of the Astronomical Society, Vol. 11.;
also a Memoir by Professor Hansen of Seeberg, the title of
this Memoir is Untersuchung iieber die gegenseitigen Storun-
gen des Jupiters und Satwrns. In this method the true lon-
gitude is computed by means of the elements corresponding to
the invariable ellipse at the time of the epoch, taking a func-
tion of #, instead of #, which corrects for the perturbations.
See M. Pontécoulant’s remarks on this in the Connaissance
des Tems for 1887. And lastly Mr Lubbock’s papers in the
Transactions of the Royal Society and of the Astronomical

Society may be consulted.

Prop. To shew how the masses of the planets may be

discovered.

391. There are in general two methods of determining
the masses of the planets; either by observing the elongations
of a satellite, when the planet is accompanied by a satellite;
or by comparing the inequalities produced in their motion by
their mutual action. The secular variations are best adapted
to give the most exact results: but these are not yet known
with sufficient accuracy to allow of this use. We are therefore
obliged to recur to the periodic variations, and, by combining
a vast number of observations, gather from them the most
probable results. It is by these means that Astronomers have

obtained the following results.

Ninss! of iSine. o e 1
1
_________ Mercury ....... ————=
- 1909706
1
......... NEOUE /st viwisiae

401859

......... Barth ....ooc. ————
356854

2680337
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. 1
Mass of J UPILEEL O etk
1058.924
) 1
......... DALY .- s —_—
8512
1

......... T
We have taken these from M. Pontécoulant, Systéme duw
Monde, Tom. 111. p. 841. The following is the formula for
calculating the mass when the planet has a satellite.

Let 1, M, m be the masses of the Sun, the planet, and the
satellite: 77, # the periodic times of the planet about the Sun,
and the satellite about the planet: 4, @ the mean distances of
the planet from the Sun, and the satellite from the planet.
Hence by Art. 269,

- 25 Al 2 rak Moms o Tt
V1+ M N vV M +m S T P
1

therefore (if we neglect m) M = IR

]
a> o
In the case of Jupiter and his fourth satellite, we find by this
1 L4,
formula M = ————: this is more properly the mass of Ju-
1048.69 = 3

piter with that of his fourth satellite.
The first value of the mass of Jupiter determined by
Laplace (Méc. Cél. Liv. vi. §. 21.) is —[— , and is founded
: 1067.09
on the observed elongations of the satellites by Pound. These
elongations have been lately observed with much greater accu-
racy by Mr Airy at the Observatory of the University of

Cambridge, the result of his measures gives — s Astro-

1048.69
nomische Nachrichten, Vol. x. p. 304. Nicolai makes the
1

mass by observing the perturbations of Juno. Encke
1053.024 ~
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: 1 _ : , i
makes it ———— by observing the motion of Vesta, and ——
1050.117 j 1054. 4

by observations on the comet which bears his name. All these

concur in proving that the mass of Jupiter assumed ]]y l;apl:tcu
15 too small 1)_\,’ about ;Iut]l part. The observations of Bouvard,
however, are at variance with this: he gives — . Themass

070.5
of the Earth may be determined as follows.

The attraction of the Earth on a body at its surface in the
parallel of which the square of the sine of the latitude is %, is
very nearly the same as if the Earth were condensed into its
centre: as we shall see in the Figure of the Earth in a sub-
sequent Chapter. I.et sin®/ =1, g=gr
b the mean radius of the Earth, | and E the masses of the Sun
and Earth, 7' the length of the year, a the mean radius of
the Earth’s orbit : hence

E T°g b®
- 3 + [~

g=—-and T'=2xyai; ... E=—

b*

“.'n'ity in latitude 4,

47 @’
IJ o] - 5 . rn
— = sin Sun’s parallax = sin 8".7.
a
r ol 1 ’ ’ . £
The mass of the Moon = — nearly. Mée. Cél. Liv. vi. {. 44.
v ~-

But this is not yet very satisfactorily determined: we have
seen no value deduced from the observations mentioned in
Art. 848.

392. We extract the following Table from M. Ponté-
coulant’s Systéme du Monde. These results are obtained by
the methods mentioned in Art, 270,
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Table of Secular Inequalities of the Planets calculated
for the beginning of the Year 1801.

In the | In the Long. of | In the Long. 1A i‘tl(“)l Ii‘l:(l:.m‘

Eecentricity. Perihelion. of the Node. ul-‘.v!’t]p;n.rr. B
Mercury | 0.000008867 9 43".5 —~ 138 22" 19”.8
Venus 0.000062711 4! 28" — 31" 10" 4" 5
Earth 0.000041200 11".9496
Mars 0.000090176 96" .22 — 88’ 48" 15
Jupiter 0.00015985 117l — R 23"
Saturn 0.000312402 | 81" 17" — 37" 54" 150 5l
Herschel | 0.000025072 | 4! — 500 57 i

To obtain equations for calculating the effect of a resist-
ing medium upon a comet we must refer the reader to the
Mécanique Céleste, and also to Mr Airy’s translation of the
dissertation on FEncke's Comet in the dstronomische Nach-
richiten.

Also for a very interesting paper on the orbits of re-
volving double stars the reader is referred to Vol. v. of the
Memoirs of the Astronomical Society, in which Sir John
F. W. Herschel has treated the subject in a very original
manner.

The following are Tables of the elements of the four small
planets Vesta, Juno, Pallas, and Ceres: and of the four known
periodical comets. The comet of Olbers has been observed
only once, at the time of its return to the perihelion in 1815:
the others have been observed in several successive revolutions.
It must be remarked that the elements of the small planets
given in the Table are not their mean values, but their values
at the specified epoch.
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CHAPTER VII.

MOTION OF A PARTICLE ON CURVES AND SURFACES. SIMPLE PENDULUM.

Pror. A material particle moves on a curve in a ver-
tical plane, and acted upon by gravity : required to determine
the motion.

393. Let 4 be the lowest point of the curve (fig. 94.)
Ax the axis of @ drawn vertically upwards: P the position
of the body on the curve 4P at the time?: AM=a, MP=y:
let R be the pressure of the curve against the body, this acts

in the normal line PG: M the mass of the body: then

is the accelerating force resulting from the action of R
(Art. 225): g the force of gravity.

Now the forces acting vertically are g downwards and
R ; R dy : ;
— cos PGM or — - upwards, the only horizontal force is
M M ds
R da
M ds

Hence, attending to the directions of the forces, we have
the following equations of motion:

d'o R dy d*y R da :
e ghe (1), FE— = =)
dit M ds dt M ds
) la d1
Multiply these respectively by ‘3;/ 3 L’F}—! and add, then
do d’a dy &y da 2R jdo dy dy da)
AR T m A L Cdi | O \dt ds 0 @i (f.\-)
) dw
=—2a-

dt’
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dat  dy

~ + == =c¢onst. — 2poa,
d i dt’
ds* t :
or — = const. — 2ga.
dt -

At the commencement of the motion let @ =/ :
0 = const. —2gh ;

le®
il 20 (h — a).

This expression shews that the velocity at any time is
independent of the form of the curve on which the body moves;
and depends solely on the vertical space through which it
passes.

Extracting the square root and inverting the two sides
of the equation

dt 1 1

the negative sign being taken because s diminishes as # increases
(Note in page 208) .

1 . dao ds

/ = - p e ny v /—: csmnill
VegJAh—x dw
- ) ds !
We must determine from the equation to the curve
aa

i ds  diy x 2
by the formula il \/1 + !'[;* then by integration we shall
aa (0 vl j -

know ¢ in terms of @ and therefore @ in terms of £ In this
manner, then, we shall know the velocity and position of the
body at every assigned instant.

Proer. T Jind the pressure upon the curve.

394. The equations of motion being

R dy d’y R da
-_— 0 L — — - =

dE " T M e’ dP . e
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dy dua

we multiply them respectively by and subtract ;

dt’ dt
dy d'w da &'y dy R (dy dy da da)
" dt df dtde  °%dt M (‘({s dt i ds rN_)

dy R ds - ‘dy da’

S tmar Tt de "

Now if p be the radius of curvature of the curve on which
the body moves at the point (2y), then by the Differential
Calculus

dy a2 da dy

1 dbde. dtdr
P ds®
de

il

¢ being a function of # and y, as is the case here:

R dy 1 L
. 1—[= EJ\ LS fT v = velocity.

This expression shews that the pressure consists of two
parts, one the part of the forces which act upon the body
resolved along the normal, and the other the centrifugal force
arising from the motion. (Art. 254.)

Pror. A body moves on a cycloid, the awvis of the
cycloid being wvertical : required to find the time of an os-
cillation and to shew that it is independent of the ewtent
of the vibration.

o

ds
395. We have shewn that e 20 (h—a);
7

dt 1 1

ds \/.‘lg \/ﬂr -
the negative sign being taken because the arc decreases as
the time increases.
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Now the equation to the cycloid is

: g @
y=+/2aa — @ + a vers—'= ,
y a
the lowest point being the origin ;

dy a—a a \/ﬁa -
= T MO e, i

dv  y/2aw - a* 2axw — a* &

ds dy’ 2a
S ]l + — = ks
da da’ 7
dt dt ds a i
Hence — = — —=— - —
de ds da & ha — 2
a@ 2
t=0C—- — ‘vers ' —
o h

! ds
and, whenever the body stops, the velocity, or E:O; and
2@
therefore ¥ =%, and the values of vers~!__ when @ =} are
h
£y 3wy L5 eeniia
and therefore the values of # are
y @ o L /a
2a —y dr! -5 6N —,......
g g g

which shew that the body will oscillate backwards and for-
wards, the interval of time in which each oscillation is per-

; a
formed being 2 7 J

g
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This expression is independent of % and therefore points
out the remarkable fact that however large the arc of vibra-
tion be the time of oscillation is the same in all.

For this reason the cycloid is called a Tautochronous

Curve.

Pror. A particle moves on a circular arc acted upon
by eravity - required the time of oscillating through a given
: Y /s d : :
portion of the are.

e ds’ :

396. As before “F= 2 g (h — @) and the equation to the

Fr

circle from the lowest point is y°= 2ax — i

oy a
'\/1 g — — ]

-t d_r,:! = l\/'—

* 1t may be interesting to ascertain whether there are any other tautochronous

curves when gravity is the force acting.

] 1 ds
We have g = __:l._. i‘i
da V2g Vh—z da

ds 1 |
T {oteig
o he B

NV2g

gy ... : - S
Now To independent of %: and consequently the integral of the general term
an ¥ £ !

1. 1.8..2n=1) &

2id, 2n

o n ° - .
must be of the form ¢. (—) , ¢ being a constant, in order that when taken

between the limits #=0 and @ =4 the result may be independent of /i : then

1 s | A 2n41
“IE"T da= s r s , A a constant ;
ds A
R
§=Ak
si=A*w,

and this is the equation to the cycloid and therefore this is the only tautochrongus

curve for gravity.
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di

dw

We are not able to integrate this function of @: it is
reducible to one of the class called Elliptic Transcendents, the
properties of which Legendre has discussed in his Traité des
Fonctions Elliptiques : tables are given of the approximate
values of the integral for given values of a*.

By means of series, however, the integral can be obtained
approximately.

dt : /a T
1 / 3
i A B Necgereatl
da 4 \ g 2a/
) i \/ﬁ’ 1
] = \/,‘,‘[ —
iy g LB e .5...(n=1) (@)
X 31+ 1 + — |+ 4+ \ | Feend
9 q 2.4 \2¢a/ 2.4_..2%n B

[0 @'da 1 [0 " lda

: ;:'r \/ -fr e;‘i;

/, \/'r'i p—at

[ vdx h 2. ah
/ ———— = —vers~' — 4 constant = — — -
5 B : :
Ik '\,/lr.hi“ - < f 2
' Leto=hsin®0: then 0=+ whenax=h oré=10;

2sinf cos 0dd

' " Veos® B (2a - -_.’f'si(i'*’rf'i);jn:’”r‘

,.j' 7

wkich is an elliptic function of the first order
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/ vda 1.8 32 /'“ & g5
== — i e =
\//.va' w »\/lrt—a‘” 2.4.6

and’ so on;
Bl a
T = — \/_

o

2k 1.8NC s 1.8...2n=IN\3f R \"
‘1+( ) f+(_ ) ( ) +...+( Lasi —)) (—1) iy
2] 2a 2.4 2a 2.4 ,...20n 2a

When the are of vibration is very small, then

X

3 T a
1= — - 1
2 g

; 3 il @ ) A .
and the time of an oscillation = '\/— , which coincides with

that in a cycloid, observing that the @ in this case is four times
the « in that.
The next appmximution gives a correction of the time

i a ]1- . - A > -
i 2 . and the ratio this bears to the time of oscillation
2 g 8a
= (4 chord of 4 angle of oscillation)®.
" 8a i

Thus if the body oscillate on each side of the vertical
through an angle of which the chord is i, the time of oscillation
will be greater by a A part than that calculated by the

formula 7 E

397. Ina‘rmd of supposing the body to move on a curve,
we may imagine it suspended by a string of invariable length,
or a thin wire considered of no weight. In this case the in-
strument is called a Pendulum, and is of great importance in
physical researches. For if I be the 1Lngth of a pendulum

oscillating in a second (or unit of time) then \/7_— i
o
o]

and a |,
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By this formula we may estimate the relative intensity of
the Earth’s attraction at different stations on the surfac e, above,
or below it.

Pror. A seconds pendulum is carried to the top of a
mountain ; required to find the height of the mountain by
observing the change in the time of oscillation.

398. Let r be the radius of the Earth, considered
spherical ; % the height of the mountain; 7 the length of the
pendulum : the force of gravity on bodies outside of the Earth
varies im‘m'soly as the square of the distance from the centre :
hence —= AT is gravity at the top of the mountain. Let 2 be

r+h
the number of oscillations the pendulum makes in a day, or

24 % 60 x 60

in 24 x 60 x 60 seconds: then time of oscillation =
n

\// 24:x 60 x 60 /-(;'+fa ? a(r+h) \/
l=m7 —and —o e — o

o n ar r

| =~

i |

h 24 x 60 % 60O

T n

which gives the height of the mountain. For the sake of

example suppose the pendulum loses 5” a day :

then 2 = 24 x 60 x 60 — 5,

ot I i 1
(X0 {1 G ___._) ~1l=——— nearly;

T\ 24 %12 x 6 24 x 12 x 60

10(’)(]

woh= mile nearly.

2L

‘7;‘ %12 x 60 %

Pror. To find the depth of @ mine by observing the
change of oscillation in a seconds pendulum.

399. The gravity in the interior of the FEarth varies
directly as the distance from the centre: if, then, %2 be the
glr=") .

depth, =——Z is gravity at the bottom of the mine :
r
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// 24 % 60 x 60 Ir
e =T ’\ —_ —————— =7 S
o

7 g(r— Ir);

I e [ 7 )"’
ro (2-1- % 60 x 60/ ~

from which % can be found. If, as before, the pendulum
lose 5" a day

h 1 AR 1
—=1—-(1-— =———— nearly;
¥ 24 X ()U r lLJ 12 x 60 x 12 5

h = L mile nearly.

400. The results deduced by the pendulum, as far as
we have at present explained its construction, would lead
erroneous conclusions; since we have supposed the rod sup-
porting the bob, as the lower extremity is termed, to have no
weight. We must leave the correction of this to a future
part of the work, in which we shall shew that / must not be
taken equal to the length of the pendulum ; but some other
expression which it is unnecessary to give here.

401. Owing to the remarkable property of the cycloid,
that its evolute is an equal cycloid, we can easily make the
bob of a flexible pendulum move in a cycloidal arc.

For let C4 (fig. 95) be the pendulum when remaining at
rest: PAP the cycloid in which the bob is to move, the length
of the axis being half that of the pendulum: CQ, CQ' the
evolutes of PAP. Now move the bob to the right, and let
the upper portion of the pendulum bend round CQ and the
other portion remain straight, touching C'Q in @ 'Then since
CQ is the evolute of AP, the extremity of the pendulum will
be in the curve 4P: and by this contrivance the bob will be
made to describe the cycloid PAP'.

This suggests the following means of correcting a common
pendulum which makes small oscillations. Let a small portion
of the upper extremity be flexible: (consisting of watch spring,
&ec.) and let it be suspended between two cycloidal cheeks, as

in fig. 96. Then the small oscillations of the bob will be in
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a cycloid, and in the expression for the time of oscillation the
; ] ik : i
correction depending on — is avoided : see Art. 396.
: 2a

402. The following Table contains the results of ex-
periments with a Hu'lmlls ]:t-ndullml on various parts of the
Earth. Tt is extracted from the Mécanique Céleste.

T e e e e e .

| i

5 Lengths of
Places Latitudes e I o

“(:t‘“:u\'.»i'w-!l-‘lil‘mn.‘

| |

Peru 0°.00 0.99669 E

Porto Bello 10.61 0.99689 £
I’mulivilurl‘_\ 13.25 0.99710
Jamaica 20.00 0.99745
Petit-Goave 20,50 0.90728
-’!‘ l":t})(‘ of Good Hu‘;:a- 37.69 0.99877
Toulouse 48.44 0.99950
Vienna 58.57 0.99987
Paris 54.26 1.00000
Gotha 56.65 1.00006
London 57.992 1.00018
Petersburgh 64.72 1.00074
| Arensgberg 66.60 1.00101
Ponoi 74,22 1.00137
Lapland 74.53 1.00148

403. Mr Airy, in a Paper which was read before the
Philosophical Society of Cambridge in the year 1826, has re-
duced the usual theorems for the alteration in the time and
extent of vibration produced by the difference between cycloidal
and circular ares . by the resistance of the air, by the friction
at the point of suspension, and by other dis lmlm'- causes, to

5B




378 DYNAMICS.

a very general investigation which leads to results remarkable
for their simplicity. Since the principle of the pendulum is
of vast importance in physical researches we shall not scruple
to introduce large extracts from this valuable communication.

Pror. A pendulum is acted upon by a small disturbing
force : required the alteration in the time and emtent of its

u‘-_,».r_-iﬂuti.vm.w .

404. We shall suppose that the undisturbed pendulum
moves with its extremity in a cycloidal arc, since in this case
the calculation is not :lppri_a\'im:t‘ro.

Let s be the distance of the pendulum at the time # from
the lowest point of the cycloid, s being measured along the
arc described, 7 the length of the pendulum. Then the re-

! ; da ;
solved part of gravity along the tangent 1s g 52 @ being
measured vertically upwards: and s®= 2lx is the equation to

the cycloid ;

Wherefore the equation of motion of the bob of the

pendulum is

d’s g i A
. =—=s, orif ' =
dt’ l
rii.‘.\.
— + N8 = 0
dt*

The solution of this equation 1s
s =asin (nt + b),

where @ and b are arbitrary constant qu:mtitim depending on
the length of the arc of vibration and the time of passing the

lowest point.

Vil . 3 ds
The velocity at time £ = T — na cos (nt +b).
¢
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We shall now suppose that f is a small disturbing accele-
rating force resolved along the tangent: the equation of
motion then is

d’s

— +ns=f.

d
The solution of this equation we shall assume to be
§ = asin (nf+ b)

(conformably to the principle of the variation of parameters)
¢ and & being considered unknown functions of #, which it is
our business now to determine.

Since there are two functions ¢ and b we may assume any
relation between them that we please, since we have but one
quantity (s) to determine. ILet this assumption be that the
velocity is still expressed by na cos (nf + b): the convenience
of this we shall soon discover.

Now s=asin (nt +b);

ds finby da (8t + B st ”r!h
- = N.da COS (1 + 0) +—8SIN (Nl + 0) + acos (71t 4 e
dt e Tuf;l'5 e A dt”

dar db
and .. 77 oin (nt + b) + acos (nt + b) 7 s 0,

this is the assumed relation between @ and b.

S ds
Again since ¥ = na cos (nf + b) ;
[

db
dt’

d*s

Al Ny da X
co——=—n'asm (ni+b)+n — cos (ni+b) —nasin (né+b)
dt dt

4 p iy ff 8,
in this substitute for T its value;
s

({r{. ( 3 { | f , d{# '
n——cos (nf + b) — na sin (7 — =
77 cos (7 ) — nasin (né +b) 77 e

this is the second equation between @ and b
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v . . db da
Eliminating successively — and — from these, we have
5 =t dt
dei o J il b f
— ==cos (nt+0), —=—-—sin(ni+0b).
di '®n @ ) dit 70 oo b )

If we could solve these equations we should have the complete
determination of the motion. In few cases is this practicable:
in all to which we shall have to apply the investigation an
:qumxim;ltinn is sufficient.

We suppose f to be a very small force. Hence the va-
riable parts of @ and b are of the same order of magnitude as [
and consequently may be neglected on the right-hand side of
the above equations if we agree to neglect the square and
higher powers of f.

In order to find the alteration in the extent of vibra-
tion which takes place in one oscillation we must integrate
{ cos (nt + b) through the limits of # corresponding to one
oscillation : that is from a value of ¢ which gives nf + b =« to
the value of # which gives nt +b=m + a. Here a may be any
quantity : in different cases we shall find it convenient to in-
tegrate hetween different limits.

.. increase of are of semi-vibration = ’"j feos (nt+b)dt
7

between the above-mentioned limits.

To find the alteration in the time of oscillation, let 7', 7"
be the values of # at two successive arrivals of the pendulum
at the lowest point; B, B’ the values of b at these times. Then

nT+B=m.7w, nT'+B =(m+1).7;

n(T'-7T)+B-B=m,

1 l 7 .
7 n ;
NORE e e e s
) — = _ = —— : Ll +
ow d/'r Tr T /, [ sin (n ) ¢

between the proper limits ;
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e
the increase of time of oscillation = - / Jsin (né + b) dt,
noa T

and the proportionate increase of time of oscillation

I L
= / [sin (nt +b) dt.
Ji

Tna

[f the circumstances are such that we must Integrate
il]J‘chtgh two vibrations, then

proportionate ncrease of time of osc. = — /j sin(né+0)ds.
Lona J

These formule are convenient when J can be expressed in
terms of £.  If however f be expressed in terms of s, as is the
case particularly in clock escapements, we must modify the
formule

dae da df 1 da 7

ds dt ds N Cos (J';.f_-;— b) dt ~ na’
db 1 db
and — = ——~ . -
ds  nacos (nt+b) dt
£ -
== tani(ni 1+ b) = ‘_f

B S i =5
na \/H‘ —g*

. . 1 o
- increase of are of semi-vibration = —— / fds,
J 0

5

proportionate increase of the time of vih". =

We shall subjoin a variety of examples.

Ex. 1. Instead of vibrating in a cyeloid let the pendulum
vibrate in a circle.
: L’-""‘
= — — “— nearly;
l / 61 i

Here the force = ¢ sin

O

= ¢ =2 sin’ (nt + b);
6P 65 \

=
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therefore proportionate increase in time of vibration

T
=-=2—— [sin* (nf +b) dt.
brnl’ ;
Now [sin' (nt+b) dt = 5 [ §8—4 cos 2 (nt+b)+cos 4 (nt+b)di

J i 2

s 1L :
sin 2 (nt +b) +—sin4(nt + b){ +C
8 7 n

== —, from nZ+b=0to m;
8 n

o a’ o

: a 5
sinee 7 = —.
!

pru‘p{)rtinn:\tc increase of time = ——— = —
1676

LK, ! gatsn M
['he increase of arc of vib. = : 5 /cos (nt + b) sin® (nt + b) di
ind®

o’ ) il
=— _sint(ni+06)+C=0 between the limits,

24n**
as we might easily have foreseen.
Ex. 2. Suppose the friction at the point of suspension
to be constant.
Here f= —e, since the friction refards the motion; and
the motion is considered from the lowest point. It will be

convenient to take the integrals during that time in which the
friction acts in the same direction: that is, from the beginning

. : ! . ar T
of a vibration to its end, or from nt +b=——tont+b=—;
2 2
; ] cHliz
.. Increase of arc = — — j(.‘()ﬁ (nt + b) di
n
e . : 2¢
=——sin(nt+b)+C=—-—,
n n’

0 20
proportionate increase of time = — — /sm (nt + b) di
) T
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,.
=———ocos(nt+b)+ C=0,
TN

between the limits n# + b = — — and

ISR

Ex. 3. Suppose the resistance of the air to produce a
force varying as the m™ power of the velocity or = kv™, m
being any whole number.

The velocity in moving from the lowest point

ds £ 48)
= — =mnacos (nt + b);
dt (
" f=—kn™a" cos™ (nt + b);

therefore increase of arc

p _Ey e
=—kn"'a" [cos™*! (nt + b)dt from nt + b= — s

. m(m—2 |
= — kan™*a" ( ) (m odd)
)

(m+1) (m—1) .... 2

Mk = 2) e 2 \
e — (m even).
(m+1)(m-—-1) ....3 ( )

am

=— 2kn"~

When m =2 (the law usually taken) the decrease of the
1ka®
are = ——.
3
The proportionate increase of time of oscillation
J

H

=——n"1a""! [cos® (nt +b)sin (nf + b) di
ot ;

{?.Hu.‘—.‘(l,_u.-—l :
e =lcos i (nE - by ¢
a (m + 1)

“ m w
— 0 between nf + b = — - and —
(2]

whether m be a positive integer or fraction.
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Ex. 4. Suppose the resistance of the air is ewpressed by
any function of the velocity.

Here f= ¢ (v) for the descent and — ¢ (v) for the ascent,
and the increase of the arc of vibration
cos (nt + b 1 regp()do
> [p(v) = ik LS ¢)
na . sin (nt + b) n'a J A/ ntat— v’

from » = 0 to v =0 again. But it must be observed that from
v = 0 to v = na (that is, from s = — a to §=0) the radical must
be taken with a negative sign, because sin (nf+ b) is then
negative. 'The increase of the arc is consequently

| "¢ v (v) d 1 0 v (v )r.’r

A \/H'H'f v 1 fa.n/nrd’ - P

! g% (v) dv
and therefore decrease = — / e
0 *\/u"n"f

n'a
The proportionate increase of time of vibration

1 1 ~
= /qJ ) sin (nt + b)dt = : / (])(1.)[“.

T TH Yot

I

— s (v) =0, from v =0 to v =0.
Tta

Hence a resistance which is constant, or which depends on the
velocity, does not alter the time of vibration.

Ex. 5. Let the resistance be that produced by a current
of air moving in the plane of vibration with a velocity V
oreater than the greatest velocity of the pendulum: and
varying as the square of their relative velocity.

Here ¢ (v) =~k (V —v) when the pendulum moves in
the direction of the current

¢ (v) =k( V + v)? when it moves in the opposite direction.

By the formula in the last Example, when the pendulum
moves in the direction of the current, the are is increased by
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n’ n
2V  Vaw & 4g’

nished by & ( — + - /
v \ n* n 3./

2V Vanr 4a* : . e
I ( = -—f_—) and when it returns the arc is dimi-
3

: . ! \ 2kVanr
The diminution in two vibrations = ———. The time
7

is unaffected.

Ex. 6. Let a force F act through a very small space x at
the distance ¢ from the lowest point.
fe+x Fa

; : 1
The increase of the arc= — F'ds = — nearly.
7n na §

P

The pr yportionate increase of the time of vibration

| ’
TR a’ / :

if the general value of the integral be P (8), then the propor-

tionate increase of time = P (c +2) - ¢ (c) = qf)' (c)a

If, then, an impulse be given when the pendulum is at its
lowest point, ¢ = 0 and the time of vibration is unaffected.

405. Since the preceding theory is applicable to every
ase in which a pendulum is acted on by small forces, it can be
applied to determine the effect produced on the motion of the
pendulum of a clock, or the balance of a watch, by the ma-
chinery which serves to maintain that motion.

If a pendulum vibrate uninfluenced by any external forces
except that of gravity, the resistance of the air and the friction
of the point of suspension gradually reduce the extent of vi-
bration. But this diminution goes on very slowly. A pen-
dulum suspended on knife edges has been observed to vibrate
more than seven hours before its arc was reduced from two
degrees to +th of a degree. In order to maintain vibrations of
the same or nearly the same length (which for clocks is indis-
pensable) a force must act on the pendulum: this force is

30
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generally given by the action of a tooth of the seconds wheel on
the inclined surfaces of small arms or pallets carried by the
pendalum : and the whole apparatus is called an escapement.

Now it appears from Examples 2, 3, 4 and 5 of the last
Article, that the friction and the resistance of the air do not
affect the time of vibration. The maintaining force, therefore,
must be impressed in such a manner as not to alter the time
of vibration. The escapements of clocks in general use may
be divided into the three following classes: recoil escapements,
dead-beat escapements, and the escapements in which the action
of the wheels raises a small weight which by its descent acce-
lerates the pendulum: this last is Cumming’s escapement.
A full discussion of these will be found in Mr Airy’s com-
munication. He comes to the conclusion that the dead-beat
escapement is far superior to any other.

406. In this the wheel acts on the pallet for a small space
near the middle of the vibration, and during the remainder of
the vibration it -has no effect except in producing a slight
friction. The impact also at the beat does not tend to acce-
lerate or retard the pendulum. Neglecting then the consider-
ation of the friction, we have a constant force F', which begins
to act when @ = — ¢ and ceases when @ =¢. Hence by Ex. 6.
of last Article, proportionate increase of time

F iz sds I = . o
[ A WA T

’2 2 Al

F
L =i feie) (¢~ ) nearlys
e+ \/u“—r_:"f 2’ a’ 5

an extremely small quantity, since ¢ and ¢’ are very small when
compared with @, and ¢’ — ¢ may be made almost as small as
we please, though it cannot be made absolutely zero; for the
wheel must be so adapted to the pallets, that when it is dis-
engaged from one it may strike the other, not on the acting
surface, but a little above it; that is, the instant of disen-
gagement from a pallet must follow the instant at which the
pendulum is in its middle position by a rather longer time than
that by which the instant of beginning to act preceded it.
Hence ¢ must be rather greater than ¢. But the difference
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may be made so small that the effect on the clock’s rate shall
be almost insensible. This escapement, then, approaches very
nearly to absolute perfection: and in this respect theory and
practice are in exact agreement.

Mr Airy suggests a construction (Trans. Cam. Phil. Soc.
Vol. 1. p. 125.) for a clock escapement similar in its prin-
ciples to the best detached escapements of chronometers.

Proe. To prove that the velocity of a particle moving on
a smooth surface is independent of the path described, but
depends solely on the co-ordinates of position.

4077. Let R be the normal pressure between the surface
and particle at the time £, M the mass of the particle ; Hﬁ‘y
the angles which the direction of R makes with the axes: then,
X, ¥, Z being the other forces acting on the particle, the

equations of motion are

Fa R d*y R
(;”Z =X + 37 Cos @ rl_zj =) + - cos B,
&z R
P <24 oy
ar +J{(¢}\ Y
de d dz
Multiply these by 2 ﬁ* # d;/ NT._ and add ; then

d .v* i L 1‘ dy _dz
SR e L ( X e - 4+ Z )
dit rlt dt dit

2R (da dy e
+ I (FE cosa + s cos B + 57 €os '“:’) i

dao d r/ dz : i
But —, — are the cosines of the angles which the
ds’ ds’ ds ;

tangent line to the curve described makes with the axes; hence

dx dy 3 dz
— COS — COS -+ =— G088
ds e ds f ds v

equals the cosine of the angle which this tangent makes with
the normal, and therefore equals zero ;
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oo vt=2 [(Xda + Ydy + Zdx),

and X, Y, Z being functions of @, y, » this expression when
integrated will be a function of , y, =, the co-ordinates of
position, and does not depend on the path described.

Proe. A particle moves in a spherical bowl acted on by
gravity : required to determine the motion.

408. The equations of motion are (¥ being vertical)

d'a R dfy R 3 &’z R
— = — —= 08 — ¥ e —cosf3, — =g ——cosry,
= A e Tl e IR

also #°+y’+z’=a® is the equation to the surface: in this case,

& F Y &
cos g =—, COS ,d ==, COS'y=—3
(14 a @

then (as in last Article)

dor  dy’ Ay o

— 4+ —+ —=C+2g2.

a¢ " de " ar g

Let V and & be the initial values of the velocity and of z: then
da® dy d2f

== R — =
dt di* dt*

d*y d*x
T
g dr

V2 —2g (k- ),

also @

dy da

L === - = const, = k.
dt y di

i da 5 d{/ PY g
ikewise ¥ — + 9 —2 + 8 — =0,
di Y di dt

SRS, dy | ]
By eliminating — and — from these, we have
di 1t

ai

s { adz

SV @ - [V - 2g(k-%)} - I

2 I
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This is an elliptic function, Art. 396. If this could be inte-
grated, then ¥ (and consequently # and y) is known in terms
of £, and the motion is determined.

409. We may obtain approximate results by supposing
the oscillations to be very small.

In this case, let 6 be the angle that the radius drawn to
the particle makes with the vertical, \» the angle which the
vertical plane in which @ is measured makes with the vertical
plane through the centre of the sphere and the point of pro-
jection; let the velocity of projection (V) = B34/ga, 3 being
a small numerical quantity, the direction of ¥V horizontal, a the
initial value of @ ; then

k=a— —‘, ad®, s=a— %rr 8%, k= (I"";,:'a"ﬁ?,
y=wotan, & +4°+ 2 =0?;
di dt a 0
oy — == g — = — % - .
de ds g \/(0_‘-‘ - 6% (6* - 3%)
dy, dy dt 1 ( dy ! da\ dt a3
= — —=—— | p———Y— | —=—— =
dg " dt do = 7y’ dt y n’.f.J de 9\/((12_33) (6*-3%)

The first of these equations gives

@ 2d . 6"

:) 7 (@ - B) - {26 - (@ + B

= \/a cos ™! {LAgkﬁ(u‘ -«—;L'}")} oL const =103

g o« — 3

21

]

S = é (¢ + }3‘) ac —.{, (ag — B) cos 2 ”\/{gt‘
a

this shews that the pendulum makes isochronous oscillations in

the moveable vertical plane : the extreme angles being a and 3,

. \ : = . T @ . . .

and the time of oscillation being - —, or half the time of
Q r

oscillation when the plane of motion is constant
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d o af3
Hence also 2 = ’\/“Z’_ Rl pE o e
di a /Lr . g
a® cos® N/ 2 ¢ 4 (Fsin® =t
a

a
o
<+ a tan = 3 tan \/‘3 Z,

a@
from which the azimuth of the plane of oscillation is known at
any time.
By substitution we have

N il b reostale sl o reos®ny - Einfal
— + = = (a’-%) ( L4 i ) = a*8° ( L 4 — !) -
p

a’ 3

and substituting for 8 and ), their values in terms of #,

3

a” o [3°

which shews that the projection of the path on a horizontal
plane is an ellipse with its centre in the vertical radius of the
sphere.

2

- =0 S o : x el
Cor. Ifa=[3, then *=a* = 2t &+ 4 = a’a’,
a
and the pendulum describes a conical surface with a uniform
motion.

Pror. A particle moves on a curve surface, required to
find the pressure at any instant.

410. The cqnutitms of motion are

& R oY o B & _, B
=5 =yt ﬂ(,ob as dif:z ¥t jfgo:-_\}j, IF =2+ I{((ana/.

Multiply by cos a, cos 3, cos «y respectively, and add, then
R du d*y

1 3 d*z

= = ——CO8 = cos 3 + —— COS
M dE s dt* o di? i
— g_;Y cos a + Y cos 3 + Z cos nff.

To calculate the former part suppose that the co-ordinate
planes are so chosen, that, at the instant under consideration,
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the axis of ¥ is the normal line at the point of contact of the
particle: hence cosa =0, cos 3 =0, cos v =1, and this part

d
becomes

Now x is a function of # and y: 2 and y are functions of
t; hence

dzs  dzx doe dz dy

dt ~da dt " dy di’

&z  d’z da* S Fx dae dy &z dy® dx dv  dx d*y

Tlgeh e TR e e e e e e 7 e g
dtt " dat dit dedy dt dt = dy* df*  do dF dy df

1 Iz
But - 0, !
da

— = 0 as the axes are chosen.
dy

Hence — = — ]7° 7 2 T
o gy di 1(1.'1.-"' ds ¥ dody ds ds  dy* ds*

d’z  dst [Pz da* &z dedy &Pz dy? }

(Vel(}cit_y):" v*

T R TR N T T
radius of curvature p
and the magnitude of this cannot depend upon the manner of
fixing the axis; therefore, in general,

R A :
7 o il (X cosa+ Yeos B+ Z cos )
o

= centrifugal force — resolved part of the forces along the normal.

Proe. 4 particle moves in a groove i the form of a
curve of double curvature ; required the pressure.

411. 'The equations of motion are the same as in the last
Article: a3+ heing the angles which the direction of the
pressure makes with the axes; this coincides with the radius of
absolute curvature.

Let p be the radius, and @,y,%, the co-ordinates to the
centre of curvature, then

, '@ LAy , Bz
=@ Nemr o) Y =1 4 p°- e = 2 s
e R T Bty P L




DY NAMICS.

- a, d’a dy d’z
‘. COSa=— = {) T;’ COS8 IH = IIJ s COS '\Ir = ’) =
ds®

P ds® dst’

R dade dydy d'zdz :

—m =l = 24— 3§ Xcosa+¥Vcosf+Zcosyf,

M P{d{'ﬁ ds® " df ds* df ds] ! f 7§
the former part, by changing the independent variable to s (as ‘
in Art. 255), becomes

2

dE o

d't d [da* dyt dw
ds* ds | ds* b ds® i ds*
dt’

ds®

d s 1 ds* .

1 : 4.
= — ({COS" 4 CO8" 9+ COS™ =~ - — 2
e’ ( 5 f ) de’ P dt*

e
W (X cosa+ ¥ cos 3+ Z cosry)
J?I{ P

= centrifugal force — resolved part of the forces along the
radius of absolute curvature.



CHAPTER VIII.

PROBLEMS ON THE MOTION OF BODIES CONSIDERED AS PARTICLES

Pros. 1. A Bobpy is projected vertically upwards and the
time between its leaving a given point and returning to it is
given: find the velocity of projection, and the whole time of
motion.

Pros. 2. Two bodies fail from two given points in space
in the same vertical down two straight lines drawn to any
point of a surface in the same time, find the form of the
surface,

Pros. 3. A semi-cycloid is placed with its axis vertical
and vertex downwards, and from different points in it a number
of bodies are let fall at the same instant, each moving down
the tangent at the point from which it sets out: prove that
they will reach the involute (passing through the vertex) all
at the same instant.

Proz. 4. From the top of a tower two bodies are pro-
jected with the same given velocity at different given angles
of elevation, and they strike the horizon at the same place:
find the height of the tower.

Pros. 5. A body acted upon by two central forces, each
varying inversely as the square of a distance, is projected from
a point between them towards one of the centres: required
the velocity of projection that the body may just arrive at the
neutral point of attraction and remain at rest there.

Prop. 6. A body, acted on by a force varying inversely
as the fifth power of the distance, is projected in any direction
with a velocity equal to that which would be acquired in falling
from an infinite distance: find the orbit.

Pros. 7. A body, projected in a given direction with
a given velocity and attracted towards a given centre of force,

3D
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has its velocity at every point : the velocity in a circle at the
same distance :: 1 : 4/2; find the orbit deseribed, the po-
sition of the apse, the magnitude of its axis, and the law of
force.

Pros. 8. Two bodies are connected by a string passing
through a hole in a horizontal plane; one of them is projected
in any direction in the horizontal plane, and the other descends
vertically by the action of gravity : find the motion of the
bodies, and the curve described on the plane.

Pros. 9. A body 1s l)t‘[xjvctul in any direction from one
extremity of a right line, cach particle of which attracts it by
a force proportional to the distance; prove that the body will
pass through the other extremity.

Pros. 10. A body projected from a given point in a plane

m AFIE m
is attracted by forces g in the direction of @, and = in the
a Y
direction of y: prove that if the velocity and direction of pro-
jection be rightly assumed, it will describe a circle round the
origin as centre, and find how the velocity varies in different
parts of the orbit.

Pros. 11. A body, urged towards a plane by a force
varying as the pcrpcndicuhn‘ distance from it, is projected at
right angles to the plane from a given point in it with a given
velocity : find what force must act at the same time on the
body parallel to the plane, that it may move in a given para-
bola having its axis in the plane; and determine the circum-
stances of the motion.

Pros. 12. A body acted on by a force varying partly as
the inverse cube and partly as the inverse fifth power of the
distance is projected with the velocity which would be acquired
in falling from infinity, at an angle with the distance the
tangent of which = v/2, the forces being equal at the point of
projection ; determine the motion.

Pros. 13. A body is projected from a point near a centre
of force which varies inversely as the square of the distance,
in a direction perpendicular to the line joining the point of
projection with the centre of force, and so as to describe an
ellipse about that centre: shew that the point of projection
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will coincide with the nearer or further apse according as the
velocity of projection is greater or less than that with which
a circle might be described at the same distance.
Pros. 14. If a force vary inversely as the 7" power of
the distance, and a body be projected from an apse with a
velocity which is to the velocity in a circle at the same distance
1:4/5; find the polar equation to the curve described,
and transform it to rectangular co-ordinates.
Prozn. 15. If a body be projected about a centre of force
varying inversely as the square of the distance with a velocity
equal to n times the velocity in a circle at the same distance,
and in a direction making an angle 3 with the distance; the
angle a between the axis major and this distance may be deter-
mined from the equation

tan (a — (2) = (1 ~»*) tan 3.

Pros. 16. If @ be the mean distance of a planet from
the Sun, and / the length of the line of nodes, then the time
of the planet’s passage (supposed undisturbed) from node to
node through perihelion is

3 £ o g
44 l l 2a — 1

o {t;m“ '\/ = \/q-—-}
mw

2a -1 2a l

where p = the length of the year, and 1= mean distance of
the Farth from the Sun.

Pron. 17. If a body revolve in an ellipse round the
focus prove, that a progressive motion of the apse will be the
effect of any continual addition of force in the direction of the
radius vector during the progress of the body from the further
to the nearer apse, and point out the effect on the eccentricity.

Pros. 18. A body is acted on by two forces, one repul-
sive and varying as the distance from a given point, and the
other constant and acting in parallel lines: determine the
motion of the body.

Pron,, 10, H'a body can describe a given curve about
one centre with one law of force, about another centre with
another law of force and so for any number of centres, it is
possible to project the body \vnh auch a vvlomt_y that it may
describe the same curve under the action of all those forces.
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Pros. 20. A body describes a parabola about a centre
of force residing in a point in the circumference of a given
ellipse, the foci of which are in the circumference of the para-
bola, the force varying inversely as the square of the distance :
shew that the time of moving from one focus to the other is
the same, at whatever point in the circumference of the ellipse
the centre of force is placed.

Pros. 21. If P be a central force attracting a catenary,
and p be the perpendicular on the tangent at any point from
the centre of force; then, the force which would cause a body
to revolve in the curve formed by the catenary varies as
P = p.

Pros. 22. A body P is projected with a given velocity
ar/p in a direction perpendicular to its distance A4 from
a centre of force .5, which itself moves uniformly with
velocity ¥V in the direction 48 produced; the force varies as
the distance: determine the equation to the orbit described,
and shew that the motions of P and & are parallel when the
co-ordinates of P measured from the original position of &
are @ and (L7 —1) 7.

Pron. 23. If two equal bodies, which attract each other
with forces varying inversely as the square of the distance,
are constrained to move in two straight lines at right angles
to each other; shew that they will arrive together at the point
of intersection of the lines, from whatever points their motions
commence : and having given their distance at the beginning
of the motion, find the time to the point of intersection.

Pron. 24. The times of oscillation of a pendulum are
observed at the Earth’s surface, and at a given depth below
the surface; find from these data the radius of the Earth,
supposed spherical.

Pror. 25. If a pendulum oscillating in a small circular
arc be acted upon, in addition to the force of gravity, by a
small horizontal force (as the attraction of a mountain) in the
plane in which it oscillates ; having given the number of
oscillations gained in a day, find the horizontal force.

Pros. 26. A body oscillates in a cycloid on an inclined
plane, and the friction on the plane = u times the pressure:
shew that the friction will not affect the time of oscillation,
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and that the body will stop after it has oscillated a number

a . ot I
of times = /—t:m a — %, where a is the original distance
2ln g

from the lowest point and « the inclination of the plane.

Pron. 27. A body acted on by gravity moves on the
convex surface of a cyeloid, the vertex of which is its highest
point; the velocity at the highest point being v/ 2gh, deter-
mine the point where it will leave the curve, and the latus
rectum of the parabola afterwards described.,

Pros. 28. A body moving on the interior surface of a
vertical cylinder was projected with a given velocity, and
goes round precisely n times before it begins to descend :
find the direction of projection.

Pros. 29. A body acted on by a repulsive central force
varying as the distance, moves in a groove of the form of an
epicycloid, the pole of which is in the centre of force : prove
that the oscillations are isochronous.

Pros. 30. If a body move in an elliptic groove uni-
formly, round two centres of force situated in the foci; prove
that the forces at any point of the ellipse are equal, and
inversely proportional to the square of the corresponding
diameter.

Pros. 31. A body moves in a groove under the action
of two centres of force each varying inversely as the distance,
and of equal intensity at the same distance; the body is
projected from the mid-point between the centres : prove that
if the velocity be uniform the form of the groove is a
lemniscate.

Pros. 32. A body attracted to two centres of force
varying inversely as the square of the distance moves in a
hyperbolie groove, of which the foci are the centres of force :
required to find the pressure on the groove ; and to shew that
if the particle begin to move from a point where it is equally
attracted by the two centres, the pressure on the groove is
zero during the whole motion.




CHAPTER IX.

PRELIMINARY ANALYSIS.

412. WE now enter upon the calculation of the motion
of a rigid ])ndy.
In the following Chapters we shall repeatedly meet with

the expressions

. ma, = . ma, .M,
2. may, s . mog, 2.mys,
> . mar, = . my’, 2 .mz*;

xyz being the co-ordinates to a particle m of a material
system, and = being a symbol which represents that the sum
of the quantities symmetrical with that before which it 1s
placed is to be taken throughout the system.

It becomes important, then, to enquire whether the axes
of co-ordinates may not be so chosen, as to simplify these
ux])rcgsiun.v..

Proe. The first three may be simplified.

418. Let o, E > be the co-ordinates of the centre of
gravity of the system: and let M be the mass of the system.
Then by p. 67, we have

S . me=Mz, =.my=My, Z.mz=Mz.

If it be allowable in any case to choose for one of the co-
ordinate planes a plane passing through the centre of gravity,
then, supposing this the plane of @y, we have =0 and
therefore = .mz = 0.

If it be allowable to choose for the axis of @ a line
passing through the centre of gravity, then y =0, =0, and
these give Z.my =0, Z.mz=0.



PRELIMINARY ANALYSIS. 399

Lastly, if it be allowable to choose the origin at the centre
of gravity, then # =0, 4y =0, ¥ = 0; and therefore Z.mae=0,
2.my=0, =.mz=0.

414. The second set of expressions, viz.: Z.may,
S.mazs, Z.mys may be made to vanish by properly
choosing the co-ordinates.

This simplification is so important that the axes which
possess this property are called the Principal Awes of the
system. They are likewise termed the Natural Axes of Ro-
tation for a reason hereafter to be assigned : see Art. 439,

Before proceeding to find these axes we must prove the
formulae by which we pass from one system of axes to another.

Pror.  To prove the formule for the transformation
of one system of rectangular co-ordinates to amother, the
origin remaining the same.

415. Let 4w, Ay, Az be the original axes (fig. 97),
Adw,, Ay, A=z, the new axes.

0 = inclination of plane 2y, to plane @y.

\» = the angular distance of the line of intersection of these
planes from the axis of #; 4. e. the angle NAa.

¢ = the angular distance of axis of @, from this line of in-
tersection ; i. e. the angle N/l.'a?l.

vy %, x4y, the co-ordinates to any point referred to the two
systems of axes respectively.

7 = the distance of this point from the origin.

Then the cosines of the angles which » makes with the axes of

Y By

: v %
vyz, @Y%, are respectively —, =, —; —, = ¢ Hence
. Galce Sl LR T B

a2 @& i} 2

4 Q L Y n w F e T
—~ = —COS@®, + —COS¥Y + —COS z,
7 r > .
Yy &, Y, 2
- == C08SYX + — cosyy + — CoOs Y2
{7 T r T
2 v 1y >3
T = —CoSEBX + —cosY, + — COSRE,.
(o r f T T
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cosaa,
cos @y,
cos %,
cos Y@,
cos ¥ Y,
COS Ej .:-"
CoS 3@,
Cos *Y,

COS B R
‘

4

@ = x, (cos ¢h cos s

DYNAMICS. RIGID BODY.

+

Let us now suppose all the points where the six axes
meet a sphere of radius unity described about 4 to be joined
by arcs of great circles; then we shall have by the formula
for the cosine of the side of a spherical triangle in terms of
the other sides and opposite angle

cos ¢p cos \r + sin ¢ sin \- cos )
0 e e = e

sin ¢b cos s + cos ¢ sin \) cos 0
— 8in \r sin @
— cos ¢ sin Jr+ sin ¢ cos Vs cos e

sin ¢ sin s + cos ¢ cos s cos 7]
— cosJrsin 6

sin ¢ sin 8

cos (‘b sin @

COSs 9

Hence by substitution

sin ¢ sin \ cos )

— y, (sin ¢ cos \y — cos ¢p sin \ cos 6) — =, sin\,sin @
— @, (cos ¢ sin~), — sin ¢ cos ) cos 6)
+ v, (sin ¢ sin s + cos ¢ cos \}s cos §) — =, cos - sin &
% = ,sin ¢ sin O + y, cos ¢ sin 6 + %, cos 6.
416. In the same manner we should find
@, = @ (cos ¢ cos s + sin ¢ sinr cos 0)
— y (cos ¢ sin}s — sin ¢ cos s cos ) + = sin @ sin 0
y, = — @ (sin ¢ cos)y — cos ¢ sin ) cos 6)
+ 4 (sin ¢ sin\ + cos ¢p cos ) cos ) + = cos P sin 6
% =—asin sin @ — y cos sin O + = cos 6.
Proe. To prove that in every body there is a system of

rectangular aves, and in general only one system, which will
satisfy the conditions 2.mXx,y, =0, 2.mx z =0, 2.my,z =0.
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417.  Substitute in the equations Z.mw,y,=0, Z.ma,3z,=0,
Z.my %, =0 the values of @y,%, given in Art. 416, and putting
Z.my+2)=D, Z.m(*+)=E, S.m (@ +4y*) = F,

S.myzx=G, . mazx= H, Z.may=K;
we have L sin 2¢ + M cos 20 =0 oo (1)
N cos ¢ — Psing =0,
N sin ¢ + l’cc)s(p =0y

where L, M, N, P are certain functions of 0, vy, D, E, F, G,
H, and K ; and are independent of ¢
The first of these equations gives ¢ when @ and \r are
known. By eliminating ¢ from the second and third we have
P=0, N=0: or, if we replace P and N by their values,
we have
sin2 @ gD sin® s = 2 K sin s cos Y+ E cos® — F}
+2cos26 {G cos\r + H sin \]Ff} =0 1
...... (2).
sin @ {(D - E) sin s cos s — K (cos® ¥ —sin®)} J
—cosf §G sinyy — H cos s} =0

i V4 1+uz':

also let @ be eliminated from the above equations by the formula
(1 — tan®6) tan 260 = 2 tan @ ; and we have, after all reductions,

{(D—E) u—K (1-u*)} {(GD—GF+ HE)u-HE+HF+ G[f’}
- (Gu-H)Y*(Hu+ G) =0.

This equation, being a cubie, must give at least one real
value of w, and therefore of \r: and substituting this in one
of the equations (2) we shall have the value of 0 and then b
is known from equation (1).

We conclude, then, that we can always find a system of
co-ordinate axes which will satisfy our conditions. i.?ut, not

3E




402 DYNAMICS. RIGID BODY,

only so, there is in general only one such system; for although
we might fancy that there could be three since the equation
in % is a cubic yet this will be found not to be the case when
it is remarked that this equation, which is to obtain the angle
between the axis of # and the intersection of the planes @y,
and @y, ought likewise to give the angles which the axis of @
makes with the intersections of the two other planes @,%, and
y,%, with the plane #y. Hence all three roots of the cubic
will be possible and serve to determine the three angles
specified above.

Hence the Proposition is true.

Cor. 1. The equation in « becomes identical whenever, in
any particular case, we have G=0, H=0, K=0. In this
case every system of rectangular axes is a system of principal
axes; as is proved by these three equations: and for this
reason the equation in « gives no result.

H=0. In this case also there is an infinite number of systems
of principal axes; but they must all have a common axis,

Cor. 2. Again, the equation in 2¢ is identical when G=0,

since ' does not vanish.

It will be seen that in most cases the difficulty of calcu-
lating the position of the principal axes in a body is preat.
But whenever we know one of them the other two are casily

determined, as we shall now shew.
Proe. To find the principle awves of a body when one
of them is known.

418. Let 4z, be the known princi]ml axis, dw,, Ay, the
others making an angle with the arbitrary axes Adax, Ay
drawn at right angles to A=, (fig. 98).

Let @,y,%,, #Y3 be the co-ordinates to a particle m referred
to these two systems of axes: then

@,=acos\r+Yy sinvy, ¥, =y cos \r — @ sin .
S e e
Hence = .ma,y,= 0 gives

(cos®\l — sin® \) 2. may — cos o sinafe X om (z*=y°) =03
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] sin 21l 2 sin \Jr cos s
tan 2v\y= —— = — g
i cos 2, CcOs” '\iIf — s1n- ‘fl
) N

- l_f,i

S.m (@ —y)

Ex. 1. Oneprincipal avis of a rectangular parallelogram
of uniform thickness is perpendicular to its plane th rough
the centre : J'."rl,w'rg'f‘r'rf the other two.

Let 2a, 2b be the sides of the parallelogram : M its mass:

the sides parallel to the plane @y, and the centre of the origin :

. dady :
then the mass of an element = M 1 —: and therefore
(1 0
FES R 7,7 SR
Z.may = f . ! ) e h'“"f’(‘”/y e / X 0.dx =0,
J[ fa I-‘.u J[ fa )
1 e i SR | L. O s O il b —1p®
=.m(a"— ) !‘”-’f‘.-" .r./ h(r y)dady ;mf:_/_{,() % b°)
v : ML y
=—(a*b - b®a) = — (¢* = b);
3ab " 3

. tan 24r = 0; and .. 2r=0 and 180° or \» =0 and 90°, and
the other two axes are parallel to the sides of the parallelogram.
Cor. If the parallelogram be a square then « =5 and

0 . k i s

tan 2yr = —: which shews that in this case any pair of axes
0

@ and y are principal axes.

ix. 2. One principal awis of an elliptic board being
perpendicular to its plane through its centre; the other two
coincide with the awes of the ellipse.

k19. The last three of the expressions in Art. 412, viz.
=.ma*, .my’, =.mz*, do not admit of much simplification.

The sum of the products of the mass of each particle of
the system and the square of its distance from any straight
line is called the Moment of Inertia of the System about that
line.
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We proceed to prove certain Propositions connected with
the Moment of Inertia,

Pror. The moment of inertia of a system about any
axis is equal to the moment of inertia about an axis through
the centre of gravity and parallel to the former, together
with the product of the mass of the system and the square
of the distance between the two axes.

420. Let the plane of the paper pass through the centre
of gravity G of the system: and be perpendicular to the ori-
ginal axis and cut it in 4 (fig. 99): 4@, Ay the axes of @
and y, and P the projection of any particle of the system m
on the plane of the paper: @, y the co-ordinates of P from G;
Iz_/" the co-ordinates of G from 4. Then the moment of
inertia

=2.mAPP=2.m {(z +2)* + (y + y)*}
=M (z* +y°) + 203 . mo + 2y2 . .my + Z.m(2* +¢°)
=M (;17-2-#?72) +=.m(2* +y°): see Art. 413.

= M. GA® + moment of inertia about an axis of which the
projection is G.

421. We shall now calculate the moment of inertia in
some particular cases.

Let % be such a quantity that the moment of inertia=M i*.
Then it will be seen that % is the distance of the point at which
we may suppose the whole mass collected so as not to alter
the moment of inertia. This quantity % is called the Radius
of Gyration.

We shall always use the symbol % for this radius when the
axis passes through the centre of gravity, and k, (with a sub-
script accent) when it does not.

Ex. 1. A physical line about an axis through its centre
and perpendicular to its length.

2a = length ; r = distance of any particle from the centre ;
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dr

. mass of a length d#» =
7 2a

M

Il

?

. moment of inertia, or M .%* = / M ——dr = flf—
~(I

v o-q

a
. k, or radius of gyration, = ——

-\//.‘3
If the axis of rotation be at a distance ¢ from the centre
of gravity and parallel to that used above, then

f(.:‘k -
ot = t + ¢ by Art. 420.

Ex. 2. 4 circular body of uniform thickness and den-

sity about an awis through its centre and perpendicular to
its plane.

a@=radius, £ BAP=0, AP=1v (fig. 25);

25):

: dr.rd@
therefore element of the mass at P = M — :
7l“03"

./f ﬂ[——d?d@ fb_Mn—dr:_M*
R - I e

F
For an axis parallel to the above at a distance e,

k“:ga + ¢* by Art. 420.

Ex. 8. The same body about an awvis through its centre
and in its plane.

dTTdG

2

Mass of element at P =
(l.

ra am ar
ﬁ-ﬂs?=/ / Mf—l':—gd rdf=- ﬂ] f 7 (1—cos 20) drd@
GHOREL T o

v e @’
= — dr = M—;
a®
0
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About an axis parallel to the above at a distance ¢,

i die s 2
ll‘ _-1-” + .

Ex. 4. A solid of revolution about any axis perpendicular

to the awxis of the solid.

Let DA'E be the given axis cutting the axis of the solid
in A': let 4" be the origin of co-ordinates (fig. 27): PM =y,
AM=n: A4d=m, AB=n, V the volume of the solid ;

: ! Tyrda
.. mass of elementary section PP = J -—"-‘].-- )
J[ T

. . » 0 ¥ vy L ] _' i Al
mom. of iner. of this element about PP’ = 7 W'fl"rf.?'i (Ex. 38.),
! L

®

e DR = :;;’,“_‘Mm (2, ])

== i 2
(Art. -}-Ql)) %
SRR | AR T : SR
o T —ay (—+ () da: but V= myida:
‘ L n Y
o1 4 Jm
oo k= f: (1l ¥+ 2°y°) (f‘l‘.;j;: yida.
Ex. 5. 4 sphere about a tangent.
¥ =2a0 — & ;
co kP = ;' (*a + aa® — 3 2"y dao = _{:J “(2ax - o) dw
=G+a-Fa =+ (4 Na*=Fa? +~ 5 =1a
Also K =k?—a® = 3 d*

Pror. To find the moment of inertia of a system

referred to any a®is.

422. Let AC be the axis (fig. 100): P any particle m
of the system: PM perpendicular to AC: Aw, Ay, Az the
co-ordinate axes: @, y, & co-ordinates to P; a, 3, ~ the angles
AC makes with the axes;
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PM?=APsin® PAC = A4P* (1 — cos® PAC), AP =r
: o [a Y % ?
=2 —¢° [—cosa + =cos (3 +— cos A
' 1 (J' COS a rl() [ -+ r‘(o /’)

I

a® 4 y* +2* — (wcos @ + y cos BB + z cosy)*
= &% sin’ a + y*sin® 3 + 2 sin® ry
— 2@ COS @ CO8 ﬁ — 24% COS @ COS y — 2% COS ﬂ Cos 7.
Hence moment of inertia =
sin®a 2.ma? + sin® B 2.my® + sin®y 3. ma?

—2 COS u(:nsﬂ Z.may—2cosacosy X . mag—2cosJcosy . mys.

If the axes of co-ordinates be principal axes, then,
accenting the co-ordinates in accordance with the notation
of Art, 417,

MEkP=sin*aX.ma?+sin® B3 .my +sin®y Z.mz

Let 4, B, C be the moments of inertia of the system
about the principal axes;

N il o A e R g LR e e W
. A=2.m(y?+=}), B=2Z.m(z}+2?), C=2Z.m(@2}+y}),
then 2. ma?=L(B+C—-4), E.my?= (4 +C-B),

S.mel=L(4+B-C);
oo ME? =1 4 (sin® 3, + sin®ry, — sin*a))
+ 4 B (sin’q, + sin®y, — sin* ) + & C (sin® q, + sin® B, — sin’* )
= Adcos’a, + Bcos’ 3, + Ccos’ry,.
/ i Il
Pror. If A and C be the greatest and least principal

moments, then every other moment of inertia is intermediate
to these.

123. For Mk’ =4 — (4 — B) cos’ 3, — (4 — C) cos® v,

and also = C + (4 — () cos’a, + (B — C) cos’ 3,

: a 2 A 9 "
sinee cos”" a, 4+ cos o + €os" ry, = 1
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The first is evidently less than 4, and the second greater
than C.

Pror. When two of the principal moments are equal
to each other, the moments about all awes lying in any
right come described about the principal awmis of wunequal
moment are the same.

424. For let B = C: then
ME? = Acos'a,+ B (cos® B, + cos’y)) = Acos’ @, + Bsin*a,,
and this is constant when a, remains the same although S,

and ry, may vary.

Pror. If the three principal moments be equal to each
other, every other moment is equal to these.

425. For Mk} = A(cos’a, + cos® 3, + cos®ry)) = 4.

Pror. 7o find the points in a system with respect to
which the principal moments are equal to each other.

426. Let the centre of gravity be the origin, and the
principal axes the axes of co-ordinates :

&Y, co-ordinates to any part]clc m,
x'y'z! the point which gives the principal moments equal: then
i J] ] g 4 t=) :
from this point the co-ordinates of m are

’ r
I WA = L S

/ Fi
. : TN St ] il
. by Art. 417. Z.m(2,—-2/)(y,—9,) =0
T m Lot i Y — i’ RHE s
=.m(e,—x)(¢,—-%)=0, and Z.m(y,-y,)(35,-%)=0
Observing the origin and axes we have chosen, we see that
these conditions become,
Ma'y' =0, Ma's'=0, My/s =0;
L] Sy T 2 N
. two of @'y'z’ must =0.
PR [

Suppose y, =0, ¥/ =0 and then &, remains indeterminate.

=]
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Hence by Art. 420,

moment about axis parallel to @, through (# ‘y'sN=4
SChSpeRalves see - yriarageens s B, oo o b o o el M
s vesredsnetisiaee B ICNRIED

and these by hypothesis are all the same:

$esmerEnErssenean

4-RB
M

Hence we derive the fi r]lm\‘ing corollaries.

B=C, and ; =

1. If all the moments about the principal axes through

the centre of gravity be unequal, there is no point in the
system with respect to which the moments are equal.

2. If two of them be equal and the moment of the
unequal one be the greatest, there are two points equally
distant from the centre of gravity and on the axis of the
greatest moment corresponding to which the moments are all
equal.

3. When the principal moments are all equal, #' =0,
and there is no point but the centre of gravity with respect

to which the moments are all equal.




CHAPTER X.

MOTION OF A RIGID BODY ACTED ON BY PORCES OF FINITE INTENSITY.

427. I~ considering the equilibrium of a rigid body
(Art. 27) we stated, that, in consequence of our ignorance of
the nature and laws of the forces by which the molecules are
held together, we are unable to deduce the conditions of
equilibrium of a body from those of a single particle. By
the aid, however, of the principle of the transmission of force
through a body (Art. 28) we deduced certain relations which
the impressed forces, that act upon the body when in equi-
librium must satisfy independently of the molecular forces.
It is evident that the system of molecular forces are them-
selves in equilibrium independently of the other forces which
act upon the body.

In considering the motion of a rigid body we fall upon
the same difficulty. We know nothing of the laws of the
molecular forces, and consequently cannot calculate the motion
of the body by calculating the motion of its molecules sepa-
rately. But we may surmount this in the manner we
overcame the difficulty just mentioned.

Let m X, mY, mZ be the impressed moving forces which
act upon the particle m, not including the molecular forces
which act upon this particle. Let ays be the co-ordinates
d*aw dy &z
" m—2 ., m—— are the
dtr dr | dt
effective moving forces of m (Art. 211).

Now by the first of the general Pl'i]l(‘i[)luh enunciated
in Art. 226, the forces

m (A’— ’([7;) , M ( | o rtf_.r;\) , m (1: d::)

to m at the time #: then m
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acting on m parallel to the axes of @, y, = ]'{'H}}L‘L‘ti\'ti_\,‘. and
similar forces acting on all the other particles ought, together
with the molecular forces by which the particles of the body
act upon each other, to satisfy the equations of equilibrium of
forces acting on a rigid body.

But the molecular forces are of themselves in equilibrium,
since the molecules retain their relative situations during
the motion.

; , & @) N 5 R SR
Hence the forces m (_\ - ) m ( Y— — J , m ‘ VA
) \ 1t \
acting on m and similar forces acting on the other particles of

\ dt dt* T

the body ought to satisfy the six equations of mluilihrium of
forces acting on a rigid body, given in Art. 65. Wherefore
we have the six equations of motion
d* @ , d? o\

=0, 2.m | Y- —) =0, \._‘-.m('g

=.m ( X - e } LRARE dt*

4

0.

(. Py i
S mfe (729 (- 22

By these six equations we shall be able to calculate the
motion of a rigid body acted on by any forces of finite in-
tensity. They lead immediately to two Principles, one of
which enables us to calculate the motion of translation of
the body in space; and the other the motion of rotation.

Proe. The motion of the centre of gravity of a body
moving free in space and acted on by any forces is the same
as if all the forces were applied at the centre of gravity
parallel to their former directions,

428. Hy the first three equations of Art. 427,

( d* & d oy oodix
:'.',m.(A’— .;):n, }Z.-m( o "-):l),}l.w‘m(.’é———,):n.
\ dt J \ de
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Let » }) = be the co-ordinates to the centre of gravity,
e A w.een...m from the centre of gravity ;
- 4 Shalis e
=a -+, y:;}f—'—.[/-, z=2+2Z-
Now 2.ma' =0, .my =0, T.mz" =0 (Art. 413).

Hence, substituting for xysz, the above equations give, M
being the whole mass of the body,

>

dr  ZimX dy E.nm¥ d

ac- " M

z.mZ
L R T o T
and these are the equations we should obtain for the motion of
the centre of gravity supposing the forces all applied at
that point. Hence the Proposition is pm\-'c-d.

Pror. The motion of rotation of a body acted on by
any forces amnd moving freely is the same as if the centre
of gravity were fived and the same forces acted.

429. The last three of the equations of Art. 427 are

! i r[z.:'.‘ AU SR B
Z'.‘m.{y(‘l b B ( ¥ -“’7)' =0,
{ ll’:\
\._'.m{;:: X - — . f',-—r __)}:(J
! dit ]

' Iy 1
E‘m{;r:-( Y {._.Pir —y (,\' - rl_; } LT
«

Now let @, y, ® be the co-ordinates to the centre of
gravity, and let (as before) x=a+2', y=y+9y, x=2 +5".

Let these be put in the above equations, observing thal
E.ma =0, 2.my =0, =.mz =0 (Art. 413), and that there-
fore the differential coefficients of these with respect to ¢
vanish ; also bearing in mind the equations of last Article we
have after all reductions,
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3o )}::).
3. f ) }:u.

~

w2

——
Il

But these are precisely the equations we should have
obtained on the supposition that the centre of gravity were
fixed, and that point taken as the origin of moments. Hence
the Proposition is true.

130. From the first of the Principles demonstrated
in the last two Articles we gather, that all the calculations
we have made of the motion of a material particle will be
true also of the centre of gravity of a rigid body. It remains
then to ascertain the motion of the other parts of the body
relative to the centre of gravity : and this the latter Principle
enables us to accomplish, as we shall shew in the following
Chapters. We shall consider the motion of rotation of a
body first about any fixed axis, either passing through the
centre of gravity or not, and lastly about a fixed point.




CHAPTER XI.

MOTION OF A RIGID BODY ABOUT A FIXED AXIS: FINITE FORCES

Pror. To caleulate the angular accelerating force of a
rigid body moving about a Jfived awxis, and acted on by any
given forces.

431. Let the fixed axis be taken as the axis of &, and
let @ y be the co-ordinates to the projection of a particle m on
the plane vy : also let » be the distance of m from the axis of
rotation and @ the angle » makes with the plane g a: then
v=rcos B, y=rsinf.

Now by Art. 68, we are to take (.)IIII\' the last of the equa-

tions of Art 427 ;
I
s M S & - — e =Z.m\x - UYLX ).
Y ar y dit* )

1@ 10 l 10
But (—frzf‘r sinH(—-—. g'= r cos 6 i :

dt dt di di
d { dy n'.?‘l d ( - u"H‘) Moty d*6

d’y i
s B— =14 = — ¥ — —Y—7 = = ST
Cae Yae = dt "t y dil. o dr N de dr

Hence =.mr— =2.m(aY -y X),

dt’

or, since B is the same for every particle,
at” i

8 Z=.m(@@Y -yX)
A S . mr o
moment of the forces about the axis
~ moment of inertia about the axis
By integrating this equation we shall know the angle through
which the body has revolved in a given time; and shall con-
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sequently be able to determine the position of the l_mcl_\f at any
instant.

Prov. A body moves about u fived horizontal axvis acted
on by gravity only : requived to determine the time of a small
asctllation.

132. Let ABC (fig. 101.) be a section of the body made
by the plane of the paper passing through the centre of gravity
G and cutting the axis of rotation perpendicularly in C; P the
projection of any particle m on this plane; CX vertical; GH

perpendicular to CX; @G =k CP=r: PCX=0": GCX=0,

Ll d*0  moment of forces
['hen by Art. 431, =

d t* moment of inertia
Z.mgr sin 0 Mehsin 0 o
= o 3 “., =— —— : = - —sin 8. Arts. 413, 420.
2. mr M (i + k%) K+ k®
S k= B ) d @ !
If we put i =/, multiply by 2 — and Integrate ;
[} & i dt :
deg* aop a ! ) _
oo = — 05 6 + const. =2 (a® — 09), neglecting @ .... and
at. 1 e 2 Begieauis :

supposing 6 = a at first;

70 i d6 i
*. time of oscillation = — \/ / = A s
g ) o a®—6 &g

Hence the body will move as if collected in a material

. ) R 5 U : R
point at a distance — from the axis. Fake CO =
f (
in the line CG ])I'H([Ht"u(lt then O is called the cenltre ”.f' 0seil-
L2 -+ h?
lation : and is called the length of the isochronous
/5

simple pendulum, the body itself being denominated, in con-
tradistinction, a compourd pendulum. 'The point C is called
the centre of suspension.

Pror. The centres of oscillution and suspension are
/ 1
reciprocal :  that is, if the body be suspended on an awis
F 4 Y !
through O parallel to that through C, then C will be the
centre of oscillation.
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433. TFor let 2" be the length of the simple pendulum in
this case ; then

K+ 0G k*

U =— - = — =/
0G f—/1.+ ’

Lh -~ h*

e /l. + {— I! (All .1,;):3.) 3 ’,

From which the truth of the Proposition is evident.

Pror. 7o determine the length of the seconds pen-
dulum exvperimentally.

434. We have already shewn (Art. 396.) that if 7 be the
length of a simple pendulum, that is, a pendulum consisting of
a single particle suspended by a string without weight, # the
duration of each oscillation and g the force of gravity, then

V&
femNl <.
:

But it is impossible to form a pendulum which may, with due
regard to accuracy, be considered a simple pendulum. It
becomes necessary, then, to measure the distance between the
centres of suspension and oscillation (see Art. 432). The
practical difficulties in the way of determining the latter point
were considerable, and such as greatly to endanger the accu-
racy of the result, before Captain Kater removed the sources
of difficulty by using the property of the compound pendulum
pr()vud in Art. 433, namely, that the centres of oscillation and
suspension are reciprocal. We proceed to explain this.

Let AB be the pendulum (fig. 102) ; C' the point of sus-
pension; F' a weight which may be shifted from one position
to another on the pendulum: O the centre of oscillation of
the pendulum including F.

The position of O is first found pretty accurately by
making the pendulum oscillate about € and O till the times
of oscillation are nearly the same. Knife edges are then fixed
at C and 0, and the weight F,, which is placed near the middle
point between C and O, is shifted till it is found that the
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time of oscillation about C and O is exactly the same. It
remains only to measure CO and observe the time of oscilla-
tion. For the details of the experiment we refer the reader
to the Philosophical Transactions for 1818. If ¢ be the time
of oscillation in seconds and CO =/, then, since the length of
the simple pendulum varies as the square of the time of

T l
oscillation, the length of the seconds pendulum = —.

Prov. To caleulate the effect produced on the pendulum
by shifting

435. Let I’ be the length of the simple pendulum when
F is removed : M (1 + n) dml M the masses of the pendulum
with and without #, n hcm;_: a small fraction: let I be the
length of the simple pendulum when F' is so situated that
the times of oscillation about ' and O are the same: and let
L and L’ be the lengths when the pendulum oscillates about

and O, the weight ¥ being then at a distance @ from C':
and let L7+ & be the value of # when L =1, Then, by
Art. 432,

square of rad. of gyration about axis nf suspension

dist. of centre of _(_;unm- from same axis

11‘[/’}'.' +Mn (51 + “)' /fa -7 (r, I+ 9)?

Mh+Mn(Li+8) /r.f{wz.(—i_g—/-a—u) i

V= ———( =

U'h +na’
Also L =

-
h+ na

dL n*2* + 2nho —nlh w(z- a) (v + 3)

doe (h + na)® (h +na)®
where a = VIl h - hl
7
h {-n'/’ H.'/‘l:l L B ndl®
e e negf . nfl..= — — —
2 h Sh* J’ 3 g 8k

3 G
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Do
l 70"
2 =h

(3 is a positive quantity.

Let CD=D0=1]: and take CP=a. Then if F be
below P (that is, » ’_g_"‘l't‘{ltCl' than «), the time of oscillation
about C will increase or decrease according as F' is shifted
from or towards C, since dL and d@ have the same sign: the
contrary will be the case when ¥ is placed above P.

In like manner if the pendulum be suspended from O,
we have a point Q, the distance of which from O equals

ne : : . - G
L] - — (& being the distance of the centre of gravity from
z ; £ J

€ 7
7 <

0), such that when F is beyond Q from O the time of oscil-
lation about @ is increased or diminished according as ' is
moved further from O or nearer to it ; and wvice versd.

v

Vo

b 70
Since DP =, and DQ = = and these are both less

.’.}J” L_) ,

than ¢ (6 being by hypothesis a very small quantity), it follows
that F' cannot be between P and Q when the times of oscilla-
tion about C' and O are the same.

Pror. 7o shew that if the axes of suspension be equal
eylinders rolling on horizsontal plates, instead of knife edges,
the length of the simple pendulwm still equals the distance
of the awes.

436. Let 4B be the pendulum (fig. 103); G its centre
of gravity, O its centre of oscillation, CDE the semi-cylin-
drical axis of suspension, C being the point of contact with the
horizontal plane of support when the pendulum hangs in its
position of rest: P the point of contact at the time #, when
the pendulum oscillates; CM = @, MG = y, the co-ordinates to
G, 0 the angle CG makes with the vertical, B the pressure at
P, F the friction on the plane of support, CG =h, M the
mass of the pendulum, CO =1, k= rad. of gyration about G,
n = rad. of the axis at C.

Now by Art, 428 the motion of the centre of gravity is the
same as 1if all the forces were applied at that point ;
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d*aw F &y R
3 S O e
df Y gE=g-g®

Also by Art. 429 the motion of rotation is the same as
if G were fixed; hence by Art. 431
rl”H l Yy-R (u, +h) 511: 8 )
dt M K

we have here three equations and five unknown quantities R,
F, %, y, 0: we must seek, then, two relations connecting
v, ¥, B: these are

v=PM—-PC=(a+h)sin 0 —al ._. (4)
y=(a+h)cosl—a .. (5).
By equations (1) (2) (8) we have

e r’/[:) +y :i: + (@ + h) sin @ (4: = i%y] =0
differentiating (4) and (5) we have
i =(a+h)cos 0 -a=y, ({U = —(a+h) sin 6.
10 de

Hence our last equation becomes

.3 do d&*0 dx &'z dy dy

dé
gt dt T dt aE " + (a+h) g 9,7 o
dt de " dt df T dr dF ( ) & sin Y

Pr d® do* dy

i S I h) 2 cos @
¢ T ap hga— Uk slashige)
when 6 = a, velocity =0;
167 da* diy?
B+ g+ o =2 (a4 K)g (cos B cosa)
de T .
s b2+ (a+h)*+a*~2a(a+h) cosf? = =2 (a+h) g (cos 0—cosa)
di*
d¥  (a+kh)g(a*—6)
df = =kt o

neglecting powers of @ and @ higher than the square
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dt e 1
doy (a+h)g o/a'— 0’
g
COSs -, const. = 03

I= \/ e
@iz G

! ; : y : /i"’_—{? f.réi
time of oscillation = '\/ — :
(a+h)g

o e :

Also if b be the radius of the axis at 0, and if CO =mi,

then

" {cranly . B+ (m — h)?
time of oscillation about O = 7 * ) 5
(b+m-—h)g
and these times being equal, we have
i* -+ /!:" (u.r - /r)?'
a+ h b+4+m—h

=13

{(a+h)— R =K =)bl+ (m—h)l—(m— h)s
(m — h)* = I* m(m —2h)

'iP!p—ﬂ/!—i;fJ—rI_'J}ff“’fd-f-,}—{I..

If b=a, | =m; that is, the length of the simple pen-
dulum equals the distance between the axes, when the cylinders

are of equal radil.

437. Mr Lubbock has calculated, in a Paper read before
the Royal Society in 1830, the errors in the length of the
simple pendulum corresponding to given deviations of the knife
edges. It is there shewn that a small deviation of one of the
knife edges in azimuth is quite insensible : but that this is not
the case for a small deviation in altitude: a deviation of one
degree increases by 8 the vibrations of a seconds pendulum
in 24 hours. A deviation from horizontality in the agate
planes has a still greater influence : for a deviation in hori-
zontality of 10" increases by about 6 the vibrations in 24 hours.

Pror. When a body moves about a fived awvis, required
to find the pressure upon the avis ot any instant.
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438. We shall suppose that the axis is fixed at two
given points: let the axis of rotation be the axis of &, and
let @ and &' be the distances of the fixed points from the
origin: let P, P’ be the pressures at these points, a3+ and
a'f3'~" the angles which their directions make with the axes
of @y respectively: X, ¥, Z the impressed accelerating forces
of the particle m, the co-ordinates of which are ayz at the
[ dfw. PPy d'z . I
time £; and therefore — , —=, — the effective accelerating

adf = at dt* i
forces of m: but since the amgular accelerating force about
the axis of rotation is calculated in Art. 432, we shall trans-
form these effective forces as follows. Let f be the effective
angular accelerating force, @ the angular velocity of the body
at the time #, » the distance of m from the axis of rotation,
0 the angle which » makes with the plane xa; then #=7cos8,
and y = rsin@; differentiating twice with respect to # and
observing that » does not vary with the time, and then re-
placing @ and ¥, we have

d*w . - @y i :
-t il b7 hucd it L

Then the moving forces m (X+y f+aw®), m (¥ —af+yo®),
m Z acting parallel to the axes on the particle m, and similar
forces acting on all the other particles, together with the
pressures P, P’ on the two fixed points of the axis ought to
be in equilibrium at the time #, according to the first Principle
of Art. 226. Hence by Art. 65,

Pcosa + P cosa +2.m(X + yf+aw)=0

Pcosf3+ PceosfB +E.m(¥Y—af+yw?)=0

P cos v + P cos .,/’ + X.mZl =0
—PcosfB.a-Pcosf.a +Z.m{Zy— (Y -af+ye?)sl=0
Pcosa.a+Pcosd.d  +E2.m{(X+yf+ae’)s—-Za}t=0
Z.mi(Y-af+yo?)o—(X+yf+aa’)yt=o0.

These equations may generally be much simplified in
applying them to any particular case, as we shall sec in the
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Chapter of Problems on this subject. The first, second,
fourth, and fifth equations determine the four quantities
Pcosa, Pcosf3, P cosa’, P cos(3; from which the pressures
pvl'pull(]i(‘.uiul‘ to the axis may be obtained. The third equa-
tion is the ulfl.\' (’qu:i{iuii which contains P cos v and P cos ﬂ/'.,
and it shews that these quantities are indeterminate but that
their sum must = - X.mZ. Lastly, the sixth equation 1s
independent of the pressures, and, in short, determines the
motion as calculated in Art. 432: this is easily seen, since
the equation by reduction becomes

f-Z2.m{@+1)=2.mYz - Xy).

The following Proposition is an application of these equations.

Pror. The principal aves through the centre of
gravity are permanent axes, when the body is not acted on
by any forces.

439. An axis is said to be permanent when the body
permanently revolves about it when it is not fixed.

Let us suppose the body moves about a fized principal
axis. Since no forces act upon the body it follows that
X, Y, Z each vanish, hence the equations of last Article
become (since the sixth gives f= 0)

Pcosa + P cos a’ + wE.mae=0
Pcos3 + Pcos 3 4 o*Z.my=0
Pcos~y + P'cosy/ =0

- Pacos3—Pd cosf3 —w’Z.myz=0

Py ’ 5 =
Pacosa + P'd'cosa + w2 .maoz =0.

Since the axis of  passes through the centre of gravity,
therefore S .ma =0, 2 .my =0 (Art. 413) : also if the other
two principal axes @y, make each an angle ¢ with the axes
of ay respectively at the time #, we have

v =@ cosch+1y sing, and y=y cos¢p —a,sin¢p, 3=

S.max=cospZ.max, +sinpE.myz, =0;
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so also . myx =0
Hence the equations become
Pcosa+P cosa'=0, Pcos3+P cos f3'=0, Pcosy+P cosny'=0,
Pacos3 + Pdeos3 =0, Pacosa+ Pda cosa =0,

these give P=0 and P =0. Hence there is no pressure
on the fixed axis, and therefore it would not move if the body
were to rotate about it when it is not fixed.




CHAPTER XII.
MOTION OF A RIGID BODY ABOUT A FIXED POINT: FINITE FORCES.

440. In calculating the motion of a rigid body about
a fixed point it is found most convenient to transform the
equations of motion so as to contain angular co-ordinates and
angular velocities.

Let the axes of co-ordinates be drawn through the fixed
point: and suppose that we " are three angular velocities
such that if they were simultaneously impressed upon the body
about the axes @y respectively at the expiration of the time %,
the motion of the body shall be what it actually is; then these
are called the :1.11gu]:11‘ velocities of the hn(]_v about the axes at
that instant.

We shall always estimate those angular velocities positive
which make the body revolve from the axis of @ to the axis
of y aboutx; from y to  about #; and from % to @ about ¥ :
and those negative which act in the opposite directions.

When the axes of co-ordinates are principal axes we shall

oo
use wywew; for ww w .

Pror. To find the linear velocities, parallel to the awxes
of co-ordinates, of any particle of the body in terms of the
angular velocities about the awes.

441. Let ayx be the co-ordinates to particle m at P
(fig. 104) : draw PM perpendicular to the axis of #: PN per-
pendicular to plane @y : then at the time ¢ the velocity of m
about the axis of @ = o' PM : resolving this parallel to the axes
of y and % and reckoning those linear velocities positive which
tend from the origin, and wvice versa, we have
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vel. of m arising from o' parallel to Yy=—wPMsin PUN = - o'z
.................................... ¥ = o PMcos PUN = 'Yy,

also velocity of m arising from ' parallel to w = " &

"

...................... S e e i

velocity of m arising from o’ "parallel tor = — "y

............................................ gy="ao"p

Adding together those velocities which are parallel to the
same axes, we have

B > + rn fir
velocity of m parallel to & = w” 2 — w s

" !
........................... Y=w @—w &

3
o ! [ A
........................... o= Y=,

If m be at rest at the instant of expiration of the time ¢
these expressions vanish ; the
of the other two.

; .
w w . .

Hence # = — 2, y=——x are the equations to a straight
(0] w s

third is a necessary consequence

line through the fixed point which is at rest at the instant
under consideration.

This line is called the Awis of Instantaneous Rotation.

Proe.  To find the position of the instantaneous azis
at any instant.

442.  Let a3+ be the angles which this line makes with
the axes of 2ys at the proposed instant: then by fig. 104,

: AM
COS g = I]J — .
-  MN
cos f{% = AP = —
PN
COS vy = =

LY 11 2
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By means of these we shall know the position at any instant

when o'w”w’”’ are known.
Pror. To find the angular velocity of the body about
the instantaneous aais.

443. Let w be the required angular velocity : » the
distance of the particle m from the origin: then the distance
of this particle from the instantaneous axis

= ¢ sin ( £ between » and inst. axis) = }'\/1 — cos® (same £)
=A@+ ¢+

the velocity of m=w \/.?:"-ﬁ-y"wt.:z—(.r_.' cos a+1 cos 3+ €os )"

- (AJ’L'.();:z + gy cos B+ zcosy)’s

But by Art. 441 the whole \'L-lt_)(:it._v

—“\/ (0'zx — ©"'y)? +(|:u ‘v — w'8)? + (mi}—m J)

Let us substitute for w'e’ o in terms of a3~ by Art. 442,
then whole \“{-]m:it_y =

Hence by equating these expressimls.

ro Mg Wi
w = w4+ w"t+w

this is the angular velocity required.

444. Cor. If a body revolve about an axis with an
dnguLu velocity w, then the resolved part of this about another
axis inclined to the former at an angle

= (0 = \/a_f + 0+ 0" cosa =) wcosa.
Proe. 7o find the inclinations of the instantaneous
awis to the principal awes.

445. Let a,3,y, be the angles the instantaneous axis
makes with the pnnnpdi axes, fmd w, wsw, the angular velo-
cities about the principal axes.
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AXIS.

N
Cos a, = COos a CO8 -?."r?-' + ('('I?-'{‘) COoSs :F"J Y + cos 9 cO8 J-‘r.‘lf

. I I
i1} w@ @
= —COST® + — COS @Y + — cOs @ %, (Arts. 443, 444.)
@ w § [0} ;i

i

, since hy resolving the angular velocities
5 3 £ £

/ 17 " . »
w o o about the axis of # we have by Art. 444.
¢ A
; o 17
ey =w COST T + w COS J”_ff -+ @ COS .P_.",:._

e . {
Similarly cos ,{3} = }
([}

COS H)l,- =

' ra "y e 2 2 2 2
Cor. Alsow + 0?4+ o= w =" + Wy +wy -

Proe.  T'o obtain equations for caleulating the angular

velocities about the principal awes at any instant.

446. Let Aw, Ay, Az be the axes of co-ordinates fixed
in space; 4 being the fixed point of the butiy;

A, Ady,, Az, the principal axes in the body.

Then the three equations of rotatory motion are by Art. 427.

- G LB e b e
Z2miyY ——z2—2=.miyZ —z¥l= L suppose
i dr dt* 84 4 Pl
1 P |
3. mix: e sr=2-mizX—-aZl=M......
\" a2 " " dg :
d*y d'a -
s & — = - =X .mio¥r-yXi=aN.....
mil 0 Yy f“___} ) YAy

Now by Art. 441.

dw
dt

7]

=w & —

dy

d

t

=w

ds

di

rrr

! r "
& — &, WY —-w &

By differentiating these with respect to ¢

d*
de*

&

w

I

<

d
m <

ol /)

’

l‘f{u

at

dy

f/m”
-t : )
di 4

dt
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1o Lot
( e i T ot €t @@ y
=—(w“+0 ") 8+ww Y+wow X4+ —8&———1,
: dit di
o e (4
(IM.U e e v oot di[-‘ f! w
50 = = — (m 4+ w } Yy+w 0w +we T+ — 8 = — 83
dt* Al di dt
d’z (' i e . de dw”
— == +w )+t w 0olt+w w Y+ 3~ — .
drt* ) dt dt
& = d’y i s,
Hence 2 .m J-a,r —— — l = (0*—0™®) Z.myz
\Y de de|
R dew Vol 1 dew'™\ .
e it = r—#} 2. mey - o w + ) o MER
\ di : dt
e AL : St g Lh O
+o 0w 2.my— oo Z.m+ = T.m(P+ =) =L...(1).
C

Now suppose the fixed axes 4o, Ay, Ax were so chosen
that at the instant of expiration of the time # the principal
axes should coincide with them. Then at this instant

- 5 \ d e
S.may=0, . mex=0, T.myx=0: also v'=w,, 0 =w,, ® =wy3

G idonr J
= ——, for the changes in the two angular
dt di : =

velocities @ and w, during a given small time after the axis

and likewise

of @, coincides with the axis of @ will differ only by a quantity
which depends upon the angle passed through by the axis of @,
during that given small time: the difference between o’ and w,
will therefore be an infinitessimal of the second order and
therefore their differential coefficients will be equal. Hence
equation (1) becomes at this instant

. i e LAt T “lf' S mlus =) =
mows 2.m (Y7 —=7) + T 2.om(y*+=z’) =L
(43

'
the letters with subscript accents having reference to the prin-
l‘il)fll axes.

Now this equation is independent of the epoch from which
the time is measured : it is also independent of the angles which
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the principal axes make with the fixed axes in space. It follows,
then, that this equation will hold for every instant of the
time #; and is therefore generally true.

Now Z.m (y®+ and ¥ Y=C-R;
r‘/mr .
A GO (C = B)wywy= L,
AU f[f:‘._. iy |
\l!l]ll:!l'l\' jl’ -+ (‘I —( ) Wy = “,f ¢ sesesanea (J)
5 di : |
dw, (B q N
r(/ ™ ( = }fr';(r?., =1 )

By means of these three equations the three quantities
w,w,w; must be determined.

Pror. To determine the position of the body in space
when the angular velocities about the principal awes are
fenown.

4477. We consider, as before, those angular velocities
positive which tend to turn the body from the axis of @, to
the axis y about %, from y, to =, about @, and from %, to @,
about y .

Also by Art. 444 an angular velocity is resolved about
any new axis by multiplying it by the cosine of the angle
between the axes.

Now the position of the principal axes of the body at the
time #, is determined by the values of 0, ¢, \; these angles
being measured as explained in Art. 415: it follows, then, that
a0 dg¢ frfy’;

[rande ="

w; w, wy must be functions of @, P, 7,
dtiiie dt

[

C .
The resolved parts of — about the axes of @ y %, are
dt i

de do

COS q’), = sin ¢, O,
(¢
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dg
the resolved parts of _lf about these axes are
¢

e

0 0,
: dt’

h‘\’f
and the resolved parts of —7;— about these axes are
C

drs f/\;l (i\f;
— Y coszgaw, ——— COS BY, ——
dt i dt Yr

COS 2%

i

dns ; dr I dr
e . o 1 .
or — —- singhsin @, — —— cos ¢hsinfg, — cos 0 (see Art. 415).
i di e dt it 2 di pef faee )

Hence, adding those about the same axes,

do s . A
o= cos ) — 'n":‘} sin ¢ sin 6,
do . n'\irx s
o= sin ¢p — o cos ¢ sin 6,
1 1
Wy = i--(P — ( \}J COS 9
5 dt dt

In these we must substitute the values of w; w; w; obtained
by integrating the equations in Art. 446, and we shall find
0, ¢, s and so determine the position of the principal axes,
and consequently of the body, at any proposed instant.

448. Cor. 1. By the above equations we obtain

de r !
— = w; COS ) — w, SIN ¢
dt I L y ¥
i (1’\.!1 i !
sinf —= = — w, sin ¢ — w, o8 o)
at
(/f][) cos 6 ol 2 )
— =@y — —— (w, 51N P + w; CO8 :
dt sin 0 f P

449. Cor. 2. When 0 is very small these become
de

— = @, COS P — w, SIN ¢
dt F /
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dnlr (e N W, ;
" = — — sIn (f) -_ H Cos (P.,

dt 4
1 ) At 2
(((E[; = wy — (,(;, sin ¢p — 5;3 cos ¢.

Proe. A body revolves about its centre of gravity

acted on by mo forces but such as pass through that point:
required to integrate the equations of motion.

450. The equations (2) of Art. 446 become in this case

r.’m, =

V. - (,I - ]i‘ ) 0y = U,
dt i ) g e
I'(u, .

]f — 4+ (4 - C) @, wy = 0,
f]{rl

C— + (])) —jf) w; wy = 0,
dt

the principal axes being drawn thmunh the centre of gravity
Multiply these equations by w, w, @, respectively ;1.!(1

add ; then

(]w d w, ) d w3
Awy,— + Bw, — + Cw; —

dt = di dt

= 0

Ao’ + Bw?+ C wy = constant = A2,

Again multiply the equations by dw, Bw, Cw, and

add ;

A? cu{'J Bros + CF ws” = constant =2,

Eliminating w,® from these two equations, we have

4(4=C)o?+ B (B-C) of = B~ Ch:

1
;J'j' S e e il = ,' i i . A — ) 2 =
Wy B(B—(-.r))/‘ (fl f(4 C)ctff

1

and w;® = — - Bl - 4(A4 - B) w?}.

Gl I}_
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Hence the first of the equations of motion gives

do,  [(4-C)A-B)[ , F-Ck B—Bh
gt N TEERE {‘“‘ A —(.')HA(A—H)_
the integral of this equation, which in the general case cannot
be found, will give w, in terms of ¢ and then w, and w; will
be known.

Knowing ,w,w; the position of the body at any time 1s

determined by integrating the equations of Art, 447.

Pror. When the body is acted on by no forces ewcep?
such as pass through the®ovigin, there evists a plane to
which it may be referred, which plane is invariable in

position.
451. Let

abe be the cosines of the angles which @ makes with oy =
5 YR,

We shall now seek the values of the differential coefficients
of these with respect to £

Let the planes yz, y =z cut in the line 4K (fig. 105):
then this line is perpendicular to the plane a#da : let AT be
the instantaneous axis: describe a sphere about 4 of radius
unity and cutting the axes of co-ordinates, AKX, and 47 in
the points marked in the figure.

d.xAw,

Then o the angular velocity about AK
al : R

Il

wcos TAK, (Art. 444.)

: e K m e (4 pos K "R e K o
w (cos a,cos K @ + cos B, cos Ky, + cos ~, cos Kz 3)

Il

Il

w (cos 3, sin Kz, + cosy, cos Kz), * Ko =90°;

da dcosax, 4 o K 1 &
= ——— = — @, SINAX SN A X — w3 SIN XA, COS A X
dt dit g ¢ 4 s

=—w;sin@a, sin Ko,z — wysinay,cos Koz
= — w, SIN @@ COS X @, @ + w, SIN ZX COSY, X,
2 ‘ diat 3 i S

==wy COBTX, + w3 COS XY, = — w,C + w.0.
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Similarly we should obtain
db  dcosay, 3
J;‘ = —‘r—” =T w3 COS XY + w, COS @ ¥ =—wa+ me,
de dcos vz,
S — =~ COS DY, +w, COSTX, = — w,b+wya, and so on.

di di

Now multiply the equations (2) of Art. 446 by a, b, ¢
respectively and add,

[ ) jr
A {u (T/{;—I + wy (bw, — r'm‘)} + B ih (——5;74 ws (Cw; — (fﬂ.{-.;)}

{ (f(th
¢ — + w3 (@w, —bewy)} =0,

{ f{m, (fﬁf.} .’]{ d(ﬂ:)) (H)] ﬂ!m;; (ff’} 0
A0 ——+ w,—p 4+ B{b— ) — g
e g e T e

< daw, + Bbw, + Cewy = constant = L.

or

Simﬂ:u‘]y_., Ad wy + ”:'.J’ Wy + Ce w, = ZJ,
L

1

A f!,”m, + Bb”w:_» o Cﬂﬂw;;

Add the squares of these together ; observing that since
the angle between any two axes of tilv same system of co-
ordinates equals a nght angle, therefore

ab+a't'+d"t"=0, ac+dc'+a’c’=0, be +b¢d+b"c"=0:
and we have
Ao+ B+ Col=P+124+1" =2 by Art. 450,

Hence if we draw a line A7’ making angles with the fixed
axes of which the cosines are

Aaw, + Bb Wy + C('w;; A (.”wl + B [J’w;, e C(r'(u-,
\/A"m!: + Buwd + C?w,’ \/J':wl” + Bt L e
,Iu v o + Bb'w

\/ Iu_! —}- B w) —-(-'(

R
+ O ' w,

3

this line, and therefore the plane perpendicular to it, will
remain invariable during the whole motion. For this reason

3]
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it is called the Invariable Plane. 1In a future Chapter we
shall speak more of this plane.
452. Coxr. 1.

cos. I'da, = acos I'Aw + a cos I'dy + a” cos I'Asx

11 )y
St
Bw, G
also cos I'dy = " , cosl'dz = *
i k ke

453. Cox. 2. If the invariable plane be taken for the
plane of @y then

Jt([)l . .
i = cos ¥, = Sin ¢ sin @: Art. 415.
f.
Buw, A
= cos gy, = cos ¢ sin 6,
k %y
Cw,
------ = cos ¥ = cos 0,
k £

The equation in Art. 450 for finding @, can be integrated
when the principal moments are equal: and also when two
only of them are equal. We shall investigate these cases.

Pror. To find the motion of a rigid body about a fived
point when its principal moments are equal to each other:
the forces all passing through the centre of gravily Siwed.

454. In this case B=C=4: and the equations of
Art. 450 give

w, = constant, w, = constant, w; = constant ;
and therefore the instantaneous axis remains fixed in the body :
see Art 44.5.

Since every axis is a principal axis (Art. 425) ; let the axis
of %, coincide with the instantaneous axis.

w, =0, w, =0, wy=constant = n suppose.

~

Hence the equations of Art. 447 become
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do ; dyr in 0
a cos ¢ — T sin ¢ sin 0,

d@ . A\ in 0
0= —— sin ¢ — —~ cos ¢ sin @,
dt s (p (.{f CC P ?

dp  dys
P = et = = (O
By the first and second equations, we have

(;H ([\.r
— =0, -{- =0; ..0and \{; are constant.
dt dt

: .. o {
Also by the third equation ?i- =n; .. ¢p=nt + const.: this
@i

shews that the body revolves about a fixed axis: hence the
Instantaneous axis is not only fixed in the body, but also in
space. The position of this axis and the magnitude of the
angular velocity depend upon the circumstances of projection.

Pror. When A = B required to determine the motion.

455. 'The equations (2) of Art. 446 become

d
A _r;:‘ + (( - _I) wywy = 0,
dm3 1 C)
L P 1 j 2 ! O ‘lj
df = ( W) W
r([“’:ﬁ
d ==tk
dt

wg = const. =n suppose. Also by differentiating the first
equations we have

ﬂf’) W)

dw,
il 7 ;
ar T

{/ ((’ = .:I) =0

A
d

and therefore by this and the second equation

!‘i:sm[ ((‘ — 1.‘)‘: . 3
e nw = .
d t* i .«'Z J i




436 DYNAMICS. RIGID BODY..

4

gl . [€-A4 ;
Wy = — s 29 _ e sin {—--— nt + f l[ ;

-4 .
. W = e Ccos J‘ 7 Hi nt + f }:

C—-4dn dit
where e and f are constants to be determined by the circum-

stances of the motion at some given time.
The angular velocity (w) about the instantaneous axis

= m w’ + w;” (Art. 448.) = \/w—+—t_, and is constant.

‘We shall now substitute the values of w, w,w; in the equa-

C-4
tions of Art. 447: and put I—j n=1m;
dB Sl :
- E}—f cos ¢p — i{}‘-i{—; sin ¢ sin @ = e cos (m? + )
do . d in e
— — sin @ — —=cos¢ sin @ = e sin (mt +
BT gy sadis,
1 1
o AL e
di dt

Let us take the Invariable Plane for the plane of xy: then by
Art. 458.

: ; 1 de J
sin ¢p sin 6 = ;—fw] = —;{i cos (mt + f),
! A de . y
cos ¢ sin @ = — w, =—— sin (mt + f),
/ k
C Cn
cos 0 =T e o

. tan ¢ = cot (m? + f),
P dg
=——mt—7F; and -t =—m.
o)} 2 mt — f dt ¢

Cn

Also, since cosf = == @ is constant
t
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dnlr | dop m+n k k
Andii—=Lt=g (—-—A-‘H-) =——— — =
dt cos @ \di n C A
Hence the body revolves uniformly about the principal axis
Az ; while the line of nodes (that is, the line of intersection
of the planes #y and @,y ) revolves uniformly on the plane @ y.

Also cos TAN

= COSa COS 0s 3 cos (1 - 08 o5 A oo fig 5
= COS a, COS gb+m.~ P, cos (5 7r+(/)) +coscy, cos 5w, see fig. 105,

0, wy
= — COS (/f) — — sIn (P =0;
(3] i)

and therefore the instantaneous axis of rotation is always per-
pendicular to the line of nodes.

. ws 2
Again cos 14 %, = —

7
@ \/}z" e
stantaneous axis always makes the same angle with the axis
of 2

i/

; and therefore the in-

We shall now obtain the arbitrary constants from the cir-
cumstances when ¢ = 0.

Since any axis in the plane @y, is a principal axis
(Art. 424), let the axis of «, be so chosen, that when ¢ = 0 it
coincides with the line of intersection of the planes 74z
and oy .

Let w, be the angular velocity about the instantaneous axis
when £ = 0, and let 2 T4z, =d; therefore when ¢ =0,

@, = wy cos {o = w, sin ¢,
w, = w,cos Iy = 0,
: A
wy = w, cos Iz, = w, €OS 0,
and consequently by the general values of w, w, @, we have
. U Yon b
e cmj =w,8Mo, esinf=0, n=w,cos 5;

: S 2
W f=0, e=wysind, n=w, cosd,

k= '\/_[f:-) ((L?l: i ."{‘1.-" + Clws® (.‘\Ill' 150.) = w, \/11:“ sin® ¢ * (I:'; cos® (“
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a C-4
Hence ¢p = — — —— w, cos d.t,
2 A
drr w S iR
] == —a/ AL sin*3 + C® cos’ 3,
dt A
C cos tan@ A

sl ——m——————; or —x = —.
A/ A% sin® § + C* cos® 0 tano C

456. These formule lead to the following geometrical
construction, fig. 106. Let the axes of co-ordinates =z and
the instantancous axis cut a sphere of radius unity described
about A4 in the points & s/ respectively.

CcOs8” 0 ( 81N o

dy, do i \/TTHT S+C*?

Then —==——. de A T A

qr " dt | (0= Ayeosd ((’—A)fus@ " sin (0 -6)
sin I . ) :
= ———, since A7 is perpendicular to AN and
sSin L &

makes a constant angle with 4%, and is consequently always in
the plane x 4%,

About %, and = describe two small circles on the sphere of
which the radii measured on the sphere are ¢ and & —80: then
these circles touch in the point 7, where the instantaneous axis
meets the sphere.

Suppose I’ and I” are the points in these circles which
were in contact when # = 0.

Then, since the angular velocities about 4% and 4=, are

= f!\fr! (I(p
uniform and equal to and —-, we have
dt
- A ({\'1 <
arc I'f = angle 'z Isin Iz = —- sin Iz
5 dt

- fj—?:) sin Iz, = angle Iz I sin Iz, = arc I,
wherefore the motion of the body may be described by making
the circle & 1 roll with its internal surface on the fixed circle % 1.

Cor. If C belessthan 4, then I will be between % and =,
and the external circumference of the circle #,7 would roll on

the circle I
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457. If we observe the apparent motion of the stars
night after night we remark, that they all seem to move in
parallel circles about the star named (on that account) the
Pole Star. This proves that the axis about which the Earth
revolves points towards the Pole Star, and never deviates from
that direction by an angle appreciable by ordinary observation.
Also geodetic measurements and other calculations for ascer-
taining the Figure of the Earth shew, that this axis of rotation
coincides (so far as the approximation is carried) with the
geometrical axis of the spheroidal form of the Earth’s Surface.
Theory shews that there is a necessary connexion between these
two facts which are apparently independent of each other.
This we proceed to prove.

Pror. Suppose the Earth revolves about an awis nearly
coinciding with one of its principal axves at any given time :
required to find the motion, all ewvternal forces being neg-
lected.

458. Let the axis of %, be that near which the instanta-
neous axis lies at the given time £.  Now the sine of the angle

which these two axes make with each other = \/——iv] +Cil—

W+ wy +ws”
(Art. 445), and this is small by hypothesis: hence w? + ,? is
small, and «, and w, are small: and the equations (2) of
Art. 446 give

la :

4 (;}f:’ + (C = B) woay = 0,
1w,

Rr(;%' -+ (-I e C‘) W) g = ”_-,
(n’(m

e 3 - A 1ws = 0,

( 7 + (£ ) @y w5 = 0,

then neglecting the product of w, and w,, the last equation
gives w; = constant = »: and the others give

d W)

;I r[f -t ((f —_ h)) w7 = 0,
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l, (1F% 4
B+ (4= C)am =0,
d’ w, (A-O)(B-C) ,
_— W, = 0;
dt AB T

4-C)(B-0)

w, = € sin { \/

e and f being constants which depend upon the circumstances

4B pe-L }
at any given time ;

Al .'1 (Im‘
SmB=Cin d}
e \/_ff_}'i -C f (A-01(B -0

= 0 il e £ L A 5 L
B B—C(m \ B 7 +j}

and since w,® + w,® is small at the given time, e is small: and
since e is constant it shews that w, and w, are alivays small so
long as (4 — C) (B — () is positive.

If however (A — C) (B — C) be negative, then the trigo-
nometrical expressions for w,w, must be replaced by exponen-
tials, and consequently they will not remain small.

From this we gather that if a body revolve at any time
about an axis coinciding nearly with the principal axis of
greatest or least moment, the axis of rotation will always
nearly coincide with that principal axis. But if the axis be
that of mean moment the instantaneous axis of rotation will
deviate more and more from that principal axis till it ap-
proaches the principal axis of either greatest or least moment.

Cor. If the instantaneous axis actually coincide with a
principal axis at first, then e =0, and e, and w, each vanish.
Hence any principal axis is a permanent axis (see Art. 439).

If, however, the slightest cause tend to make the instan-
taneous axis of rotation deviate from the principal axis, the
rotatory motion may be said to be stable or unstable according
as the principal axis in question is not or is the mean principal
axis.

This points out an admirable adaptation in the laws of
nature : that the motion of rotation which causes the heavenly
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bodies to buige at their equators, in so doing, gives them such
a figure as to insure the stability of their rotation.

We shall now consider the action of the Sun and Moon on
the rotatory motion of the Earth.

Pror. 7T obtain equations Jor caleulating the rotatory
motion of the Earth when acted on by the Sun and Moon.

459. The equations of motion referred to the principal
axes are by Art. 446,

A4 ”{!“;_‘ +(C-B)w,wy= L,
dw, g

B T[? + (4 - C)wyws=M,
."[(u: :

( qe " (B-A)w,w,=N,.

To calculate ],“Jf',:\"‘ let .§ be the mass of one of the
disturbing bodies: @y 2 the co-ordinates of the centre of §';
®'y/x! the co-ordinates to any particle m of the Earth’s mass
referred to the principal axes: 7%= aF+yF+s”

Then the difference of the attractions of § on the particle
(m), and the centre of the Earth (which we here suppose fixed,
see Art. 429.) resolved parallel to the axes y, and # and esti-
mated positive in directions from the origin, are
S, —yv)) Sy,

Y+ @ -y) +E-2VPE #

S -z’ .
Tt e ( e ') PR e oy S 7 Ll = Z; suppose.
@, =2 Y+ @~y +(5,-x)F

= ¥ suppose

Hence L,=%.m (y’ Z,-2'Y), see Art. 446.

]

: ;
2y -y
:\'_‘,.m{\ — . ,"!' ‘,./' 4
-2/ +yy +3))+ (@
g ; e +yy +32))— (0 +y 2 +x"?)\ -4
:k—_,‘i.nf-(‘:',_'-'f, —yl.tr,’){(] - (@2, it i £ i ] )) —1}
7 \ / J

3K
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3.8
el ol o T ke iy mniag ) e il
=—3Z.m(zy -y )ex +yy +35),

.)1"
neglecting the cubes of very small quantities,

i =.mi(y, - gz y,~(yr-=r?) 2y + ayl e/ -y, % @/}

3.8 o :
=— 2y Z.m(y — z/?) by the property of principal axes,
” g A

3.8
. L =—=y,(C-B).
5

In the same manner we should find

88
M=—az(4d-C),
i /
N, = ;‘ @y, (B - 4).

Hence the equations of motion become

f’!(ul g .‘;Sr

A—— 4+ (C = B) wos=—1 g, (C — B),
di il

B n’m., { C 38 1 C
Tf-+ (4 -C)ww;= > (jl.\f(x’ -0),

dws 38

C2% 1 (B A) i =25 0,9, (B - ).
i T

In these equations the disturbing body is supposed to
be at a very great distance, as is the case with the Sun and
Moon ; but it is remarkable that they are very nearly correct
even when the attracting body is very near the Earth, sup-
posing the Earth’s figure to be spheroidal.  For a demon-
stration of this we refer the reader to the Mécanique Céleste.
Liv. V. Chap. . |. 8.

It will be observed that we have taken account of only
one disturbing body 5 in these equations: but since the per-
turbations are small and the equations In @, wyw; linear, we
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may calculate the effects of the (listnrhing bodies singly and
add them together, Art. 28s.

Pror.  To prove that the velocity of rotation of the
Earth, and consequently the length of the mean day, is not
altered by the action of the Sun and Moon, wvery small
quantities being neglected.

460. If we neglect the disturbing forces and suppose the
figure of the Earth to be one of revolution and not differing
much from a sphere, that is, B= 4, and each of these nearly
= C, the difference being of the order of the ellipticity of the
terrestrial spheroid ; then in this case the equations of the last
Article give, for a first approximation, w, = const. = n, w, and
w; very small quantities. These values may be put in the
small terms of our equations in order to obtain a nearer
approximation.

If we multiply the three cquations of last Article by
wywyw; and divide them by 4, B, ¢ respectively and add
them together, we have

di

d ((u[:a <+ mf =T t.u;;) (_: = R o= C B-4
————— 1 20w 03 i — + B - 4+ C

———w, +

3 e A P

6 .\‘{_1/’,:.‘ , C—-B &,

ML AN S
A AT

iy B-4
of the order of the ellipticity of the Earth; and o is

Now w,w, are each extremely small;

extremely small, since if we suppose the Earth a figure of
+
. . . 3 A -
revolution this expression vanishes; also — Is very small,
2

because .§' varies as the cube of the radius of the bodv .
o

Hence if we neglect extremely small quantities

\/ru. +w," + wy® = const. = n,

since the mean values of w,w,w, are 0, 0, n
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Hence the angular velocity of the Earth is constant, and
the length of the mean day is mnot affected by the action of
the Sun and Moon, when we neglect inappreciable quantities.

A full discussion of this important question will be found
in the Mée. Céleste, Liv. V. Chap. 1. 5 8, 9: and also in the
Mémoires de I Académie Royale des Sciences de UInstitut
de Franmce: Vol. vii. p. 199.

Astronomical observations shew in a remarkable degree
that the length of the mean day has been invariable for a
long period of time. We proceed to explain how this result
is obtained from observations.

Proe. 7o shew from observations made on eclipses that
the length of the mean day has been invariable for a great
length of time.

461. Let us take for the unit of time the length of any
day at the present epoch : and suppose the day has been de-
creasing by a parts. Let n be the mean angular motion of
the Moon on the day which is taken for the unit of time;
then # is the number of degrees through which the Moon
moves on that day: and n(1 +a), (1 +2a),......are the
angles described by the Moon during the days preceding
that day in order: and the angle described during ¢ days
=nt+ina(t—1)¢ and if £ be very large this angle
=nt+ Enat’. Let 7’ be the mean motion of the Sun on the
day of which the length is the unit of time, then the angle
described by the Sun in the # days now elapsed =n't + L n'af,
and the difference of longitude in the Sun and Moon being
A now, was = A+ (# —n) ¢t + L (n —mn)af® at the distance of
t days from the present time.

Let & be the error made in calculating the difference of
longitudes of the Sun and Moon at a distance of ¢ days on
the supposition of the invariability of the length of the day:
then 4 (n' —n)af’ = 0-

Now the values of & have been calculated in the Con-
naissance des Tems of 1800, from 27 eclipses observed by the
Chaldees, the Greeks, and the Arabs. The greatest value
of & corresponds to an eclipse observed in the year B.c. 382:




LENGTH OF THE MEAN DAY Is INVARIABLE, 445
for this d = — 27 .41”. TFor the most ancient eclipse & = 2";
this eclipse being observed by the Chaldees in the year
B.C. 720.
Let ¢ be the number of centuries in # days: then
t = 36525i. By the mean of modern observations on the Sun
and Moon it is found that (n' — n) 36525 = 445268°: for the
most ancient cclilwsv i=25.56;

=1 (36525) . (25.56)% a x 445268°.

Now if the day be shorter by a ten-millionth part than at
the epoch of the most ancient eclipse on record, then

(86525) (25 . 56) o = 0.0000001 ;

o
Il

% (25. 56) . (0.0000001) . (445268)°
= 34/,

a value which renders an eclipse impossible, since the sum
of the greatest semi-diameters of the Sun and Moon does not
exceed half a degree.

From this we learn that the length of the day has not
changed even by a hundred and fifteenth part of a second of
time during the last 2556 years. M. Poisson’s Traité de
Mécanique, Seconde Edition, Tom. 11. p- 196—200.

462. By comparing the observed north-polar distances of
stars made at epochs distant from each other Bradley shewed
that the point in the heavens to which the Earth’s axis of
rotation is directed is not stationary, although for periods of
time not very long this deviation, as we remarked in Art. 457,
is not perceptible. It becomes an interesting question, then,
to ascertain the cause of this perturbation.  Since we neglected
the action of the Sun and Moon in the calculation of Art. 458,
we may readily conjecture that the action of these bodies is the
cause required. This we proceed to demonstrate.

Proe. 7o determine the position of the awis of rotation
of the Earth at any given time, the action of the Sun being
considered ; and the figure of the Earth being taken to be
one of revolution.




446 DYNAMICS. RIGID BODY.

463. We shall refer the disturbing body 5 to the ecliptic.
Let the plane of the ecliptic be the plane of X : the axis of
X being drawn through the first point of Aries, which is
moveable ; the centre of the Earth the origin of co-ordinates;
x93, parallel to the principal axes,

0 = the angle between the equator and ecliptic,

or the angle between the axes of ¥ and Z.

¢ = the right ascension of the axis of #,,

or the angle between the axes of ¥ and X
I = longitude of the Sun,
r = distance of Sun from the Earth’s centre ;
then by Spherical Trigonometry,

&€

Z4—  cos ¢pcosl + sin P sin I cos 6,

-

(]

S sin ('[) cos [ + cos ¢p sin [ cos 6,

.‘-

+ = —5sinlsin@;

7

Yz ; i : S A
o= t= Lsin 27 sin @ sin ¢p - 4 sin” £ sin 26 cos ¢,

= 2 3

— 1 sin 27 sin 0 cos ¢p — & sin®/sin 26 sin ¢,

substituting these in the equations of motion of Art. 459, and

puttmg
38 . : TSR
P= —— sin 2lsin @, and P = —sin®l sin 26,
20 e

we obtain, since B = 4,
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l C-4 C -4 [ ;
!r_;%l + _z_{ Wowy = 4 (P sin ¢p — P’ cos ®)
dao. ' O — 4 G=4 e
il S W Wy = I (P cos ¢ + I sin (j)) e (1)
(lm;t
= ().
dt

The third equation gives w; = constant =n; and therefore
¢ = nt + small terms (see Art. 447).

Let the time be measured from the epoch when the Sun
was in Aries: then /=n't. Since B= A any axis in the
plane @,y is a principal axis: let the axis of @, be so chosen,
that when ¢ = 0 it passed through Aries: then ¢ =nt neg-
lecting small terms;

P= :,S sin @sin 2n't; P = :; sin 20 (1 — cos ‘.ﬂ-n’t)‘
293 93
We shall neglect the variations of the inclination (8) of the
equator and ecliptic in calculating small terms.

Since the equations (1) are linear we may take one term
only of P and P’ in the calculation: let % sin i# and %’ cos it
be corresponding terms: then i admits of two values 0 and 2.
Considering these terms we have

1« (-4 C-4 ! g
=4 4l oy — __hj_ (k=K' cos (n—i) t—(k+K') cos (n+i)¢t,
dt A 24 i

a6 —A C—-4 e : I ;
1;_; & }ii Nw, = 77!;— $ —(k—FK') sin (n—8)t + (k+k") sin (n+i)£}.

To solve these differentiate the first with respect to £ and

T ([m‘_,_
eliminate 7 by the second ;
¢

Peo (’('AA\ C-4

S (.'—.(f s £
D] e LK) ( e n—n-&-i) sin (n—1) ¢

=14 e s
- (& + k) ( e n—mn — .') sin (7 +2) £¢.
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The integral of this is of the form

Al

A : : : 3
w, = C, cos ( nt + (,',3) + Msin (n — i)t + Nsin (n + 1) ¢,

£

where C, and C, are constants independent of the disturbing
forces; and M and N areto be found by putting this value for
w, in the differential equation, we find that

(k= #) (C= 4 {Cn - @n i) 4}

oM = L8 it
(( - A ) n* — A2 ('H w ',)

SN (/i; Ey(C -4 ) -37(,'-)'1._ — (2n + f) A} ;

(C— Ay n*— £ (n+ i)

an/ 2

. ¥ 2 )
Now the only values of are 0 and (= — , since there
; 7 n 365

i
are 365 days in a year): hence by neglecting — in the small
4 3 E pit

terms, we have

k-kK C-4 EikiG =4
M=———, N==—-—
2n g 2m C

Now when there are no disturbing forces w, = 0, and conse-

quently €, =0;
. wy= M sin (n —i) ¢+ N sin (n+i)t,
ws =M cos (n — i)t + N cos (n +14) .

Returning to the axes fixed in space and choosing the plane of
the ecliptic for the plane of 2y we must put the values of e,
and w, in the equations (Art. 448.)

do -
= @wecosh—wysmad
di : q) 2 I
X dn E
sin 0 - # = — (, 8in ¢ — o, COS P,
(134

dg : .
J,? =n — cot @ (w, sin ¢ + w, COS )
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in which 8 is the obliquity of the ecliptic ; ¢ the right ascen-
sion of a fixed terrestrial meridian ; \r the longitude of Aries
measured in a retrograde direction : fig. 97.
: dnlr 3 : ;
Since d; vanishes when there are no dlsturhmg forces ;

¢ =nt for a first approximation ;

do :
<o — = w; cos nf — w, sin nf
di
5 ; C-4d S
=(N-M)sinit=- 2" ksin i,
n(C
" d ;
sin @ -’I = — o SIN N# — w, cOs N L,
dit

C-4
nC

== (M + N) cos it = . &' cos it,

and by replacing k& sin if and % cos it by P and P, of which

they have been the representatives,

do ¢ =74 88 C-4 . ! /
= L pL — ———sin O sin 204,
dt n( 25w
d\s C-4 38 ¢ - 4
= ———— P'=—— _____cos@ (1 —cos2n't
dt nCsind 21 nC ( )>

/8

. . . . s
integrating these equations and putting A, / — = n', the mean
=

motion of the Sun,

8 C— A .
0=1+— — " sinlcos2n't,
4n
I Y ~
3n* C—- A 3n' C - A :
e Ee —cos . f — - ———cos [ sin 2n'f,
2n L0 (

! being the mean value of 8: and the axis of being so chosen
that # = 0 when Aries was in that axis.

.1!
o 1
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We should obtain analogous expressions for the perturba-
tion of the Earth’s axis by the Moon.

464. The first of these expressions shews that the obli-
quity of the ecliptic fluctuates; but preserves its mean value
equal to the value it would have if there were no disturbing
forces.

The second shews that the first point of Aries, or the
vernal equinox, has on the whole a retrograde motion on the
ecliptic, though at the same time it is subject to a small oscil-
latory motion.

The steady retrograde motion is called the Precession
of the Equinowes ; the solar precession (i. e. the precession

1 s
caused by the Sun) equals —— -
§ n

£ . . T
& cos I in a unit of time.

This precessional motion causes the pole of the Earth to de-
seribe a small circle about the pole of the ecliptic.

The oscillating motion of the pole, arising partly from the
change of the obliquity and partly from the periodical term
in \J, is called the Nutation of the Earth’s Aais.

465. Tt will be seen that the Precession and Nutation of
the Earth’s axis arise from the attraction of the Sun and Moon
upon the protuberant parts of the Earth, i. e. upon the portion
by which it exceeds a sphere touching it internally. TFor if
the form of the Earth were spherical, then C = A and the
variable terms in 6 and s would vanish,

We proceed to calculate the effect of the Moon upon the
position of the Earth’s axis.

Pror. 7To find the motion of the Earth’s awvis with
respect to the plane of the Moon’s orbit caused by the action
of the Moon.

466. Let 6 and /' be the same quantities as 6 and
in Art. 463. with this difference that the plane of the Moon’s
orbit is used instead of the ecliptic; i the inclination of the
Moon’s orbit to the ecliptic; this does never much exceed 5°,
and is therefore so small that we may neglect its square: we
shall also consider 7 constant, since its variations are very small,
as is shewn by observation : I’ the inclination of the equator
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to the Moon’s orbit: M the mass of the Moon: @ the radius
of the Moon’s orbit.
5 Y ¥ 2 M
Now for — 1n Art. 463. we must put e
2 a
Let 72 be the mean motion of the Moon about the Earth :

M M ‘?'!.} £ ?I.”"‘

"
then »” = —_— -
a M E i+ o

where F is the mass of the Earth, and » the ratio of this
mass to that of the Moon.

S ’ ) nh‘.‘z
Hence — in Art. 463. must be replaced by — ;
r I
de St G e W
—=———" ———gin{ 8n2n ¢
dit 2(1+v) nC
dr’ snt 0—4

s W B e
dt 2(1+v) nC ( )

The periodical quantities sin2n”¢ and cos2n”¢ go through
their changes in half a month; in consequence of the short-
ness of their period and the smallness of their coefficients they
never accumulate so much as to produce a sensible effect: and
are therefore omitted. Hence the inclination of the Earth’s
axis to the Moon’s orbit suffers no sensible change from the
Moon’s attraction ; but the line of intersection of the equator
and the plane of the Moon’s orbit does change its position,
which is determined by the equation

3n” ¢ =

r=—— ——cosI'. (n'£ + const.
© T ad+») aC Ui )

’

In order to calculate the Lunar Precession and Nutation,
we must refer the angle /' to the ecliptic. Since the oscilla-
tions of the plane of the Moon’s orbit are insensible no
Lunar Nutation can arise from them; but the Moon’s line of
Nodes continually regresses (Art. 342.) performing a revolu-
tion in 18 years and 7 months: and this is the cause of Lunar
Nutation. We proceed to calculate this and Lunar Precession.
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Pror. 7o calculate Lunar Precession.

467. Let K, K', P be respectively the poles of the ecliptic,
Moon’s orbit, and the Earth’s equator (fig. 107).
d \}/’ )
di

Now P revolves about K’ with an angular velocity

r

d \f

dt

dn ; P
the resolved part of this about K = % sin @ cos KPK': and
(14

hence the linear vel, of P about K~ -sin @', rad. of sphere =1

therefore -

; _ dv/ sin@ :
P revolvesabout K with an angular \'ulu(‘.lt.y = \' E cos KPK'

¢ sinf
I
T e R e R L B =l v sin@ cos Y PK';
dt

dvs o d\j/' sin H’c KPK = SO =4 (,0:9 s_iuf_) cos KPK’
dt dt sinf "(l +v) nC  sinf

3n"* (€ — A cos@ cosi— cosfOcos@

“2(1+») nC sind sin
n'® -4 ‘1
21 +v) nC sin°f

(cos @ cos i + sin B sin z cos Q)

x (cosi — cos® 0 cosi — cos B sin 0 sin ¢ cos Q)

where Q is the longitude of the Moon’s node measured in a
retrograde direction

sn'"* C -
(LD&BLO:.Hs.mf)sme(,osQ)(mse—(_ot(?stws& )
“2(0+v) nC
sn'® (C-4 (6088 cos20 $ Blng 0
= - — (cos cos’i— ———sin2icos cosf sin®icos®
2(1+v) TRl 2sinf )

i WG T (cost i — L sints
= ——— ———{cos I (cos?i — Lsin?q
2(14+v) nC # )

2sinl

('Osﬂlsin"'i Qi
05

A 4t
—_— 4 ‘_20) — L cos Isin®i cos ( — + 2 E),,)}.

B 3 i N Lrp
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in which 7 = the periodic time of the Moon’s nodes: and Q
is the longitude of the ascending node when ¢ = 0;

o ~
| i S | Iooits ) ¢
= — — {cos I (cos*i — L sin®s
2(1+») nC u
T (()\"[511‘1"3 . [2xt \
- — — sln | —— + 520)
dqr sin I T J
T = SCRR Bt o I 3
— — ¢o0s 1 sin®4 sin ( + 2Q) J + const
8 \
Hence the Lunar Precession s
3n” { — Egs
= —————~ ———cos I (cos®i — L sin’i)n”¢.
2(1+py) =nC

The second term of \r is periodical as well as the third :
but the third is so small, in consequence of its coefficient
sin®4, that it may be neglected. They are both parts of
Lunar Nutation.

Pror. 10 find the effect of the Moon on the obliquity
of the ecliptic.

468. We have from the last Proposition

10  dy/ 8w C-d
(—8 = 79’ sin @ cosYPK ' = — s P % —cosB'sin@ cos Y PK'
dt ~ de 2(1+v) nC

n? C-4
= — (cos B cos i + sin 0 sin ¢ cos Q) sin é sin (),
2(1+v) nC
an? . O—4 2wt

= — —= zcosIsin2isin [— + )
2(1+4) nC {'3 ( T ¥

i bR dart
+ & sin £ sin“isin | — + 2£2‘,)
= W o

dn® C=d{+ e (Dt \
'+ DS S T ——— {— cos I sin 2i cos ( o Qh)
2(1+v) nC |47 \

e

L i "T
+ — sin [/ sin®i cos l—ﬁ + 2 2‘7)}
8ar
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the variable terms in this are periodical, and the last 1s 80
small as to be insensible.  These terms and the periodical
terms in the value of \» make up the whole of Lunar
Nutation.

469. Let o and y be the parts of Lunar Nutation which
have been determined in Arts. 467, 468 ;

,,{ Swﬂ(l +1f)C }"3 ,,{ S’n"ﬂ(l +v) C }
L e S T =1,

37n?(C—A)cos2 Isin2i gm0 *(C—A)cos Isin2i

This is the equation to an ellipse of which the axes are
in the ratio cos2l : cosI. This explains the construction
mentioned in works on Plane Astronomy. W oodhouse’s Plane
Astronomy, p- 857. Maddy’s Plane Astronomy, 9" Fdition.

The whole Precession, both Solar and Lunar, equals

3 C-4 IS
— = cosI§n* + —— (cos’i — Lsin*i)} &,
an C > 1+w
(see Mé camque Céleste, Liv. v. Chap. 1. {. 14.) and the Nuta-

tion is given by the equations of' Arts. 467, 4()8.

470. Annual Precession

C -4 3n n'? 1——51;13,
= ——cps I{1 4+ — 180°

(' n T
" e
3 7n : . in 36526
J = 28008t q8" f — 80R 50", —=805.20; — =——=-
n' " n 2732

log  sin i = 2.9528656
log,, (2 sin?i) = 2.0818225 = log,,-0120732 5

log,, (1 — & sin? ) = log,, 9879268 = 1.9947248

n'"
lﬂg 10 ;Z";:,

2.2522428

n''? P S . .
log,, {f (1 = 1_}51:13 .i)} = 2.2469676 = ]ub 10 176.5900 3
: >
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o
ot

e

n ol R SR
— (1 — 5 sin*2) = 176.5906
n'*

! 1
3n iy
ln_t,_tm{ x 180 x 60 x 60 x cos I } = 2.8856065
y n

3.9030900

1.9625076 — 2.5626021

6.2512041

2.5626021

3.6886020 = log,4882.05 ;

Annual Precession = —— 1 4

C—-4y 176.5906
. ) 488¢
1+v )

471. We have supposed in these calculations that the
Earth is wholly solid. Laplace shews, however, that the
variation of the motion of the terrestrial nucleus, covered by
a fluid, are the same as if the sea formed a solid mass with it :
Mécanique Céleste, Liv. v. §. 10—12.




CHAPTER XIIIL

MOTION OF A RIGID BODY ACTED ON BY IMPULSIVE FORCES

472. I~ the preceding Chapters we have obtained dif-
ferential equations for calculating the motion of a body acted
on by any forces of finite intensity. Since these differential
equations are of the second order their first integrals will be of
the first order, and will therefore be functions of the velocities
and co-ordinates of position of the various parts of the body.
The values of the arbitrary constants introduced by the process
of integration are determined by knowing the velocity and
position of the parts of the body at any given instant of the
motion : the instant generally chosen is the epoch from which
the time is measured. In calculating the motion of a heavenly
body the values of the arbitrary constants are found by obser-
vations made on the position and velocity of the body at any
given time; since we are altogether unacquainted with the
initial circumstances of the motion. But we may wish to
calculate the motion of a rigid body when the original cir-
cumstances of projection are known. Now instantaneous
velocities are generated by forces of the nature we have termed
impuisive (Art. 201). It becomes necessary, then, to calcu-
late the motion of a body which results from the action of
impulsive forces.

By finite forces we mean such as require a finite time
to produce motion, or a change of motion, in a body : such
as the moving force produced by the attraction of the Earth.
They are measured, when uniform, by the momentum gene-
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rated in a unit of time; when variable, by the momentum
that would be gencrated if they were to remain uniform after
the epoch at which ”'!i-‘}' are to be estimated. But by
Impulisive Forces we mean such as act only for an in-
definitely short time, and yet produce a finite velocity in a
body ; wmh as the force of t\plmmn of a cannon ; the force
of impact of one body against another. These forces are

measured by the momentum cene

]

ated in the body on which

t}n“y act.
In Art.

of which we can make the calculation of the motion depend

we have enunciated a Principle by means

upon the conditions of equilibrium of forces acting on a
rigid body.

Pror. To obtain the equations of motion of a rigid
body acted on by impulsive forees.

473. Let V be the velocity impressed on a particle m of
the system, the co-ordinates of the particle being xyz: then

de dy ds
T
of co-ordinates, that is, the actual velocities which the particle

are

the effective velocities parallel to the axes

acquires in consequence of the action of the impulsive forces :
5 b, ¢ the angles which the direction of the velocity ¥ makes
with the axes.

Then according to the Principle explained in Art 226. the
mpulsive forces
fist da s ] f/f , fike dz
m|Veosa——|, m(Vcosb— -, m | Vcos e
\ dt/’ \ dt/ \ d#

acting on m parallel to the axes of co-ordinates, together with
similar forces acting on the other particles of the system ought
to be in equilibrium.
Hence we have from Art. 65. the equations
dy

; i da !
>.m ( Feaga—oes | =0, Z.m |I Vecosh——}| =0,
dt/ dt/

> . m { Vcosc—— ) =0,
\ i
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Pu]ni\'c

474
gi ve
S

da

dt

calculate the motion

Pror.

x>

means of these
of

forces.

The centre

Y

M= 2. M,

Differentiate these with respect to ¢, and we have by
equations of motion above

S.m=2.mVcos a,

<

d +

DYNAMICS.

.m {y (l’cos ¢
LM {.‘: (I’ CoS @

.m {1 (V cos b

RIGID BODY.

dz
)

d a dz\
—) - ( V cos ¢ — —u)
dt \ di y
dy

df }

six equations we shall be able to

da

7))

- {.lrcm a —
o €

a rigid body acted on by any im-

They lead immediately to two fundamental principles,
analogous to those of Arts. 428, 429, for finite forces.

of gravity of the body will move in

the same manner as if the forces which act upon the various
particles of the body were all transferred to that point, their
directions being parallel to their former directions.

. For the first three of the equations of last Article
do A dy :
m—==.mVecosa, ET.m— ==Z.mVcos b,
dit
. d= v
S.m—==.mV cos c.
dt

Now let @y be the co-ordinates of the centre of gravity
at the instant the impulsive forces act: then

~

= >.mz.

Z.m=2.my, .M

the

dy

>.m=2=.mVcosb,
dit

m= >.m V cos c.
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But these are the equations we should have obtained
l~_v supposing the forces transferred to the centre of gravity,
their directions being preserved.

Hence the Proposition, as enunciated, is true.

Pror. The motion of rotation of the body will be the
same as if the centre of gravity were fived.

475. Let 2y, be the co-ordinates of m measured from
the centre of gravity parallel to the original axes: then

=T+ @y Y=Y+Y, T=T+ 2 ;

and by substituting these in the last three equations of
motion in Art. 473. the first of these becomes

dx  dsz) e dy dy, {
”{J'(!Ji y) ( dt % (hf_J el (rh‘ 5 r{{).lk

Z.m {(y + y) Veose— (x+ &) Vcos b

But 2.mao, =0, =.m Y,=0, Z.mz, =0, by Art, 413;

G e d ‘-"1':/;)

Z.m {yr — 1

P =2.m(y Vcosec—z V cos b),
PR m (Y, ; )

and the other equations by a similar process become

( da, ds)
S.m|= —a,—)=Z.m(xVeosa—a Vcosec)
7 ( e f}(H) m (s, V cos @ — @, V cos ¢)
2 f (f:p_;f dr ] < % % 74
&2.Mm | & - - - =22.m(x Cos O —qy. V cos a
k L dt u’f $ A2, Yi )

But these are exactly the equations we should arrive
at by supposing the centre of gravity fixed.

Hence the Proposition, as enunciated, is true.

476. The Principles proved in the last two Propositions
reduce the calculation of the motion of a rigid body moving
freely and acted on by impulsive forces to the calculation of

I
the motion of a sinele article, and of a rigid body moving
o] 7 L] o t=]
about a fixed point. We shall now determine more con-
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venient equations for calculating the rotatory motion of a
body about its centre of gravity when acted on by impulsive

forces.

Proe. To caleulate the votatory motion of a body
moving about a fived axis and acted on by impulsive forces.

477. The equation for determining the rotatory motion

is (Art. 473.)
/ du da
z.m {,P_: l Veos b — b y | Vecosa— \} =0

dt S ak dt)

——

the axis of % being the axis of revolution; let » be the distance

of any particle m from this axis: O the angle which » makes
with the plane z@:

x=7rcos @, y=rsn 0;

da _ de d0 dy de do
e = —pain@ — = —9Y = Y =rcosf— =0 —;
dit dt * it dit dt di
o ( dy da A i, e el ,
Smle—=-—y—|]|=2.m(@+y° =—Z.mr*;
3 .‘a dt Y dt/ mA ¥) dit = dt K

d® =.mV (v cos b —y cos a)

dt 2 mr

moment of the impros»cd forces about the axis

moment of inertia about the axis

Pror. A body in which one point is fized is acted on

by impulsive forces : required to defermine the motion.

"3 be

478. Let the fixed point be the origin : and let r, 7,
the distances of the particle m from the axes of @, ¥, &: and
let 0,0.0; be the angles which » 7,7y make respectively with
the planes @y, =y, 2,

,/ =1 COS H1 L) ¥ =7, CO8 6:1‘ & = T3 COS H"""

x=prsn@, @=rsnf, x=rsn 6
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dz d By S de, da dz il By

,‘_(;.If g at R ;f_a ik dt .“'}J"{ ;
dy da . do,
Pie=— 1 =7y
dt dt dt

Hence the last three equations of Art. 473, become

de
1 ] a " -
Z.mry"=2.mV (ycos e —= cos b),

di :
do,

— 2.mr, =2.mV (x cos ¢ — @ cos ¢),
di '
dg,

T Z.mr=2.mV (& cosb —y cos a),
(&, i

or

dfB, sum of moments of Hw imp uuwi j{)[(\a Ai}ou[ axis of .

dt moment of inertia about axis of .

df, sum of moments of the HT‘I}IL\\t(i forces dboul axis n[ Y

dt moment of inertia about axis of Y

dB; sum of moments of the impressed forces about axis of

dt moment of inertia about axis of =

When these are integrated we shall know the position of the
body at the time # with respect to the fixed point.

We shall apply the principles proved in the last Articles to
the solution of a few questions.

When a body at rest is acted on by any forces there is a
line about which it begins to revolve. This line is called the
Awis of Spontaneous Rotation.

Pror. To find the position of the awis of spontaneous
rotation of a body when it is acted on by an impulsive force.

479. Let P be the momentum which measures the im
pulsive force: M the mass of the body.
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Then by Art. 474. the centre of gravity moves with the

])
velocity T in a direction parallel to that of the impulse.

Let the line of the impulse be taken for the axis of @:
and the plane through this and the centre of gravity for the
plane of @y: A and r the distances of the centre of gravity
from the line of impulse and from the projection on the plane
wy of any particle m: @ the angle which r makes with the axis
of ». Hence by Arts. 475. and 477.

de moment of P Ph

dt moment of inertia  Mk*’

k being the radius of gyration about the centre of gravity.

Let 2y be the co-ordinates of the projection of m: then
by compounding the velocities of translation and rotation, we
have (fig. 108).

2 10 P Phrsmf
vel. of m parallel to # = T :W »sin @ = i ——i;[;:j}— :
do 0 Phi cos B
Yy = — 7 COS8 o — .
Py sl A e So s dasl n!me U

To find the point in the plane ay which is at rest at the be-
Yy

gining of the motion we must equate these two velocities to

ZEero ;

I*—hrsin@=0, rcosf=0;
=90 and r= T GO 1 the figure,
b

and therefore the axis of spontaneous rotation is at right
angles to the direction of the impulse; and also cuts at right
angles the perpendicular from the centre of gravity upon the

2

; : k _
direction of the impulse at a distance % the centre of gravity
3 .

lying between the axis of spontaneous rotation and the impulse.
The point O coincides with the centre of oscillation, if H

a0

be the projection of the axis of suspension: see Art. 432.
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Pror. 4 body revolves about a Sived axis and impinges

upon a fized point, so that the direction of the impulise is
perpendicular to the plane passing through the avis and the
centre of gravity : required to find the position of the fived
point so that the pressure on the fived axis at the instant of
impact may be wholly in the plane perpendicular to the direc-
tion of the impulse. The Jived point so found is called the
Centre of Percussion.

480. Let the fixed axis be the axis of ¥: and the plane
passing through the centre of gravity at the instant of the
impulse the plane yx. P the momentum which measures the
impulse on the fixed point: y % the co-ordinates to the point
in which the direction of the impulse cuts the plane yz: » the
distance of any particle m from the axis of rotation: @ the
angle # makes with the plane xz at the instant of impact :
then @ =7 cos@, y=7sin0: and the velocities of (m) parallel

y e ida do

to @ and y at the instant of impact are (7 = ) —y— and
) \d ¢ el )

(d1 d@ 2
(22 :) #— : and therefore the momenta parallel to the
\d £ 11

: de de
axes are at that instant — my — aud ma — .

By dt

We shall suppose the axis to be fixed at two points (since
if fixed at more they can always be reduced to two) of which
the distances from the origin are ¢ and a'; let R cos q,
Rcos3, Rcosy, R'cosa’, R cosf3, R cos ~" be the mo-
menta which measure the impulsive pressures parallel to the
axes of w and y on these points at the instant of impact: /A the
distance of the centre of gravity from the axis of x.

The forces, then, which act upon the body at the instant
of impact are

de X
Rcosa, R cosda/, —my 2; 0 each particle m, and P parallel to @,
-
G k! do i ;s
Rcosf3, R'cos 3, ma e on each particlem, ............ AL Y,
[

Rt'ukf\/._ Rocoseds i e s &
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But the body 1s reduced to rest, by }wpm,l;vsis; and conse-

quently by the six equations of Art. 65. we have

: A : y AL B
Rcosa + R cosa —— Z.my+ P=0,
di :
e e ST o : t
Rcos 3+ R coso + 3 S.ma=0, Rcosy+ R cosey =0,

do

— R cos [J) a — R' cos ,(’%’. a4 =—— Fimas =10

dt

3 : Aty

Reosa.a + I cosa-0 = — S omy=z + P, =10,
di : {
de _ P
— Z.m(2*+y*) — Py =0,
dt " L

in these S.ma =0, and =.my = Mh, as the axes have been
chosen. From these equations the pressures may be found.
Now for the centre of Percussion we must have R cosa=0

and R cosd’ = 0: hence

dé 2 A s

S S R S ) S.myz 4+ Pz =0,
dif di i !
da

— 2.m(2* +¥) - Py, =0;
!

0

! = e f
therefore P= Mh

ic known, since the motion previous to

do
the impact, and consequently 25’ may be calculated by the
; )

}n'inciplos of Chapter x1: and the co-ordinates to the centre

of percussion are

S.m (2 + 1) k® 4+ Rt 2. myx

]

9= Mh h * = T Mh

If the body be .‘w}'ll]l‘-u‘tl‘it'tﬂ about a plane through the centre

of eravity and purpvn{ii(‘l‘;l::l' to the axis of =, then, if z be
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the distance of the centre of gravity from the plane @y, and
if =2 + 2" we have

- o o ’ P, - e
Z.omyzs =xZ.my+ 2. mys =xT.my=Mszh.

;i I A /
In this case y,=———, ¥ =x: and the centre of per-
h
cussion will then coincide with the centre of oscillation: see
Art. 432.
In the Chapter of Problems we shall give some examples
of the impact of bodies.




CHAPTER XIV.

THE MOTION OF A FLEXIBLE BODY

481. In the present Chapter we shall calculate and ex-
plain some of the simpler cases of the motion of vibrating
strings: for more information on this subject and on the
motion of elastic springs we refer the reader to M. Poisson’s
Traité de Mécanique, Tom. 11. Seconde Edition; to the
Journal de UEcole Polytechnique, Cahier xviir, p. 442; and
lastly to M. Poisson’s Memoir on the equilibrium and motion
of elastic bodies in the Mémoires de I Académie des Sciences,
Tom. vIII.

Pror. 7o determine equations for caleulating the motion
of a perfectly flexible cord, very slightly extensible, of the
same thickness and density throughout, fized at its two
extremities, and very little disturbed from its position of
rest.

482. Let 4 and B be the fixed extremities of the cord
(fig. 109), we shall suppose that the cord is straight when in
equilibrium : Let P be the position of a particle of the cord in
motion at the time # which is at @ when the cord is at rest:
AQ=w, AM=a+u, MN=y, NP=x, AB=l: M the
mass of the cord, 7" the tension at the point P: the resolved
parts of 7" parallel to the axes are

1 (2 + l 1%
i S 1) il 5 A o ; where ds = PP';
ds ds ds

the excesses of the corresponding tensions at P’ over those
at P are therefore, by Taylor’s Theorem,
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1 1 (@ \ st L dz)
_‘7‘ (’1' (—(—’4— ”)) da, _ri (T(—y) da, - (T (—) da:

ds da ds dw ds
these are the impressed forces acting on PP’: the mass of

ds Ty - .
PP =M 5 hence the effective forces acting on PP’ are

ds d*u ds d*y ds d*z

fode vl ant 1 de’
hence by the first Principle of Art. 226 we have

d [, .d(x+u M d*u d [, dy) M &Py
__{ 7 S siden _) == —, — ([ ﬁ-_f) ==
da ds i dt do \ ds Lioldi®

d n'::'\ M d¢z

g =T 3
Let W be the tension of the cord when at rest:; then it
is found by experiment that the change in extension (as
ds — da,) of a piece of cord da varies as the change in tension

ls —da
1" — W: suppose that T'— W= @ it il

da
du)”
— i)
( da

neglecting small quantities of the second order. Hence

P

ds* du dy* ds*
Now —; = (1 —J F—— + —
p \ % do) " da® " da®

du : . ;
T-W=Q > and our equations of motion become
da

d*u , &uw  dy diy drw ,d'%
—_— ) — - . o
d# ;

=8 e =
do®” dtf

BT b
dt da’®

if we neglect small quantities of the second order, and put
Ql =M, and Wi= Ma®: hence a* and b are in the ratio
W : Q.

The variables w, y, & are separated in these equations;
from which we conclude that the vibrations of the cord parallel
to the axes of x, y, = are independent of each other, and
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co-exist without any interference. The transversal vibrations
are the same in the directions of ¥ and . 'We shall calculate
the motion parallel to .

Pror. 7o integrate the equations of motion, and fo
interpret the integrals.

483. For the transversal vibrations,

d’y .y
=a®—.
df da’®
d’y
To integrate this add to each side @ —
d: r'(if
d d'r/ d yl d (d ly rf Yy
+a& —r = Fi ]
dt \dt dal “da\dt " c!r
dv dv dy d Y
F— = if we put — v:
OF = a i’ if we pu 5 + @ Zr 1
dv dv
wodv=—dt+ —d: _—d @ + at),
: di dx B da (o 0i)
dy dy ( y
e = v+ at) ;
t O S s ¢ (v + at)

¢’ representing any arbitrary function of @ + at.
; . dy . ;
In like manner by subtracting @ ——— from each side we
dudt
have

dy dy
Y g—= = (- at
dt id( ki i

\;;' representing another arbitrary function.

dy ;
Hence — =4 ¢ (v + at) + 5\ (v — at),
ence 7t p( ) 2!;( )

dy
—— = —(1)({4 at) - —-—\’f (@ — at) ;
da 2a
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dy dy
cdy = — —da
i rifdt+(tm !

= 5 ¢ (v + at) d (v + at) - i V(2 —-at)d(x - at);
2a

2a

coy=F (v + af) + f(@ - ab),

F and f being arbitrary functions depending on ¢’ and /; but
we shall cease to use ¢ and /.

We proceed to explain how to determine the values of
these functions. We are supposed to know the initial cir-

: : dy
cumstances of the motion, namely the values of y and v for
- ¢

all values of @ between # =0 and 2=/ when #=0: hence
F'(2) + f (@) is known for all values of # between 0 and 7: and
ho 222) _ A1) is known and consequently F (x) and
da da

f (@) are known between these limits; but the values of these
quantities for values of x greater than / and less than 0 are
not given, nor are they necessarily known since the functions
F(x) and f(x) may be discontinuous; that is, the original
form of the curve need not be such as can be expressed in
analysis, but may be a series of pieces of curve so long as they
have the same tangent at their points of junction.

The condition that the extremities of the cord are always
stationary enables us to determine the values of F (z + af) and
f(@ —at) for all values of  and . For by this condition
y =0 and dﬂ =0 when # = 0 and 7 whatever ¢ be: hence by
: dt g
putting @ = v we have

F@)+f(-v)=0...(1), FU+v)+f(l-v)=0...(2)
for all positive values of wv.
Put 7 + v for v in (2), then by (2) and (1)
F @l 9)=F0) .oveornanss (8)

The initial circumstances make known F (v) and f ()
from v = 0 to ¢ = {: then (2) gives ¥ (») from v ={ to v = 2/,
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and then (3) gives F (v) from v = 2/ to 4/, then to 6/ and so
on to oo : hence F (@ + at) is known for all positive values
of £. Again, by (1) f(—v) is known from v =0 to v=co:
but also f(v) is known from v=0 to v=1 by the initial
circumstances, hence f(x —at) is known for every point of
the cord during the whole motion. Hence the value of 9,
and therefore the form of the string, is known at every instant.
There is nothing to make known F (v) for negative values of v
or f(v) for values of v between / and co.

In (1) put v + 27 for v, then
f(=20—v)=—F (2l +v) =-F(v) by (3)
=ifl— o) by (L}.ousiass (4).
Hence y = F (v + at) + f (v — at)
= F (2 + at +20) + f(x — at — 21)
= F (v + at +2nl) + f (@ — at — 2nl) by (3) (4)

n a positive integer: hence the cord repeatedly assumes the
same form relatively to the plane »z, performing a vibration

21 e :
in the time —; substituting for @ its value,

a
time of vibration = 2 '\/l—:g

the same is true of the motion parallel to x: and also parallel

Ml

Q’

)

to « the oscillations take place in the time 2 \/

Pror. A portion only of the cord is set in motion at
first, as a piano-forte wire by the sudden blow of the ham-
mer of a key: required to determine the motion.

484. 'To simplify the calculation we shall at first suppose
that one end of the string is at an indefinitely great distance.
Let the original displacement extend over a small space 2a;
and let the origin of » be at the mid-point of this space: % the
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distance of the nearest extremity. Then when # =0 we have

y=0 and — =0 from #=—-c to #=—@a and from @ =a
- dt
to x=h;
Fi(o) =0and fo)=0 ... (1),
from v =— e tov=—q, and from v = q to v = k.

Because of the fixed extremity

Fh+v)+ f(h-v)=o0,

for positive values of v. Hence when v is greater than 7,
F@)==f(2h =) .ccrcereecrennna (2).

Since @ — at is always negative for negative values of a, it
follows by (1) that beyond the limits of disturbance, that is when
@ is < — a, we have f(z —at) =0: also for negative values of »
ik and ol

@ a
Hence the initial disturbance is propagated to the left and each

we have /' (o + t)=0 unless # lie between

. X = H -—a—a
particle of the cord begins to move after a time — ., vibrates
E (¢
2a
for a time — and then returns to rest.
@

In the same way the motion is propagated to the right :
hut in consequence of the fixed extremity this will require
a little further examination.

Let us consider the motion of a particle at a distance # ;
Y=F(2+at)+ f(x - at) is its general displacement.

When ¢ = 0 this particle is at rest, for y =0 by (1): and

. ) Lusih ! e it
1t remains so till #= , for, then y = f(a), and the particle
a
_ X+ a ; . = . = .
moves till #=——, and after this is at rest again for a time.
[/
Ever after this # —af is negative and < — ¢, and therefore

f(@ —at) =0 by (1). But when # becomes
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r—a 2h —2a Qh—@ —a
—mes s or :
4 @ a

y=F(2h —a)=—-f(a) by (2),

r+a 2h—-2v 2h—a+a

and as ¢ increases and becomes —— + = 5
a a a
y=F@2h+a)=—f(—a) b\‘ (2).
. Rh=Cw " :
Hence at a time —after the particle began to move, it
5 g

again begins to move: and ceases to move at the same time

after it ceased before. Likewise the displacements of the

particle are exactly the same that they were before, but on the
opposite side of the line of rest.

= 2h—m + @
When tis > ————, o+af is>2h+a;
a
o F (2 +at) ==fi2h - (@ + at)} = 0 always.

A ) i 3 2a 1

Hence the particle oscillates for a period — commencing
(13

. a ] . ; 2(h—a

at the time it then rests: and after a time ——=,
a

@

it oscillates for the same period in a manner precisely similar
to the former; except on the opposite side of the line of rest:
after this the particle remains permanently at rest. This is true

2(h—2)

whatever @ be: and it is to be remarked that ——— = the

a
time the bent portion of the cord, or the pulse, would take to
move from the particle to the fixed point and back again.
Hence, since this second motion arises solely in consequence
of the fixity of one extremity of the string, it follows that when
the right hand pulse reaches the fixed point i is reflected, but
to the opposite side of the string.

Hence the original disturbance divides itself into two
pulses, one moving continually to the left; the other to the
right till it reaches the fixed point, after which it moves back,
towards the left, on the other side of the line and with the
same velocity as before.
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Let the string be of definite length. Then the pulse after
reflexion will be reflected again at ﬂ]c other extremity and move
on the upper part of the string to the right.

Let C, D (fig. 110) be the fixed extremities of the string
and 4 the origin of disturbance. The initial disturbance
divides into two @ and b: b is reflected at D and moves along
to b’ at the same time that @ moves to ¢’ having been reflected
at C': a' and & meet at B and confirm each other forming
a disturbance exactly similar to the original disturbance.

Evidently B is such a point that

AD + DR =A4C + CB, or AD = CB.
Now the interval between two maximum disturbances at

. S 2]

A = time of describing AC + CD + D4 = — . Hence the
; a

velocity of the pulses = a.




CHAPTER XV.

GENERAL DYNAMICAL PRINCIPLES

485. 1Ix the present Chapter we shall prove some gcnoml
principles of the motion of a material system, which are con-
sequences of the laws of motion.

Pror. When a material system is in motion under the
action of forces, whether finite in intensity or impulsive, but
none of them being ewviraneous fo the system, then the cenire
of gravily moves uniformly in « straight line or remains at
rest.

486. 'The internal forces which act upon the particles of
the system may be of the nature we have denominated im-
pulsive, or they may be of finite intensity, or they may be
some impulsive and some finite. But impulsive forces are such
as act only for an indefinitely short time; and consequently
during the period of their action the finite forces can produce
no effect. We may therefore consider the action of these two

systems of forces on the system separately.

I. Suppose the forces are of finite intensity

Let XYZ be the internal accelerating forces acting on
a particlc' m of the system parallel to the axes, not including
the molecular action: @wyz the co-ordinates to m. Then the
first three equations of Art. 427, give
o

b d>y 122
) =0, Z.m (Y—--“‘l{ — E.;»n.(?f-— rj’;,)s 0.
A i/ a atr”)

d*x

>.m (X—

dt*

Now since, by ln,'{_mthesis.. the forces acting on the system
are all internal, or, in other words, arise from the mutual action
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of the particles of the system, it follows that if m' X', m' ¥,
m' Z' be forces acting on the particle ' there must be in the
system forces equal to —m' X', — 'Y, —wm' 7 acting on
some other particle: hence these forces will disappear in the
expressions E.mX, 2.mY, S.mZ: and this will be the case
with all the forces :

;
Z2.mX=0, Em¥=0, E.mZ= 0,
and consequently we obtain

o i : d’y ; d'z
Dem—— =0, 3 .m— =0, Z2.m— =0,
di dt dr

Let & yy = be the co-ordinates to the centre of gravity of
the system at the time #; @,y %, co-ordinates to m measured
from the centre of gravity: then »= 7 4 @, Y=y +y,

=% +%,; and since 3. mu, =0, Z.my, =0and 3. ms, =0,
the last three equations give

d*w dy &z

e - oA =0

dit dt® dt*
d5 i Az
— =V, cos —~ =V, cos3, — =V, cosn
df 05 a, di 0 COS 3y dt ( bl

Vy being the velocity of the centre of gravity when ¢ = 0 and
af3ry the angles its direction makes with the axes;

5 2 (4
*. vel. of centre of gravity at time # = '\/71)“
- d#

and consequently is constant,
If ¥, = 0 then the centre of gravity remains at rest.
Again, by integration we have
@="Vitcosa, y="V,tcos B, == V,tcos,
the origin of co-ordinates being chosen at the point where the

centre of grnvity lies when ¢ = 0;

COS o — cos 3 _
= — g, Y =—gz

cos y 3 COs y
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These equations shew that the centre of gravity, if it be not at
rest, moves in a straight line.

11. Suppose the forces are impulsive.

Let V be the velocity that any particle m has when the
impulsive forces begin to act; @, b, ¢ the angles its direction
makes with the axes: V' the velocity which measures the in-
ternal impulsive force acting on m: @ b ¢’ the angles of its
direction.

Then the first three equations of Art. 473, give

!

da
. m (V cosa + V' cosa — —) =0,
dt

b4

11
.M (Vco:: b+ V'cosb' — (—!) =0,
di

3 > ; , d=
z.m (p cose + V cosc ——) = 0.
di

Now since the impulsive forces are all internal we shall have,
as may be shewn in the same manner as before, that

S mV'cosd =0, S.mV cost =0, S.mV cosc =0.

Hence the equations become

: o d
z.m (Vcosa#2> =0, E.m(chs?——y—) =0,
dt \ dt

[ o

: 1:
x.m (VCUSL'—{—-) = 0.
di

Let V, be the velocity of the centre of gravity at the com-
mencement of the action of the impulsive forces: af3~y the
angles its direction makes with the axes: then (Art. 413.)

S.mVeosa=V,cosaX.m, Z.m Veosb= V,cos 3Z.m,

S.mVcosc=V,cos v .M.
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dy do
Also 2.m — =

dy dﬁ\*

—3.m, Z.m—2= PR
dt  dt i ar et '
M e
> i DI
dt dt
da dy T
— =V, cos ¢ — =V cos 3, — =V, cosn
i el ;

dt

consequently the velocity of

the centre of gravity is V,, and

therefore is not altered by the action of the impulsive forces.
Also, if the centre of gravity be in motion, the indefinitely

small space it describes during the action of the impulsive

forces is a continuation of the straight line in which it was

moving before their action.

cos 3 —

T — %; the origin of co-ordinates
cos ry

5 == COS « —
Bori e
COSs v

being taken at the point where the centre of gravity is situated
when the forces begin to act.

Wherefore the Proposition, as enunciated, is true. This
Principle is called 7'he Principle of the Conservation of the
Motion of the Centre of Gravity.

Pror. When a material system is in motion under the
action of forces, whether of Jinite intensity or impulsive, but
none of which are ewtraneous to the system; then the sum
of the products of each particle multiplied by the projection on
any plane of the area swept out by the radius vector of this
particle measured from any Jiwed point varies as the time

of motion. This is called the Principle of the Conservation
of Areas.

487. 1. Suppose the Jorces are of finite intensity.

Using the same rotation as in the last Proposition the
last three equations of Art. 427 are

&~

. m(yZ —-zY),

b/
=
=
R
S~
| 8
© w
a| 2
I
2
=
it
e
—
|
()
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i d'w d’z| o (X p
Smilz— —a—r=2m@EX-aZ
dt* d tif m Lo

E.m(@Y-yX).

[ dy d“.r'—}

Z.mie — —y—
‘ ar ~ 7 de

We shall now shew that the second sides of these equations
vanish when all the forces are internal.

Let ' X', 'Y, m'Z and m” X", m"¥Y", m"Z" be the
resolved parts parallel to the axes of the mutual actions

P’ and P” of two particlesm’ and m” ; then P'= - P’ and also

X =—m' X', WY ==—m' Y, mWZ =-m'Z".

If the particles be in contact let o'y’ be their co-ordi-
nates ; then these mutual actions will enter the expression
Z2.m(yZ —=Y) in the form

m (Y Z —=Y) +m" (Y Z'- & Y")

but this vanishes : and in the same manner it may be shewn
that the mutual actions of particles in contact will disappear
from all three of the equations of motion.

Again; suppose the particles are not in contact, their
co-ordinates being #'y'z’" and @"y"”2": let » be their distance;

» " I ’ / ”
Xy —-a :!/ — ’P/ a— .
then— —, & = — __  are the cosines of the angles
o :

which » makes with the axes; and we have

?_‘! ?’” ’ff’ yu = o
mX =P —— , MY =P —= S s i
r r r
and consequently the mutual actions of m’' and m” enter the
expression =.m (yZ —x¥) under the form

r )ff
Prat ’ s ) e b A TR A M LT

T A = ) (g 1 o i (-2 =2" (-9}
and this vanishes since P’ = — P”: and consequently the mutual
actions in this case also disappear from the equations of

motion.
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Since then all the forces are suppbsed to be internal the
equations of motion become

-

ey ) (F;/)
(o W

d*y
=.m ( @ 7_-_{'
v dl

and therefore by iutcgl‘:‘:lion

) dz Ly ( da d =) !
=.m (_r/ T % f!—;) =h, Z.m (.:' 3 iR & ﬁ) =k,
P 7y

¢ dy d e
2.m (.1%-’— -y — J =h",

A e
hy &', k" being constants.

Let 4,4,4, be the areas swept out by the projections
of the radius vector of the particle m on the co-ordinate
planes respectively perpendicular to the axes of TY duriug
the time #: then by the last three equations
2 d4, BS did. .

.M ——=h, D.om —L=p, . m—=}

dt df dt

2.md, = ht, Z.m A, =h't, Z.md, =K's,

since the areas are measured from the epoch when # = 0,

Wherefore the Principle, as enunciated, is true for the
three co-ordinate planes arbitrarily chosen; and consequently
true for any plane.

II. Swuppose the forces are impulsive.
I p 7

Using the same notation as in Art. 486, the last three
equations of motion of Art. 473, are

! dz dy
Z.m (r — -
\J dt dt )

=Z.m{V(ycosc—zcos b) + V' (ycosc —x cos Bt
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T.m (: i @ i)
dt dit

>.m § V(% cos a — @ cos €) + V' (x cos @' — @ cos ¢},

d: da
>.m (ct.‘ et S Y —L)
dt =~ di

2.m § V (a cos b —y cos a) + V' (@ cos b’ — y cos a')}.

/

s

As in the previous part of this Proposition, we might
prove that the mutual forces will disappear from these
equations. Hence

( dz rl-_r,a) : Vo ; ;
mly—-—=2 =3 . mV(ycosec—gcosb) =1/,
_J dt dt \Yy co )

r

7

b4

< da d :) o W
s mls——a—)=2.mV (s cosa—xco8¢)=
dt dt) o9 by
dy da
=.m (1‘ -1 ﬁ) _S.mV(xcosb—ycos a)=h",
dt y dt ) ( Y J=h

and therefore the principle of the Conservation of Areas is
true whatever the internal forces be.

488. Cor. This Principle is also true when extraneous
forces act on the system, provided their directions all pass
through the same point and the areas are estimated about
that point.

For, this point being the origin of co-ordinates, suppose
that P’ is one of the extraneous forces acting at the point

M : ' S el T
(«' o ') at the distance from the origin: then 7 / 2ds 5 P, and

’

N 3

— P are the resolved parts of P': and this force consequently
”

vanishes from the expressions Z.m (yZ ~ zY) and =.m V'
(y cos ¢ — = cos b) and from all the analogous expressions.

Proe. To prove that when a material system is acted
on by forces, whether of fimite intensity or impulsive, bul
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none of which are ewtraneous to the system, there is a plane
invariable in position during the motion, with respect to
which the motion may be estimated: and to Jind its po-
sition.

489. We have seen in Art. 487. that
2.mAd,=ht, . m do=hit. B .mAl= hE,

hk'R’ being constant quantities which depend upon the con-
figuration of the system : and which may be found by observing
the motions of the bodies of the system and then calculating
2.md, T.mA, . mA..

Hence a plane drawn at the time # perpendicular to the
straight line which makes with the axes the angles of which

the cosines are
2.mAd, 2.m A,

\/()_ ; -}.H 4, +(Z.m A{)_ .

, >.mA,
and - L

V Emd) s (S mA,)+ (S.md,)

remains invariable in position during the motion.
For this reason it is termed the Imwvariable Plane.

Pror. To prove that the Invariable Plane is that with
respect to which the sum of the moments of the momenta of
the different particles of the system is a mazimum.

490. Let Auv be the angles which the Invariable Plane
makes with the co-ordinate planes respectively perpendicular to
the axes of wy=z.

The momentum of the particle m parallel to the plane

L dy* daf i : 2
yx is m —— + —— the perpendicular from the origin upon

d# d®
the tangent to the projection of the curve in which m is moving
dz dy
l. bttt T aamnnd
il dt

Hence the moment of the

on the plane y& = —:
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:  dg dy
momentum of m about the axis of ® =m (r 7 = I‘) and
d d

y dt " dt
sums of the moments about the axes of y and = are A’ and A".
Hence the sum of the moments about the line perpendicular
to the plane which makes the angles A uv with the co-ordinate

} ds dy)
the sum of the moments = 2. m ( e ) =h and the

planes equals
kcos A+ i cos u + k' cosp;

and when this is a maximum

. "o d" . 7..» F 4 ) f’l' .,
hsinh+h'sinp—=0 and A sinu+ A siny — =0,
d\ d
but cos®X + cos® p + cos’ v =1;
h siny dv  cOSA I R siny dv  cosp
e —— — =—— and =——— — = ——;
B’ sinA d\  cosvp h' sinu du cosvy
A Rl Bl 1 i

cosy =

\/ R+ h?t b

/e " cos® ur
and in like manner
R B N h
e ORI e ot
COS u \//—ﬁ i W 7 /,;'"-' na co

But these determine also the position of the Invariable
Plane: (see Art. 489.) Hence the Invariable Plane possesses
the property that the sum of the moments is greater on that
than on any other plane. Also the maximum sum of moments
is always the same, since it equals

491. TIf the position of this plane be calculated upon the
supposition that the heavenly bodies are intense particles with-
out rotatory motion it is found that &, &', A"
in carrying the approximation to the squares and products of

are constant even

the masses, whatever changes the secular variations may induce
in the course of ages: hence it follows that the invariable plane
retains its position notwithstanding the secular variations in the
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elliptical elements of the plane ary system. The determination
of the position of the invariable plane requires a knowledge
of the masses of all the bodies in the system and of the elements
of their orbits. Now we know the masses of the planets only
approximately ; but of the masses of the comets we are in total
ignorance. But from the agreement of theory and observation,
mentioned above, we learn, that, hitherto at least, the action
of the comets on the planetary system is insensible. Laplace
has shewn that the comet of 1770 passed through the system of
Jupiter and his satellites without producing the smallest effect,
though its own motion was much perturbed.

If the position of the ecliptic in the beginning of 1750 be
taken as the fixed plane of 2y and the longitudes measured
from the line of the equinoxes, it is found that at the epoch
1750 the longitude of the ascending node of the invariable plane
was 102°57°30", and its inclination on the ecliptic was 1°35'81":
and if these be calculated for 1950 they are 102°57"15” and
1985'31"; these differ but very little from the former, and
therefore shew that the motion of the ecliptic in space is
exceedingly slow.

492. It is important to remark that the terms in the
equations of motion of Art. 487. which depend upon the mutual
action of the parts of the system would disappear even when
the intensity of the forces varies with the time, independently
of the distance: i. e. when the expression for the force is an
explicit function of the time. For in this case the invariability
of the principal moment and of the direction of its axis is
preserved.

493. This shews that the loss of heat sustained by the
particles of the system by radiation though it diminishes the
intensity of their mutual action, yet has no effect on the
position of the invariable plane or on the principal moment.
So that if we leave out of consideration the action of the Sun
Moon and planets on the Earth, and suppose that our planet
were at one time in a gaseous state, and become solid by re-
frigeration without losing any position of its ponderable matter,
we may feel assured that the principal moment of the system
has not altered in magnitude nor has its axis changed its
position during the change of condition of the globe.
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If M be the whole mass: % the radius of gyration about
the axis of principal moments through the centre of gravity at
the time #, w the angular velocity about this axis; then

M/ w = principal moment = constant.

This shews that if the Earth radiate its heat into space so as
to diminish its radius by contracting its dimensions, then, since
k varies as the radius, w will be increasing and the length of
the day shortening.

Now it has been proved in Art. 461, by calculations of
ccllpses, that within the last 2556 years the length of the day
is not become shorter by even a ten millionth part: and there-
fore, since w varies inversely as k*, or the length of the ddy
varies as the square of the mean radius, the mass remaining
the same, the mean radius of the Earth has not changed
within the last five and twenty centuries by even a twenty-
millionth part.

494. The appearance of fossil remains of tropical plants
and animals in these higher latitudes has induced geologists
to adopt the hypothesis that the temperature of the Earth
was in ages gone by far higher than at present. The
results of the last Article shew that no objection can be
urged against this theory, at least upon mechanical prin-
ciples. If this hypothesis be true we learn that the radia-
tion goes on now very slowly, whatever its rapidity may
have been at more ancient epochs.

495. The Principle of the Conservation of Areas, or
rather the Principle of the Conservation of the Principal
Moments which springs from it, proves that earthquakes,
volcanic explosions, the action of winds upon the surface of
the Earth, the friction and pressure of the Ocean upon the
solid nucleus of the terrestrial spheroid, produce no variation
in the principal moment on the direction of its axis: since
these forces all arise from the mutual action of the parts
of the system. And since the displacements produced by
these causes in any portions composing the Earth's mass are
too inconsiderable sensibly to alter the value of k&, it follows
that their effect on the angular velocity (w) and upon the
length of the day will be inappreciable.
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Pror. When a material system is im motion under the
action of forces mot impulsive, and mnone of which are
extraneous to the system ; then the change of the Vis: Viva
of the sysiem during a given time depends only on the
co-ordinates of the particles of the system at the beginning
and end of the given time, and not at all on the curves
which the particles describe.

496. This is called the Principle of Vis Viva.

Let XYZ be the impressed accelerating forces which act
upon the particle m resolved parallel to the axes of co-
ordinates: @yz the co-ordinates to m at the time #: then
the forces

4z d” )\ i d’ 2
B o R b Bl LR ML
| ( dt* ) el \ dt* ) o \ b

acting on m, and similar forces acting on the other particles
of the system will satisfy the conditions of equilibrium ;
(Art. 226.) Wherefore by the Principle of Virtual Velocities
(Art. 72.) we have

: 2 Y d* Y\ o EIE e }
P gl [ | Sl GRS A S
;;,{( d# ) e ( drﬁ) e ( ) - :

o, 33/, 3%, being any small spaces geometrically described
by m parallel to the axes, in a manner consistent with the
connexion of the parts of the system one with another at
the time ¢

Now the spaces actually described by the particle m
during the instant after the time ¢ parallel to the axes
are consistent with the connexion of the parts of the system
one with another: hence we may take

8 da 5 dy e ds o
@ =47, Yy = — of, )= — ¢t
i ¢ T

and the above equation becomes

i de d’v  dyd® dz Pz
ZoMe— — o —— p — —
dt d* dt dt* dt d¢

7

I

fiida A 2
‘.M(X'—]f o B )
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: dat | odyt | d
T.mi— + — + —
dt* dt* dt*

(ol dy dz
i [ el . 2 ar 0,
mv[‘\. di i i di i

But by the Differential Caleulus

dovt  dyt d¥  dé Gty :
— 4 — + — = —— = (veloclly )" = v,
dt* ars g d ¥

ATy dy d 2\
S.mvt=22.m / (.\Y AP J v Z

4 S dierich
RN ¢ dt dt

Now let P be the mutual pressure of two particles
m and m’' in contact at the point ayz : a3y the angles
its direction makes with the axes.

! o da dy  _ d
Then the expression m.j (.\ i + Y 7; + Z UI) dt,
[ di di )

for the particle m becomes

'p ( da 8 dy dsz It
COs @ — + C€O8 [3 —— + cos y — | di,
J | Sema e T ]

and for the particle m’ it becomes

pllny da o dy dz
—JI (LZ('JH a — + cos 3 — + cos y — | dt,
\ dt dt di
and the sum of these = 0, and therefore P will not appear
in our final equation.

Again, let ayz, a'y'%’ be the co-ordinates of two par-
ticles m and m' not in contact: » their distance; P their
mutual action, supposed to be a function of r: then the
cosines of the angles which the direction of P makes with

! ! 4
v-o y-y =z-# ]
the axes are . = : and the expression
r r P

[ F . gL for tl ticl
m L — 4 B 4 — | C )ECOMIES, nr 1€ particle m
SN TSEET WaNds i dt & ol e

)
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fplf % 80y ~y Ay Hon Gl
z r dt r df r dit

’

and for the particle m

M bl e e
- P e IR i s dd

Jda cady . d%

)df

Hence P will appear in 22 .m [l X

3 - 5 . o e + il T
oh S e di dt
under the form

i W d(x—a") o d(u=1") n d(z—%)
2| —{(v—a - —y )L g (a—gl) Xt
i r {(1 o PR O b Gl }(

or 2 fP dr; since P=(@-2) + (y —y¢) + (s - &)

Wherefore we have finally
Z-mvt =23, (Pdr i C,

and since P is a function of » the second side of this
equation, when taken between limits, will be a function
solely of the initial and final co-ordinates of the particles
of the system.

Hence the Principle is true.

497. Comr. 1. The expression for the vis viva of a
system acted on by any forces (not impulsive) is given by
the equation

3 r da dy d )
S.mvP=23.m ( ), T N T Z—)df.
75 % dt " @t

498. Cor. 2. Any force which acts upon a fixed point
of the system will not appear in the equation of vis
viva, since the velocities of the point are nothing. In this
way the mutual pressures of any parts of the system against
immoveable obstacles will not appear. Neither will the force
of friction which aects upon a body rolling (not partly rolling
and partly sliding) upon a fixed obstacle appear in the vis
viva; since the point of contact is for an instant at rest
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499. Cor. 3, If forces act upon none of the particles
of the system except such as remain invariably connected
during the motion, then the vis viva remains the same

! ) ; d1
throughout the motion. For in this case : = 0; and there-
at

fore =.mv* = C.

This is called the Principle of the Conservation of Vis
Viva.

Proe. The vis viva of a material system in motion is
equal to the vis viva arvising from the motion of translation
of the centre of gravity in space added to the vis viva arising
from the motion about the centre of gravity.

500. Let xyx be co-ordinates to m at time 7,
@y = be co-ordinates to centre of gravity of the system,
and let =@ +2, y=y+y, T=%+2,;

A L det dy”
s v = (vel, of m)* = T + g
¢ d ¢

dw de, dy dy, dz ds) da} dy’ dz}
i gule st R E A Sy Tt Fegt)
S T T R T T

y o dmy g uedy £
and observing that Z.m—'=0, 2. m——~=0, 2Z.m ——=

dt

we have
S.mo*=FP:E.m+2.mv}

7 being the velocity of the centre of gravity of the system
and », the velocity of m relative to the centre of gravity.
501. By Art. 406. we have

d(Z.mv*
2% .mPdr= _(_ il ) dit
dt

therefore whenever during the motion the particles of the
system assume such a relative position that the vis viva is
a maximum or minimum =.m Pdr =0, and therefore (Art. 81.)
the system is at that instant in a position in which the forces

are in equilibrium.
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When the vis viva is a mawimum the position which the
system assumes would be a position of stable equilibrium, if
all velocity be destroyed : and when the vis viva is a minimum
the position would be one of wunstable equilibrium.  This
readily follows from considerations analogous to those men-
tioned in Art. 79. Also since a function passes through its
maximum and minimum values r:ffematr!g as the wvariable
increases continuously, the system when in motion will pass
through the positions of stable and unstable equilibrium alter-
nzm‘]}'.

Pror. When a material system in motion is acted on
by impulsive forces, none of which are supposed external
to the system, vis viva is lost or gained according as the
tmpulse is of the nature of collision or explosion.  When
the system is perfectly elastic the wis viva is the same before
and after the impulse.

502. Let Vcosa, Vcos b, Vcosc be the velocities of
any particle of the system m parallel to the axes at the com-
mencement of the impulse: P the resultant of the internal
forces acting on m, and af37y the angles its direction makes
with the axes. Then the forces

dx d
m Veosa + Pcosa —m 3 ™ Veosb + Pcos B-m —]g -
a

dz
m Vcose + Pcos v—m—
acting on m parallel to the axes and similar forces acting on
all the other particles of the system will satisfy the conditions
of equilibrium (Art. 226).

Hence by the Principle of Virtual Velocities (Art. 72.)

L Ji dx\ ,
. m ( Vecosa 4+ —cosa —— | 3z

m at
' i dy\ : 2 dz
+ (["(‘056-{— ;3(:05,8 —j)dy-‘r (_Vmsc i EC()FH/_J;)Sz}:ﬂ’

3Q
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o, Sy, dx being any small spaces gcumetrically described by
m parallel to the axes in a manner consistent with the con-
nexion of the parts of the system one with another at the
time .

We shall first observe, that P will disappear from the
equation above. For if P be the action between two bodies
of the system which touch cach other in the point @ys, then
da, dy, 0= will be the virtual velocities of the point of contact
with respect to P acting on one, and — d@, — dy, — dz those
with respect to the other body ; and consequently in the above
expression when a term of the form Pcosada occurs we find
also — Pcosada; and therefore P disappears, and the equa-

tion becomes

- da\ . [ dy\ .
> - m{ (chs a— ;ﬁ) o + ( Veosh — ;i:) oy

\

dz
- (Vcosc - —)3::} = 0,.. (1)-

di

In applying this equation to calculate the motion of a
system suddenly acted on by impulsive forces we must make
a few important remarks. When a body yields or expands
the centres of its particles approach or recede from each other ;
but, during the action of the impulsive forces, the spaces
through which they yield or recede are so extremely small,
that we wholly neglect them; but this is not the case with
their velocities, for although the change of distance of the
centres of the particles during the impulse is indefinitely small,
yet this change divided by the time elapsed during the impulse
will give a difference of velocities which is not necessary in-
sensible. In consequence of this, when two bodies come into
collision the particles in contact do not move with the same
velocity at the first instant of the contact, but after all com-
pression ceases and the restitution of figure has not begun to
take place, at this instant and at this instant alone, do the
particles in contact move with the same velocity.  Again,
when two bodies are acted upon by impulsive forces of the
nature of internal explosion, the particles in contact move with
the same velocity at the first instant of the action of the forces,
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but at every other instant of the action they move with
different velocities.

Now da, dy, d= may be any small spaces provided they
be consistent with the connexion of the parts of the system
one with another at the time of the impulse; this connexion
remains the same during the impulse, because all small spaces
described in that time are insensible, Wherefore we must not
give to these quantities such arbitrary values as will imply,
that the particles in contact at the point (wy=z) separate, or
penetrate each other, or (in other words) move with opposite
or unequal velocities.

If, then, the impulsive forces be of the nature of collision
and @y be co-ordinates of the point of contact, the initial
velocities of the particles in contact will not be the same, but
after the collision ceases they will have the same effective

doe dy dz

velocities —, —= .
dt’ dt’ dt

Hence, in this case we may put

since these virtual velocities are consistent with the connexion
of the parts of the system one with another, and they imply
that the particles in contact remain in contact when the prin-
ciple of virtual velocities is applied to the system in its
imaginary state of equilibrium.

If the impulsive forces be of the nature of internal ea-
plosion, then it will easily be seen, after what has been said,
that we may put

n y “ o
0@ = Veosadt, Sy= Vcosbdt, $z= Vecos cot,
but we must not put the other values for &, Sy, ox.
I. Suppose the impulse is of the nature of collision, the
bodies being inelastic.
Then substituting for {w, dy, Sz in equation (1), and
putting v for the resulting velocity of m
da r.’l'-?; ds

Z.mvt =3 . mV {—cosa 't - cosh + ~ coge :
dt flr.’( fff
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Z2.mot=2Z.mV*

[ daN " dy\? da\?
—E.m{LVcosa—(-d—;) o (\Vcnsb —-;l‘;) “x (\Vcos e — E) }g

and, since the last term of this is essentially negative, we see
that vis viva is lost during the collision.

II. Suppose the impulse is of the nature of internal
explosion.

By substituting in (1) the values of dw, dy, dz above
specified we have

: ST da dy dz
2.mVi=2.mV{—cosa+—cosb+ —coscy;
dt dt dt
S.mv=2.mV?
da\*® dy\*? dz\*?
L Fm Vcosa——) + (Vcosb——‘ + [ Veose — —
{( dit \ r!t,) ( dt )

and consequently vis viva is gained during the separation.

ITI. Suppose that the impulse is in part of the nature
of collision, and in part of the nature of explosion.

In this case we must combine the cases already mentioned.
When, for instance, the bodies are perfectly elastic the im-
pulsive forces which act during the collision are the same
exactly as those which act during the separation of the bodies ;
it follows, by examining the above expressions, that the vis
viva lost during the collision is exactly regained during the
separation, and that the state of the system is consequently
unaffected by the whole impulse.

503. The degradation of rocks and the consequent action
of collision which is incessantly taking place in large portions
of matter on the surface of the Earth, the unceasing action of
waves on the sea shore and the collision of the waters of the
ocean upon the solid nucleus of the Earth, and other like
causes are continually causing a loss of vis viva in the Earth’s
mass, and if allowed to act without any compensating pheno-
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mena would in the course of time produce a sensible effect in
the length of the day: but on the other hand the explosions of
voleanoes are compensating causes. Also the downward motion
of rivers, the descent of vapour and cloud in the form of rain,
the descent of boeulders and avalanches, and various other
causes, all tend to remove large portions of matter nearer to
the Earth’s centre and would in the course of time produce
a sensible increase in the length of the day, since we have seen
(Art. 499.) that the vis viva of the Earth is constant, if we
neglect the attraction of the Sun, Moon, and planets and con-
sider only the action of finite forces. But the ascent of vapour
by evaporation, and the effect of earthquakes and voleanoes in
removing masses of matter to a greater distance from the centre
have an opposite effect. On the whole all these causes balance
each other, since observations have shewn that the length of
the day has been invariable for many ages, Art. 461.

Proe. T prove that the variation of 2.m[vds taken
between given limits equals zero, where v is the velocity and
ds is the element of the space described in the short time
dt by the particle m of a material system in free motion :
if any particle move on a surface it is supposed to continue
on the surface in taking the variation.

504. This is called the Principle of Least Aetion ; be-
cause, in general, 2.m [vds is a minimum.

- : by A ;

Let ¢ be the symbol of variation in the Calculus of

Variations: then

S(E.m J"i' ds)

b4

.m jS (f‘ (l.‘s’) =3 .m J{.(Ei é} .ds i (/\\.3 ,-_)
=2. ”"J’“("'S-(f"" i3 13 dtd. r.'@).

Suppose the particle m rests on a curve surface, and that
R is the normal pressure, a3 the angles of its direction :
X, ¥, Z the accelerating forces acting on m, then (as in
Art. 407)
d*a R 'y

= X 4+ —cosa,

R &z R
}[ # m df :

- cos 3, Z + —cos .

Y 4 - =
m d#? m
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Let L =0 be the equation to the surface; then

dL dL dL
cosa="V =i cos 3 = V(Ty S e

i d b dil? | el
Where e oo =L o)
Vs SdnEs iy v de

Hence v*= 2 [(Xda + Ydy + Zdz) = ¢ (@, g, %) + const.

N 2 0 N - g
18.v°= Xda+ Yoy + Zox

da ., d*1 &z e e d*w d’y 'z
S /, Sy+—0s— —V3L=—>3da + — ‘{() I+ —, 0%;
dt 7 SO m dt e dt*

for if the particle do not rest on a surface R = 0, and if it do

still 8L = 0, because we suppose the motion to be such that
PI

particles on curve surfaces remain on the surfaces.

Again, ds®=da’ + dy’ + d=°,
4 Yy

dsd.ds=dad.dw+dyd.dy + dzd.d=z;

da dy ds |
v0.ds=—o.dao+—-=0.dy + — d.dz.
; dt dt " ¢ dit
da dy dsz
Hence [(v8.ds+ 1 dtd.0°)= —da + —Jdy + — o= + const.
J( kil aal e e

and at the limits dw = 0, dy = 0, dz =0 because the first and

last positions are given,
o f(vd.ds + 2dtd.v*) =0,
S (Z.mfvds) =0,

and ¥.m [vds is a maximum or minimum. It is evidently
a minimum, because a path of an indefinite length can always
be found for any particle of the system.

Cor. 1. Since ds=vd¢ we learn that =.m[v'd¢ is a
minimum, or the quantity of vis viva generated or expended
during any given time is a minimum.
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Cor. 2. If the system consist of only one particle moving
on a surface and no forces but the normal pressure act, then
Jvds is a minimum: but v is a constant (Art. 407), therefore
fds is a minimum, or the particle will describe the shortest
curve line that can be drawn on the surface between its posi-
tions at the beginning and end of the time ¢

505. If we compare the principle of least action with
the principles of the conservation of the motion of the centre
of gravity, of the conservation of areas, and of vis viva we see
that this principle only serves to determine the equations of
motion, and is therefore comparatively useless since these are
found by much simpler means; but the other principles, which
develop important properties, have the advantage of furnishing
three general integrals of the equations of motion, which are
In most problems the only integrals that can be found.

Pror. To shew that the calculation of the motion of a
material system may be made to depend upon the integration
of a single function.

506. We shall shew this by proving a new dynamical
principle discovered by Professor Hamilton and published in
the Philosophical Transactions, 1834.

We have seen, Art. 497, that the Principle of Virtual
Velocities leads us to the dynamical equation

da dy* df da dy
= ol =23.m [{X —+ ¥V— 7
i i {dt T dt} f{ STt T d‘f

Now it is easily shewn that

= Jda ),dr/ (l")

=.m (A o 1 /(lf
is a perfect differential coefficient with respect to ¢ for all the
forces which exist in nature; viz. forces tending to the centres
of the particles of the material universe, whether fixed or
moveable.  Let therefore the second side =2(U + H), H
being independent of #: and let 27" be the vis viva of the
system at the time #; 7', H the values of 7" and H when
i=103

T=U+H, and T,=U, + H.
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Now if the initial circumstances of the motion be varied,
then H will vary, and so also will 7" and U: let o be the
symbol of these variations;

. 8T =0U + 0H

{dz cda dy \riq dz ,\\ri;af}

OF % SR B (O e
g TR T e TR T

[d'm o d*y 3 d's 3

IJ["”+H AT }JN]H

= . Mm

de dao dy 1(:’:,' ds Nd’
— 0 + - o
de i dt - di dt T ar df}

and therefore 2 2. m {

ok — o0 + —— oY + — O

d [da dy dz |
ol ]ﬂf R

Now let the accumulation of the vis viva from the com-
mencement to the termination of the time # be V;

ot do* dif dz
N=| 2.mi—+ =+ dt.
LB {df? ar a’f}

Then V is a function of the initial and final co-ordinates
of the material particles, and

YT Axr AT
oV oV oV oV . oV oV

SV:E.{ﬁ 5.-27+T§i;+73~+\ (§n+‘\ ob + = o8
o oy o ob de

0 dt dt dt dt dr

“V o (E‘\‘V o dV
. —6(@4 ob + —o¢

i dy «d Iz (ds
=2 '2 m{dtc? ?+(13L‘?’“’+(‘<\.(—}dt

da b oe

dy o dz } =
= 2. ——0 — t6H + H
{(!t81+(130l/-1-(lt0 bt i

H, being a function of the initial co-ordinates @, b, ¢
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2

But when #=0, dV = 0, hence

: da dy d
SV=3.ml—8w+—L8y+—dx
; {dr.( di “al }
i Ibe,. . - dals 3
—-Z.m (:3({+:é.’i + (—(\c + to H.
di di di

From this equation we obtain the following groups of
equations; @,v,%, being co-ordinates to m,......

oV da, oV da,
T =M — 7 = Mg ——3
om; dt 0y di
oV dq oV dy,
— =m ‘/1; — :*m.g—'-/-‘; cesees [ tecmecee . (4).
a1 di OYs dit
oV ds, sV dz,
= ——: = m, o TR
oz L dt o, 1
Second group,
3V da, oV da,
TS M —— — = —fly—— ...
oa, : da, “id?
oV db, oV db, (B
e T =y = e R ;
ob, Lde? 188, dit )
oV de, oV de,
FTo=—mM == == M—; ...
31’, L dt oc, dt’
Lastly,
3V

.
The problem is therefore reduced to finding the function V,
which Professor Hamilton denominates the characteristic func-
tion of the motion of a system. When V is calculated, then,
by eliminating H from the equations (4) (C'), we shall have
the 37 integrals of the first order of the equations of motion by
simply differentiating V. And by eliminating H from the
equations (B) (C) we have the 3n final integrals by simple
differentiation,

3R
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It may be observed that V must satisfy the two following
partial differential equations

1 (SVE Ve Sve
é — U\ > + (;‘(“j— + Ei;;-— =U + H,

m |ox” = oyt ow

1 vz SV'_’ V2
and%E.{U +?-+(; }:(_.’,,—o—fi.

oo’ ob* det

These equations furnish the principal means of discovering the
form of the function V and are of essential importance in
Professor Hamilton’s Theory.

The equation

da dy dx
oV=S.m{—do+—-=4 o
y dt° at Y x dt

et db de
AE.m{%oa + }ab +~:«th} +t.0H
1 a

is denominated the law of varying action.

507. <It has been shewn by Lagrange and others, in
treating of the motion of a system, that the variation oV
vanishes when the extreme co-ordinates and constant H are
given (Art. 504): and they appear to have deduced from this
result only the principle which is called the law of least action :
namely, that if the particles of a system be imagined to move
from a given set of initial to a given set of final positions, not
as they do, nor even as they could move consistently with the
general dynamical laws, or differential equations of motion, but
so as not to violate any supposed geometrical connexions, nor
that one dynamical relation between velocities and configuration
which constitutes the law of vis viva: and if, moreover, this
geometrically imaginable, but dynamically impossible motion,
be made to differ infinitely little from the actual manner of
motion of the system, between the given extreme positions,
then the varied value of the definite integral called action, or
the accumulated vis viva of the system in the motion thus
imagined, will differ infinitely less from the actual value of
that integral.
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But when this principle of least action, or,” as Professor
Hamilton proposes to call it, * of stationary action, is applied
to the determination of the actual motion of a system, it serves
only to form, by the rules of the Caleculus of Variations, the
differential equations of motion of the second order, which can
always be otherwise found.”

In this, then, appears the excellence of this new principle
. called the law of varying action, that we pass from an actual
motion to another motion dynamically possible, by varying the
extreme positions of the system and (in general) the quantity H:
but more especially that it serves to express, by means of a
single function, not the mere differential equations of motion,
but their intermediate and their final integrals.

We hope that the slight sketch we have given of this
new principle will tempt our readers to consult the original
Memoirs in the Transactions of the Royal Society of T.ondon
for the years 1834, 1835, from which this notice has been
gathered.

Proe. To prove the general laws of the very small
oscillations of a vibrating system of particles.

508. If the oscillations of the particles be extremely
small we may always reduce the equations of motion to linear
equations and obtain approximately the co-ordinates in terms
of the time. Very many and various phenomena depend upon
the principles of small oscillations.

Let ¢ be the number of particles, and m the number of
equations L=0, L'=0, .... connecting their co-ordinates: let
8% —m = n, then these equations determine m of the variable
co-ordinates in terms of the other 2, or, more generally, all the
co-ordinates may be determined by means of these equations in
functions of » independent variables. Let a, 3.... be the
initial values of these variables, and a + U, 3+wv.... their
values at the time #; in which we suppose that w, v .... are
very small during the whole motion : hence the co-ordinates
@y 4, %, &'y .... can be expanded in very converging series of
Ty Dt

Let v=p tau+bo+lew +1eo +fuv +

sesmes

Yy=prt+au+bv+iew +Lev®+ fiuv+ ......

BN .
-
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%=1+ @t + bv + L + Le' + fiuv + ...
9 ) ;
d=p +du+bv+Lidut+ v+ fuvt ...

e T T T T TR T PR R R R R R R

Also since the forces X, ¥, Z, X/, ...... are supposed to be
functions of the co-ordinates, these may be expanded in con-

verging series : let
X=P+Au+ Bvo+...., ¥Y=Pi+Adu+ Bv+....,
Z =P, + du+ Bsv + ...., &c.

P, 4, B ... being functions of p, @, b, ¢ ...

Now by Art. 496, we have

[J“. / t!‘ 4 / !Q ¥ \
=.m { (rH[ - Y] dw + ((1_;‘4 - Y) oy + ({Eit? = ZJ 3:} =0,
\d* / \¢ d

and dw=(a+cu+fo+...00u+b+ev+fu+..)dv+...

If we substitute these and put the coefficients of the » arbi-

trary quantities QU O cucnae equal to zero, we have
[(da : &y .
=.m (—&?—X (a+eu+fo+...) + F_Y (o +e u+fiv+...)

d* %
& (‘&T_ Z) (az + ot + fov + )} = 0.

It remains to substitute for X, Y, Z ... @, 4, & ..., this
substitution being made we shall neglect the squares and pro-
ducts of #, v ... and of their second differential coefficients
with respect to #: we shall thus have » linear equations of the
form

du d*v
dar e
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where D, E, F, G, Q ... are given functions of the constants
which enter the formule for z, v, 5 ... X, ¥, Z ... We may
suppose @ = 0, since we can always add to u, v... such con-
stant values as to strike Q out: this amounts to supposing that
a, 3, vy ... are the values of the » independent variables which
correspond to a state of equilibrium of the system ; since
when % =0, v = . the accelerating forces vanish.

We may L.msfv rlw equations (1), putting @ =0, by w = RN
sin (¢ \/p— 1), v = RN’ &in (t\/f; =) dies. A and 7 being
arbitrary constants of which the second may be considered
positive and less than 7, and ps N, N, .... are constants to be
determined. By putting these values in (1), we have » equations,

(DN + EN' + )Jr) =FN + GN' - (
¢

In el]mm.mnn from these n —1 of the quantities N, N ....
the n™ equation will be of the n" ' degree in p and will be free
from all the quantities N, N’ ... in cunscqucuco of the form of
equations (2). And the values of n -1 of N, N/, viz.
N’ .... suppose, obtained from (2) will be mt}unu] fl'it(‘.fl()l]h‘ of
the n™ degree with respect to p, having a common denominator,
and being each muitiplied by N, which remains indeterminate ;
we may therefore choose N equal to the common denominator,
and N, N'.... will be expressed in terms of symmetrical
functions of p of the n™ degree.

In consequence of the hnear form of equations (1) they
are satisfied not only by the values of u, v .... corresponding
to each of the n values of ps but also by taking for w, v ....
the sums of these particular values, in which we may change
the values of R and r as p changes.

If then, we ecall P L1 P2 Ps ... the values of p and use
corresponding subscript figures for the other letters, we have
the following general solutions of equations (1),

@ = RN sin (M/(_J - 1)+ R, N, sin (f\/;l-— B) ok seae

v = RN sin (¢ \/;) — 1)+ B, N', sin (t-\/’; —r) .o f oo (8)s
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R, R, .... 7, r, .... being the 2n arbitrary constants in these
complete integrals. The constants must be determined in
terms of the initial values of %, v .... and their differential

coefficients : they are small because the original displacements
are small. If the values pp,p, .... be all real, then the
motions of the particles will be periodical and will always
be very small. If, however, one or more of P PLPz e be
imaginary, we must replace the circular functions by expo-
nentials, and therefore as the time increases #, v .... will increase
indefinitely and the above formula will cease to be true. In
the first case the state of equilibrium of the system is stable;
in the second unstable.

509. Suppose, for example, that all of R, R, .... except
the first vanish: then

a=p +(aN + bN' +..)Rsin(tr/p-7),
y=pi+ (@ N+bN' + ....)R sin (t\/;—'r),
=P+ (@ N+ b, N+ ....) R sin (f\/lu — )y eeee ()
d=p' + (@ N+ N+ . )Rsin(t/p-7),

Hence the particles all perform their oscillations in the
; ST
same period, viz. —=: and all the particles return to their
p
places of equilibrium at the same instant.

510. A system of material particles, in which the relations
connecting the co-ordinates are of such a number as to leave
n of them independent variables, will, when slightly disturbed
from the position of rest, assume a number (n) of oscillatory
motions, each analogous to that described in the last Article,
corresponding to thL n values pp,p,.... And in virtue of
equations (8) and the corresponding values of @, y, % .... all
the oscillations, or only some of them may exist at the same
time in the system: and conversely, whatever be the initial
derangement we may always resolve the motion of each particle
parn]ld to each co-ordinate axis into n or less than 7 simple
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oscillations analogous to that represented by equations (4), the

€

" | 2 2ar
periods being —=, —= ....: when these are commensur-
P Ve
able the whole system will return to the same state in a period
equal to the least common multiple of these periods: this is the
case in vibrating cords, and vibrating surfaces. The prin-
ciple proved in this Article is called the Principle of the
Co-existence of Small Vibrations.
511. Suppose that U, V .... are values of %, v .... when
the system is in vibration under the action of one set of forces,

b A S dw dv 5
the initial values of w, v ..., PTO TR being 1w, v, ....
%y, ¥, ..... Again suppose that U’, V' .... are the values of

Us ¥ .... when the system is under the action of a second set
of forces and %/, v/ .... w/, v, .... the initial values of

du dv . Ko
UV .... —, — .... and so on: then, if the initial values
dt di
du duv ’ '
037 ISR S e be w, +ite . nd o el g
di; di

’ ’ i
veee Un+ W+ aeies U+ 0 + ... the general values of u, v
are

W= U+ fs v=F+ V.. ..
This principle, the truth of which arises from equations (1)
being linear, is called the Principle of the Superposition of
Small Motions : see Art. 28s.




CHAPTER XVI.

PROBLEMS ON THE MOTION OF RIGID BODIES, AND ANY MATERIAL SYSTEM.

512. Weg shall commence this Chapter with some observ-
ations upon the best methods of solving dynamical problems,
and the application of the general principles proved in the
last Chapter in facilitating their solution.

To determine the motion of a rigid body in space we
have six differential equations of the second order: these
contain the three co-ordinates to the centre of gravity and
the three angles of position of the principal axes of the body ;
see Arts. 428, 446 and 447. These are the only relations
that can exist among the mechanical quantities (Art. 144).

If all the forces and other quantities involved in these
equations be known, then we have sufficient equations for
solving the problem, and determining the position of the
body at every instant.

If, however, the equations involve unknown forces, or un-
known geometrical quantities (as angular and linear measures),
or both, then there must exist as many more equations as
there are of these unknown quantities; and, moreover, these
relations must be among the geometrical quantities, since
the six equations of motion, as we have mentioned, are the
only mechanical relations that can exist.

Suppose that from the nature of the problem we have,
involved in the six mechanical equations, one unknown force,
and 7 unknown geometrical quantities besides those necessarily
contained in the six equations: then we must have » + 1
additional equations among the n + 6 geometrical quantities:
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when we have obtained these we have enough equations for
the solution of the problem. To determine then, these n + 6
geometrical quantities, and therefore to determine the position
of the body, we have already n + 1 equations free from un-
known mechanical quantities, and must therefore obtain five
more such equations; these are found by eliminating the un-
known force from the six equations of motion. In the same
way we should proceed if there were two, three, or more
unknown forces. 'The equations which we obtain among the
unknown geometrical quantities must be integrated, that we
may have these quantities in terms of the time.

The same remarks will apply when the systemr is acted on
by impulsive forces.

Now the principles of the conservation of motion of the
centre of gravity, and the conservation of areas, and the
principle of vis viva demonstrated in the last Chapter are the
first integrals of the equations of motion under peculiar
suppositions as to the nature of the forces which act upon
the system. If, then, in any proposed problem one or more of
these principles apply we may write them down as the integrals
of our equations, and so diminish the labour of elimination and
integration. If the integrals involved in these principles can-
not be obtained in consequence of their involving unknown
forces, the principles, though they may be true in these cases,
will nevertheless not answer our purpose.

To find the unknown forces we must obtain their values
from the equations of motion in terms of the geometrical
quantities and their differential coeflicients ; and since these
are supposed to be found the forces will be known also ; see
Problem 16.

If we find, after all the equations are written down, that
there are more unknown quantities than equations, then the
general solution of the problem is indeterminate : though it
does not necessarily follow that all the unknown quantities
are indeterminate (as in Art. 438). If we find more equations
than unknown quantities it follows, that the general solution
of the problem is impossible unless certain relations among the
known quantities are fulfilled, the number of these relations
being equal to the number by which the equations exceed

38
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the unknown quantities. Nevertheless, as in the last, some of
the unknown quantities may be independent of these conditions.

We shall illustrate the remarks which we have made upon
the solution of problems by referring to Art. 436. Here we
have a case of motion in parallel planes, and therefore only
three equations of motion: but these contain the unknown
forces I' and R beside the three necessary geometrical measures
of position @, y, 6: hence two more equations must exist,
and these among @, ¥, f; these are equations (4) (5) in that
Article; and we require only one more relation connecting
@, y, @; this we have by elimination from the equations of
motion. But since the point of application of the forces
F and R has no velocity, (for the body at each instant is re-
volving about that point as an instantaneous centre of rotation),
F and R will not appear in the equation of vis viva of Art. 497.
Hence this equation gives the integral we require ; and we

have (by Art. 500),

da® dy d6°
A h g Mk —=23.m[ody,
I {dt” i t!f‘}dri[k dt* mjgdy

y being the vertical ordinate of m,
=2g3.m(y + constant) =2 Mg (y + constant), (Art. 413).

This is the equation obtained in Art 436, by elimination.

We shall now give some Problems ; we shall solve a few,
or give hints to guide to their solution.

Pron. 1. A sphere rolls down an inclined plane; re-
quired to determine the motion: (fig. 111.)

Since the motion of the centre of gravity is evidently
parallel to the fixed inclined plane we shall measure its dist-
ance (%) from the point C' which it occupies at the commence-
ment of the motion, E the point which was then in contact at
B with the plane, 2 EOD =0, P the pressure of the plane,
F the friction acting upwards, a the radius of the sphere. Then
for the motion of the centre of gravity (Art. 428.) and the
motion of rotation about the centre of gravity (Art. 429, 431),

d’s F J d'f. . Fo
P . i W) &= ue

RUCIE )
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three unknown quantities; we want another equation, this is
p=al...... (8)
Since the object is to determine the position of the body at
a given time we must obtain an equation between & and 8 in
addition to (8); this is obtained by eliminating # from (1)
and (2): we thus have
d*z kB d*0 kB d's

5 === g by B )
d ¢ dFf & e Lt e ()

I

D —

d'z g dz a’gt
e = ———, consfant = 0,
dit et dt a4+ B

3
Il

T ry o .
a*+ K 2 at+ i 2

We might have used the principle of vis viva to obtain the
second equation between x and @, since F does not occur in
the equation of vis viva, because the velocity of its point of
application equals zero: but the elimination was so simple that
we preferred that method.

Conr. If the body partly roll and partly slide, then F'is
constant, and must be determined by experiment. Hence
equation (3) does not hold, and, in short, (1) (2) are sufficient
for determining the motion in this case.

Pros. 2. Suppose the inclined plane, or wedge, en which
the cylinder rests is capable of moving on a smooth horizontal
plane: to determine the motion of the sphere and wedge:
(fig. 111.)

The quantities as before, except that # and y are the
horizontal and vertical co-ordinates of O measured from A in
the horizontal plane: &' the horizontal co-ordinate to the
point K of the wedge, M and M’ the masses of the sphere and
wedge. Then for the sphere we have the three equations (Art.
428, 429, 431.)

¢z Fcosa— Psina (1) &y Fsing+ Pcosa -
e M I M T e et
&d | Fa

A~ M (3).
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! d*a’ P %m a— Fcosa
For the wedge —— = T seeess (4)
dt’ M
Here are six unknown quantities, there must therefore be two
relations connecting @, y, 0, a': these are

v —w—asing=aBcosa ...... (5), y=h-alBsina......(6),

h the initial value of v,
We must obtain two relations connecting @, ¥, 6, &’ from
(1) (@) (8) (4). But since there are no forces acting exter-
nally to the system of the sphere and wedge parallel to the
horizon, there is a conservation of the horizontal motion of the
centre of gravity (Art. 486) : hence
‘l )

. X ( J’!
M + M —— = constant = 0
dt dt Y

in our case, since there is supposed to be no initial velocity ;
. Mz + M'a’ = constant =0 ,...,,. (7),
if we properly choose the origin 4.
Again, the principle of vis viva gives us an integral; for
although the point of application of P and I does move in this
case, yet the velocity of this point will have exactly opposite
signs relatively to P and F acting on the sphere, and P and F
acting on the wedge, and ther efme P and ¥ will not occur in
the equation of vis viva: in short, they are internal forces ;

da’ dtf de? da®
. el "—---—NV." —ody
£ M{dtg + p + i H} M iF Q mf ,__dy

2gM(h—gy) ...... (8)-
The equations (5) (6) (7) (8) will determine the position.

do’ Macosadd M do dy de
J ¢ WS LRI T :
By (5) (7) (6) — BT YT o M qE dt asmadt,

™

L e
+by ) G 1+ -

—— a*cos’a} = 2ag O sin a;
M+ M &

M
.-.8:{& +7c‘7j{ i

this coincides with the result of Prob. 1. if we put M’ =

a® cos® a:

%r{gt:’,
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The equation to the path of O is, by (5) (6) (7)

; M+ M :
=Rk + - & tar 3
Yy v+ M 1a

therefore the path of the centre of the sphere is a straight line,

Pros. 3. A groove in the form of a cycloid with its
vertex dmm\vur{h and base horizontal is cut in a solid ver-
tical board: determine the motion of a ball moving along it
while the board itself is capable of moving hv{'l} ‘ll()l]U a
smooth horizontal plane, and the curve which tIlL ball du,ulbu;
in space.

Let @, 4 be the horizontal and vertical co-ordinates to the
ball at time #: &' the co-ordinate to the vertex of the cycloid
supposed to be in the horizontal plane: s the distance of the
ball from the vertex measured along the groove, R the mutual
pressure of the ball and groove, M and m the masses of the
board and ball: then the equations of the problem are

d* @ R dy d’ 'y R d(z-a)

4" T m ds b L (i 7
d’a’ R dy
Pl T LR G

g/
2—a' =avers'L 4 Veay -y e e b
a

The principle of conservation of the horizontal motion of the
centre of gravity and the principle of vis viva both apply :
tl]cv lTlVO

My tmo=0.. ey

by choosing the origin under the initial position of the centre
of g gravity, aud 31\0

u da'? dx® d y* 3 ; -
—s+ml-— + =t =oma(h=9)......
d® g df o d ¥ me (E mShes ©);

h the initial value of 4.




510 DYNAMICS. SYSTEM OF BODIES.

By (4) (6) the equation to the path of the ball in space is

M —
M = o vers—) 4 Lt \/9.(”/ e ]
M @ Hir
da M 2a —y dy M da'
o i o i Rl R ol S Al Gl
y (1.6 dt M +m y dt m dt

oyt M 20—
. by (6) Pt { Ay

T T 4+ 1y =2mg (h —1
A \M+m g +} ng (k= y)»

from which the motion must be calculated.

Pros. 4. Two equal balls are fixed to the end of a
rod without weight; the rod is connected at its middle
point with a fixed vertical axis, so as to allow the rod to
move in a vertical plane passing through the axis, and to
revolve with the axis in a horizontal direction: required the
motion of the balls.

Let M be the mass of each ball, 2a the length of the
rod, O the angle the rod makes with the vertical axis at
the time 7, ¢ the angle the plane in which 6 is measured
makes with the initial position of that plane. We shall not
write down the equations of motion in this case, but resort
immediately to the principles of the comservation of areas
(which applies since the resultant of the weights of the balls
always passes through the fixed point,) and the conservation
of vis viva. The principle of areas gives for a horizontal
plane

d )
2 Ma?- 4 = iconst., 1 ¥’ gy = qa.
dit dt

The conservation of vis viva gives
d&? dg?® do
aM{a*— + @ ——} = const. ..— =[5
{.7 5 2 df’} e dit B

a and (3 being the initial angular velocities: then ¢ = at,
0 =6, + B¢: and if @ys be co-ordinates to one of the balls
from the centre of the rod, the vertical axis being the axis
of z, we have

w=asin (0, + 31) cosat,y = asin (0, + 3¢) sinat,x=a cos (8,+3%).
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Pros. 5. A rod acts by one extremity with a uniform
force in the direction of its length on the fly-wheel-crank of
a steam encrme the other e\tlmmty nmvum‘ in a stlamht
line passing thloutrh the centre of the fly- uheel and a uni-
form resistance is to be overcome by the fly-wheel. Find
the velocity of the wheel at any time: and find the relation
between the forces when they are so adjusted that after half
a revolution the velocity may be unaltered.

Pros. 6. A uniform lever ACRB, of which the arms
A4C and BC are at right .mnlos to each other, rests in equi-
librium when 4C is mdmed at o’ to the vertical : shew that if
AC be raised to a horizontal position (C' being fixed) it will
fall through an angle §, such that cos 8 = cot (45° + a).

Pros. 7. Given the radii and masses of the wheels in
Atwood’s Machine (Art. 216.) and the constant friction on
the fixed axles of the wheels 4 and B (fig. 75); shew that
the accelerating force of P and Q when in motion is much
less effected by the friction at 4 and B, than if the wheel
C turned about a fixed axle.

Pros. 8. A horizontal wheel moves freely about a ver-
tical axis through its centre; a string of definite length is
wrapt round its circumference, and passing through a ring
has fixed to it a weight which falls by gravity; determine
the whole motion.

Pros. 9. A hemisphere rests on a horizontal plane with
a string fastened to its edge, which, passing over a pully,
supports a weight: when the string is cut find the motion
of the hemisphere.

Pros. 10. A beam is drawn from a horizontal to a
vertical position about one extremity, which is fixed, by
means of a string which is attached to the other extremity
of the beam and after passing over a pully placed above
the fixed extremity at a height equal to the length of the
beam is attached to a falling body; determine the motion.

Pros. 11. A beam is projected perpendicular upwards,
and has a rotatory motion round its centre of gravity in a
vertical plane; it is observed at a given altitude to be in
one of its horizontal positions, and to be then ascending
with a given velocity ; after this it performs a given number
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of revolutions and strikes the ground at a given angle:
find the angular velocity.

Pros. 12. An inflexible straight rod is set in motion
round a vertical axis passing through one extremity, about
which it is capable of revolving freely in an horizontal plane:
determine the motion of a ring sliding freely along it: and
prove that the whole vis viva of the system is constant.

Pros. 18. A body is placed on a smooth wedge which
rests upon a smooth horizontal plane, and the wedge is
acted on by a horizontal and constant force f in a vertical
plane perpendicular to the inclined plane of the wedge:
determine the motion: and find f when the body is at rest
on the plane,

Pros. 14. A semi-cylinder rests with its plane surface
on the ground, on which it is capable of moving freely;
shew that a body sliding down its curved surface will de-
scribe an ellipse; and determine the time of descent.

Pros. 15. Determine the motion of two heavy particles
connected by an inflexible rod without weight, one of which
moves on a surface of revolution and the other is constrained
to move in the axis of the surface, this axis being vertical.
Find the velocity of the particle on the surface when the
other continues statirmary.

Pros. 16. A cylinder rolls down a fixed quadrant; find
where the cylinder will leave the quadrant.

The pressure must be calculated; the body leaves at
the instant that this is zero.

Pros. 17. A sphere revolves round an axis touching its
surface, find the length of the simple isochronous pendulum.

Pros. 18. A sector of a circle revolves round an axis
perpendicular to its plane, and passing through the centre
of the circle; find the angle of the sector when the length
of the isochronous simple pendulum equals one half the
length of the are.

Proz. 19. For what axes of suspension is the time of
a small oscillation of a solid body an absolute minimum ?
Take the case of an ellipsoid.

Pros. 20. A rough vertical cylinder, capable of revolving
about a concentric but smooth and smaller cylinder as an axis,
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rests upon a rough horizontal plane, on every point of which
the pressure is the same: determine the force applied by
a string wrapt round the cylinder which will just make it
move. If the force be greater than this determine the
motion,

Pros. 21. A cylinder is made to rotate about it axis, and
is then suddenly placed in contact with a rough horizontal
plane with its axis parallel to the plane; the force of friction
is of finite intensity and is not suffi iently great to prevent the
line of contact of the cylinder from sliding on the plane at the
beginning of the motion : required to determine the motion,
and to shew how long the cylinder will continue to combine
a sliding motion with its rolling motion.

Let w be the angular velocity communicated to the cylinder
before the contact: the friction does not affect this velocity at
the first instant of the contact because the force of friction by
hypothesis is of finite intensity : @ the angle described in the
time ¢ by that radius of the cylinder that was in contact with
the plane at first: a the radius: @ the distance of the axis of
the cylinder at time ¢ from its initial position: F' the friction.
Then F' is constant and has its greatest value so long as the
cylinder slides as well as rolls : in which case the equations of
motion are

de Fa ] d’ x F
¢~ MK * A4

but when the sliding motion ceases, if 7’ be the friction, which
is then not necessarily constant, we must put F’ for F in (1)
and (2), and add the equation

I. So long as the sliding motion continues we have,
then,

do Fat de Ft

@ ‘T MR 4t m

Fat’ Fe
J;]:mf——-——_, & = ———
2 MK 2.M

2T
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The sliding motion ceases when the motion of translation
and the motion of rotation give exactly equal and opponlta

motions to the point of contact, or w hen
da do M {i aw (]9 o
Gl sands s o , and — — .
dt di F & dt o+ I

I1. After the sliding motion ceases, the equations of

motion are

d* 0 ™ a 7 A
A A e S S B T
T S TiE (1) SE T W (), wv=a (3)
(I' a0 dPx 1 d* f"‘
3 1 9 — =0, co by (8 N
IV ( ) () = a (U 2 ai o 4 ( N ==
i 1."‘ e
F'=0 and — = constant = !
dit a4+ I

From this we learn that the friction has gradually reduced the
angular motion of the body till the velocity of the point of
contact is zero, and after that the body !)10(.0[‘(1\ to move
uniformly and to rotate uniformly and no friction 1s called
into play.

Pros. 22. A rough body lies upon a rough board, and this
lies upon a smooth l]Oll/Ullt‘ll plane, t the friction between the
body and board is of finite intensity (as in the last Problem) :
the board is projected with a given velocity, determine the
motion of the bmlv and board.

Pros. 23. \}:hew is fastened by an inflexible rod to
a horizontal axis fixed at two points: when the sphere revolves
about the axis required the pressure on the two fixed points.

If we use the notation of Art. 438, and put « =90%
ry’: 90" and therefore 3 = 90" —a, then, the axis of rotation
being the :a.\'ia of  and the plane in which the centre of the
sphere moves the pl.n_ of @y and the axis of @ drawn vertically
downwards, the moving forces m (g + yf + 2w w’), m(ye®—af),
0 acting on m pu:ill(l to the axes of @, ¥, & aud similar forces
acting on all the other particles of the system, together with
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the pressures of the fixed points ought to be in equilibrium at
the time £ Hence
Pcosa+ Pcosa +3.m (g +yf+aw’) =0,
Psing + Psing +3.m (yow®— af) =0,
—Psina.a— P'sind.a —3.m (g2 +ysf+aze®) =0;
Pcosa.a+ Pcosa .d +2.m(yzo'—asf) =0,
Z.m(ryw*—a*f-gy—y*f-2yw®) = 0.

Let 2 40 be the co-ordinates to the centre of gravity ;
then, since every axis through the centre of a sphere is a prin-

cipal axis, we have
S.m (;,/ V) =0, 5. mlz—7) xub; Shm (y— f/) (;_(_) =0:

Z.myz=yZ.mx=0, Z.max=0, Z.myx= Mazy.

Hence the equations become
Pcosa+ Pcosda + M (g‘ -!-f_y + (u".;) =y
Psina + P'sind + M (v'y —fz) =0;
Pasina+Pa sina’'=0, Pacosa+Pd cosa=0, J{f!s:f’+ﬂ{g:¢;=0_
From which P, P, a, o' may be found.

Pros. 24. If a body revolve round an axis by the action
of a constant force in a direction always perpendicular to the
plane passing through the axis and the centre of gravity of the
body, determine how the point of application of this force must
vary with the #ime, so that there may be no pressure on the
axis, except in the plane to which the direction of the force
is perpendicular.

Proz. 25. A hemisphere oscillates about a horizontal axis,
which coincides with a diameter of the base; shew that if the
base be at first vertical, the ratio of the greatest pressure on
the axis to the weight of the hemisphere = 109 — 64.
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Pros. 26. A sphere, when acted on separately by three
forces, revolves round three diameters inclined at the same
angle to each other and with the same angular velocity, deter-
mine the angular velocity and the new axis of rotation when
the three forces are applied at the same instant.

Pror. 27. A sphere attracted to a given centre of force
varying as the distance is projected with a given velocity along
a plane passing through that centre, friction being such as to
destroy all sliding: prove that the path will be an ellipse, and
find the velocity that the ellipse may be a cirele.

Pros. 28. A cone of given form, and supported at G
its centre of gravity, has a motion communicated to it round
an axis through G perpendicular to the line joining G with a
point in the circumference of the base, and in a plane passing
through this point and the axis of the cone: determine the
position of the invariable plane; and explain the motion of
the cone’s vertex.

Pros. 29. Explain how the rotation of a hoop preserves
it from falling.

Pros. 30. A solid of revolution moveable about its centre
of gravity G, which is fixed and is the origin, and having its
axis inclined to the axis of % at an angle ¢, has an angular
motion impressed upon it about a line between these two axes,
and inclined to the former at an angle 6, such that 4*tan ¢ =
K?tan @, where k and k' are the radii of gyration about its
axis and a line perpendicular to the axis through G: prove
that the axis of the solid will constantly preserve the same
inclination to the axis of %, and will revolve uniformly about
it: and the solid will at the same time revolve uniformly
about its own axis, which is in motion.

Pros. 31. If the Moon moved in the ecliptic, shew that
the force of the Earth to produce rotation about her axis
! Susin20 4—RB
perpendicular to that plane would nearly =—M—)T—- -—-EH;
27
u, 7 being the Earth’s mass and distance from the Moon,
A4, B, C the principal moments of inertia of the lunar sphe-
roid, and @ the angular distance, at the Moon’s centre, of the
Earth from one of the principal axes which are in the ecliptic.
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We shall now give some problems in which the action of
impulsive forces is considered.

Pros. 32. Two inelastic balls impinge upon each other,
their motions being in the same straight line: required their
velocity after impact.

Let M, M’ be the masses of the balls: ¥, ¥’ their velo-
cities at the instant the contact commences; v, v° their velo-
cities after the impulse ceases: P the momentum which
measures their mutual pressure during the collision. Then
by Art. 474. for the motion of the centre of gravity of M

MV-P-Mv=0......... LAl (1),
for the ball M’
MV +P-Mv=o.......... e

Here we have two equations with three unknown quan-
tities P, », . The third equation is the condition that
the particles in contact move with the same velocity the in-
stant the compression ceases.

Hence =m0, 00l i v ol 3l
Eliminating P from (1) (2)
Mo+ Mo =MV+ MV,

MV 4+ MYV

M+M
and the balls will therefore each move with a velocity
MV + MV

M4+ M

’

by (8), 0 =

and remain in contact.

MM’

E P=M(V -v)= ———
Also P=M(V - v) M+ M

(V- V') by (1).
Pros. 83. Suppose the two balls are imperfectly elastic.
In this case the Problem divides itself into two parts: first
the motion during compression, and secondly the motion during
the restitution of the figure of the bodies. Now bodies differ
in their elasticity owing to their physical constitution; but
the law to which we are led by experiment is this, that for
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the same material the momentum gained by the restitution
bears a constant ratio to the momentum lost by the collision :
this ratio we write e, and is called the elasticity of the material
of which the bodies are made (Art. 220).
By the previous Problem the bodies are moving with a
MV + M'V

— __~__ at the instant the restitution of figure
T} s of figure

commences: and the momentum which measures their mutual

velocity

action = P = i (V — V'): therefore the mutual pressure

MM'e Vo
e

A s : s
Let w, @ be the velocities after the restitution ceases :

during restitution = Pe =

then

JI V—I— ﬂ{’ V’ ﬂ{[' it _"if’ I,‘”
M —— S L ] = 0, 1[1—* ])’_‘Pl"f: 5
: .‘1! + 1'1'!’ § : ,:1[ -+ ,"lj(" Gl I i 0

MV+MV M-V
MM = M+ M

L]

’

U =

MV + MV M-V
o MM

Cor. If the bodies are considered perfectly elastic, then

e=1.
a M’ a M

LS R e

M = ﬂf’( ) .:1_[ 4= .xl['

Pros. 34. A smooth but imperfectly elastic ball moves
in a horizontal plane and impinges on a hard vertical plane
obliquely, its direction making an angle a with the normal to
the plane: find the velocity and direction of the motion after

(¥ — 7).

U=

impact.

Let V be the velocity before impact ; v the velocity and 6
the direction of motion at the instant compression ceases ; % the
velocity and ¢ the direction of motion after impact: P the
mutual pressure during compression, Pe the pressure during
restitution, M the mass of the ball: then when compression

ceases
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MV cosa—Mwv cos0=0...(1), MV sina—~P-Mv sinf=0...(2),

but we have three unknown quantities P, v, 8: a third equation
is given by the condition that the plane is immoveable, and
hence the velocity of the body perpendicular to the plane is
zero at the instant compression ceases, therefore

R SIRE =I0R L e S
when restitution of figure ceases,
Mvcos® — Mucosh= ... (4), Pe— Mu sin ¢ =0... (5).
By (1) (3) (4) u cosgp="V cosa, by (2) (3) (5), » singp=eVsina;
tan p=ctana, and u="V \/(tn.»: o+ e siii"u, =V cosa = cos P»
which determine the direction and the velocity after impact.

Pros. 35. Two imperfectly elastic and smooth balls im-
pinge upon each other, the motion of their centre taking place
in the same plane: required their velocities after impact.

Since the balls are perfectly smooth there will be no
rotatory motion produced by the impulse. We must first
consider the motion till the compression ceases. Let P be
the mutual pressure acting in the common normal at the
points in contact; ¥V, V' the velocities at the commencement
of the contact: aa’ the angles their directions make with the
line passing through their centres when the contact takes place;
v, v’ the velocities of the balls at the instant the compression
ceases: 6, 0 the angles their directions make with the axes.

Therefore
MV cosa—P—-M v cosf@=0...(1), MV sina —M v sin@ =0 ... (2),

M'V'cos a+P—~M'v' cos @'=0...(8), M'V'sina'—M"v'sin@'=0,.,(4);

>

and since the points in contact move with the same velocities
in the direction of the normal at the instant the compression
ceases, then

vcosO —v cos@ =0
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Again, during the restitution of figure the mutual pressure
— Pe: and if % and  be the velocities after the restitution of
figure is complete, and ¢p and (p' the angles of the directions
of motion, the equations of motion are i

M v cos@ —Pe—M u cos =0...(6), M vsinf —-M u sin (p =0...(7);
M'v'cos 8'+ Pe—M'u' cos ¢’ =0...(8), M 'v'sin @' —M'u' sing)’'=0...(9).

In these nine equations are involved nine unknown guantities
P,v,v, 0,6, u u, p. ¢p': wehaveto determine u, %, ¢, Q'

By (1) (2) (5) (M + M")vcosf=MVcosa+ MV cosa';
eliminating e by (1) (6) (M + M") u cos ¢
=(M+M)(Q +e)vcosf—(M+ M)V cosa
=MV cosa’ — M Vecosa+e(MVeosa+ MV cosd),
by (2) (7) wsing = Vsina;
from which » and ¢ may easily be determined: in the same
way #' and ¢’ may be determined.

Pros. 36. A rough ball 4 is placed on a rough horizontal
table, and another rough ball B lying on the table is struck
in a direction not passing through the centre of gravity, but
so as to cause B to strike 4: find the motion after impact, the
bodies being inelastic.

Pros. 37. Supposing, in the last Problem, that the
friction of the Table is so slight as not altogether to prevent
sliding, find the conditions that B may move through its
original place of rest.

The four following Problems are intended to illustrate the
action of springs in removing the shock arising from the sudden
collision of bodies.

Pron. 38. A ball 4 moves along a smooth horizontal
plane with a velocity V, and sets in motion another ball B,
equal to 4 and originally at rest, by impinging upon a spring
CD (fig. 112), which is fastened to B at the point D: the
inertia of the spring is neglected, and we suppose the force
of the spring to vary as the space through which it is com-
pressed : required to determine the motion of the balls.
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Let O be the place of 4, the centre of the first ball, at the
time of first contact with the spring: O4=», CD=x(=b when
the spring is not compressed), OB = #: then the force exerted
by the spring on the balls at the time # varies as b — z; let
it = ¢*(b — ). The equations of motion are

s R (@ a5, 2 s 9
z’;—fr ) — %) coseee s -;l.;.;w(‘(}_"‘)"""("'}’

also @' - #=2a + %...... (3), a the radius of the balls,

three equations and three unknown quantities @, a', .

Differentiating (3) and subtracting (1) (2) we have

s

— = b—-=2);

dt’ o )
dz® o o < . -
T constant — 2¢° (b — 2)*= V- 2¢° (b — %)%,
ai

since the point C' of the spring (having no inertia) instantly
acquires the velocity (V) of the body 4 at the first contact ;

s=b sin (en/2¢+C')=b — = sin ¢ gz‘(i)
(ofits)mb

f"\/"

This shews that the greatest compression of the spring is

/ . : T
equal to —=, and that the time of compression = 7;
eA/ 9 2cA/ 2

after an equal duration of time the spring is restored to its

original form, since % equals b when cA/2¢t =

sin ¢4/ 2¢;

d'a Ve

BV (1) (1) \/—

¥

da, 4 V S
= const. +fum eN/ 2t = ﬁ(l - me-\/t?z’);

[,f' _—
o= (t4 ;\-1-/-__3 sin cA/24)

3U
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. Vv 1
<+ by (8) J,'=2rz+h+§(t—ﬁ\/é sin (‘\/Et);

A iyl
T TJ_(1'— cos (f'\/ai.').

From these equations we readily gather the following results.

@ T

The ball 4 stops when i), OF —: but at this
di ca/ 2

instant (as we have shewn) the spring has returned to its na-

tural form, consequently the contact between 4 and the spring

at this instant ceases, and 4 remains permanently at rest: the

space through which 4 has moved during the action of the
:

i, _. The velocity of B is zero when the spring

2en/ 2
begins to act and is ¥ when its action ceases, and with this
velocity B henceforth moves uniformly along the plane. Hence
A gradually imparts all its velocity to B: and the duration
of time which this communication of velocity occupies 18 ":T/.'J 1

hp[‘]]lg =

If the elastic force of the spring be of very great intensity, as
is the case with the forces put into play by the impact of hard
balls of ivory, ¢ is very great, and the duration of collision is
exceedingly short.

Pros. 39. Suppose that 4 and B (in the last Problem)
are of the same size, but of different masses M and M’, and
that they move with the velocities ¥V and ¥’ before they come
in contact: required to determine the motion.

Pros. 40. Suppose, in the last Problem, that the force
exerted by the spring during the restitution of its figure is less
than the force exerted during the compression in the ratio
¢ : 1, but that a complete restitution of figure takes place:
required to determine the motion.

Pros. 41. A heavy carriage (represented in fig. 118.
rests upon a spring B, and is also held in its place by two
springs pressing at C and C': the carriage moves uniformly
along a horizontal plane with a velocity ¥V, and its four wheels
(two only of which are seen in the figure) which are all of the
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same size suddenly impinge at the same instant on four very
small and equal pointed obstacles, and move over them ; the
force exerted by each spring is supposed to vary as the extent
of displacement of its point of contact with the carriage, and
the springs are supposed to be bent into such a form that for
all small displacements of the body of the carriage the re-
sultant of their pressures always passes through the centre of
gravity of the body and so prevent rotatory motion : required
the motion of the centre of gravity.

We shall merely give the results with a few of the steps
of the calculation.

Let the dotted lines in the figure represent the state of
things at the instant of the impact: and the dark lines the
state of things at a time ¢ after the impact: a the radius of
each wheel. In consequence of the elasticity of the springs
(which is supposed perfect) the body of the carriage is not
rigidly connected with the wheels and axle-tree, and therefore
the body can produce no instantaneous effect upon the
velocity when the impulse takes place, By the impact
of the wheels on the obstacles the parts of the springs
which are connected with the axes of the wheels and the
axle-tree have their motion suddenly changed, this causes the
springs to assume new forms and in that way the forces
are brought into action which gradually change the motion
of the body.

Let 'y’ be the horizontal and vertical spaces described
by the point B of the axle-tree in the time ¢; @ and y the
spaces described by the centre of gravity of the body : let ¢*
and ¢’ be constants which depend upon the elasticity of the
springs at C and C’ and that at B; we neglect the downward
effect of the spring B on the axle-tree but consider only the
dead weight to act at B: let @ be the angle which the spoke
of each wheel, which passes through the obstacle, makes with
the vertical at the time f; @ =a when ¢=0: M’ = mass of
each wheel : w the angular velocity of each wheel after impact.

The equations of motion are, for each wheel,

sin @

2 J A +- L i) & s H
a6 5y (.,‘f & U).' e — , suppose ...... (1),
n

diz i M )?

)
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for the motion of G

dx _ : d‘y

— == (2 —2) ...... (2 Y=g+ W-19) ...... (8),

T ( ) Bl Sg~ =g+ =) (3)
and &', ¢/, @ are connected by the equations

a'=a(sina —sinf) ...... (4), y'=a(cosf—cosa)...... (5).

These equations are sufficient to solve the problem : but they
cannot be integrated unless « and @ (and therefore the ob-
stacles) be supposed small: we shall neglect powers higher
than the second. After reducing the equations their integrals
will be found to be of the forms

¢ ‘

@ =dsin (et + B) + aa + he B 4+ fgen,

2¢ 2¢

y = C'sin (et + D)—1—me »— pen,
4, B, C, D being arbitrary constants to be determined by the
initial circumstances, and &, &, I, m, p being written for
known quantities. After determining these it will be found

dy s .

that when =0, ﬁ =0 and therefore the original rectilinear
path of G is a tangent at the first point to the curve described
by G; also the values of the constants will shew that the
velocity is V at first, and gradually decreases: hence there
is no jerk in the body of the carriage.

We might in the same way obtain the circumstances after
the wheels again come to the horizontal plane.

Pros. 42. A rectangular parallelopiped slides down a
smooth inclined plane and meets a fixed obstacle: determine
the impulse and the subsequent motion.

Pros. 43. A beam is projected in any manner along
a smooth horizontal plane and impinges upon a fixed obstacle :
determine the impulse.

Pros. 44. A beam is fixed at one extremity, what ver-
tical force applied instantaneously at the other will throw it
exactly vertical ?

Pros. 45. A rectangular parallelopiped revolves about
one of its edges, which rests in a horizontal groove, and
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impinges on a fixed line parallel to the groove and in the
same horizontal plane with it: find the angle through which
the parallelopiped must fall so that it may be just on the
point of revolving about the fixed line as a new axis, all
sliding being prevented by friction.

Pros. 46. A beam is placed with one end against a
smooth vertical wall and the other on a smooth horizontal
plane so as to move in a vertical plane when left to the
action of gravity; the horizontal plane does not extend to
the wall, but is terminated by a straight edge parallel to
the wall: find the distance of this edge from the wall that
the beam may just be prevented from revolving about the
edge and finally falling beneath the horizontal plane.

Pros. 47. At what point must a given uniform circular
body be struck by a force perpendicular to its plane, that
in the first instant of the body’s motion one extremity of a
given diameter may remain at rest?

Pros. 48. A beam falls from a vertical position by
revolving about one extremity which rests on a rough hori-
zontal plane, and impinges on a vertical post: determine
the magnitude and direction of the impulse on the post and
on the horizontal plane at the immoveable extremity of
the beam.

Pror. 49. In the last Problem determine the initial
circumstances that the beam may just fall over the post.

Prozs. 50. If a rough ball be projected against a rough
beam on a smooth horizontal plane determine the centre of
spontaneous rotation.

Pros. 51. An elastic beam falls upon a horizontal fixed
line: determine the motion.

Prog. 52. A beam, moveable about a fixed horizontal
axis at a given altitude above a horizontal plane, falls through
a given angle : determine the point at which a given sphere
should be opposed to its impact, that it may be projected
to the greatest possible distance on the horizontal plane, the
beam being in its vertical position at the instant of impact.

Pros. 53. A hoop rolling down an inclined plane suddenly
comes in contact with a horizontal plane; find the change in
angular velocity.
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Pros. 54. In lowering a bale of goods from the higher
story of a warehouse by means of a given crane, the whole
weight of the bale is allowed to'wind off the rope freely from
the axle, and when the bale is half way down, the handle
of the crane suddenly flies off; determine the motion.

Pros. 55. Explain the use of fly-wheels in machinery,
and if a fly-wheel of given dimensions and weight move with
a given angular velocity what force applied perpendicularly
at a given point of one of the spokes of the wheel will in-
stantaneously destroy the motion.

Pron. 56. A perfectly flexible chain has one end fixed
to a peg, which is at the extremity and highest point of a
quadrant of a circle of which the plane is vertical, and all the
chain is collected at that point ; it will just cover the quadrant,
and being suffered to descend freely, it is required to find the
stress upon the peg at the end of the motion.

Pros. 57. A groove is cut in a horizontal table in the
form of a regular hexagon and an inelastic ball is projected
with a givén velocity along one of its sides, find the velocity
with which it will successively describe each of the other sides
of the figure.

Pros. 58. A perfectly elastic solid of revolution, turning
about its axis at a given rate, impinges on a hard smooth
plane: if before impact the centre of gravity move perpen-
dicular to the plane with a velocity V, determine the motion
of rotation after impact, and prove that the centre of gravity

L]

will move in the same direction with a velocity J—b— V, where

Ptk
« p is the perpendicular from the centre of gravity on the normal
at the point of impact, and % is the radius of gyration round an
axis through the centre of gravity perpendicular to the axis
of the solid.

ProB. 59. A solid sphere is placed in a hollow sphere,
which rests on a smooth horizontal plane; determine the small
oscillations, when they are slightly disturbed from the state
of rest.

Pror. 60. Prove, by means of thcprinciplc of least action,
that the orbit a body describes about a centre of force varying
in\'crscly as the square of the distance is a conic section.
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Pros. 61. Prove the laws of reflexion and refraction
of light by the principle of least action, on the supposition
that light consists of luminous particles moving uniformly
in the same homogeneous medium, but with different velocities
in different media.

Pros. 62. .A bullet is fired into a thick board hanging
from a fixed horizontal axis about which it is capable of
revolving ; the board has a sheet of iron on its back to
prevent the bullet from passing through : a ribbon is fastened
to the bottom of the board and runs through a ring touching
the bottom of the board in its position of rest: shew how to
compare the velocities of bullets by observing the lengths of
ribbon drawn out by the motion of the board.

This is Robins’ Ballistic Pendulum.

Pros. 63, The weights suspended from a wheel and axle
are in motion, the wheel and axle move about a fixed axis very
nearly fitting into the cylindrical aperture concentric with the
axle, so as to suffer only one point to be in contact: determine
the position of this point when friction is considered and when
it is neglected.
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