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CHAPTER III.

MOTION OF TWO MATERIAL PARTICLES ATTRACTING EACH OTHER

Pror. Two material particles attract each other with
forces varying inversely as the square of their distance and
dirvectly as the mass of the attracting body : requived to
determine the motion of their centre of gravety.

264. Let M and m be the masses of the two particles:
r their distance at the time #: then, if the unit of attraction
be the attraction of a unit of mass at a unit of distance, the

. . ! 2 m
accelerating force produced in M by the attraction of m =—

,.
L - : ; M
and that produced in m by M’s attraction = -5 .
7>

L

Let ayx be co-ordinates to M at time 7,
)
AT R R S e L R

Then resolving the attractions parallel to the axes, and at-
tending to the direetions in which the resolved parts act, the
g ;

equations of motion of M are
d*w m(r—-a) dy m(y—-y) &= m(z —2')
dt i T S NETg L o e N F N

i 0

dt? ¥ 2 r

and those of m are

d*a’ M (x-2)y &y M@y-yv) d?s’

M(z—=2)
at 3 s 33 dt? i i

Multiply the first three equations by M and the last three
by m, and add the first, second, and third of the first set to the
first, sccond, and third of the second set respectively ;
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Y ] & o BE rz' y‘ g dy

5 =0, M=+ M —— =0,
dt gl dat d#* dt*
" gl s St J6LY.
M=Z imt _ =0
dt* C

Let rrj z be the co-ordinates to the centre of gravity of
the two bodies at the time #: then

(M +m)x=Mv+ma'y, (M+m)y=My+my,
(M +m)z= Mz +mz.

Differentiating these twice with respect to # and making
use of equations (1), we obtain

d*x d* )/ d*z

— =10 —1) =t emenaiin sl 2) 3
di g e )
ga — r/r/ = b i]i = ¢,

dt dt dt

a, b, ¢ being constants to be determined by the initial eir-
cumstances ut the motion of the bodies.

Hence the velocity of the centre of gravity = \/r.' -H} +r
(Art. 210. Cor.) and is therefore uniform.

r[ a d;’ b y

Also — = _ = = =
. dz e’ dz ¢

ot RN J
Tx=-z+a, y=-z+1b,
¢ 4 e
@’y b’ being constants to be determined as before.

These are the equations to the path of the centre of
0‘1‘:w1t_y ; and, since they are the equations to a str aight line
in space, they prove that that point will move in a straight
line.

If @, b, ¢ each =0, then the expression for the velocity
of the centre of gravity vanishes: and the general conclusion

That the centre of gravity of the two bodies will either
remain ot rest (I'H.ifﬂ‘.',' the motion of the bodies, or move
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uniformly in a straight line. Which of these will be the case
is determined by the initial circumstances of the motion of

the bodies.

Pror. To determine the orbits the bodies deseribe about
each other, and about their cemtre of gravity.

265. Let us subtract the equations of motion for m from
those of M respectively, and we obtain

dEy-y) (M+m)(y w8

Cleed) | (Msmite—s)

3

dt* 7 dt* r

3

d'ig-:'r = 3’) i (M +m) (= — &)

di® F 7

These are the equations we should obtain by supposing
either of the bodies at rest, and the force acting on the other
to be the sum of the masses divided by the square of the
distance.

Hence (Art. 252) each will describe relatively to the other
a conic section, the nature of the path being determined by the
circumstances of projection of the bodies.

266. To determine their paths about their centre of
gravity, let », and + be the distances of M and m from that
point at the time #: then

m Y M
P r, Fe=——T
M+ m M+4+m

Also, if P and Q be the two particles (fig- 80), G their

centre of gravity,

PN PN’ x—a a—-zx
Py e S
! = 5 o = b
and in the same way A, ?'L?_JZ and —— = ;
y 3
; ‘

Now subtract equations (2) of Art. 264. from the equa-

tions of motion of m in that Article respectively :
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d* (v — 2) m (v — a') m' -z
e 7 - (M +m)? i

d*(y —y) w Y- d*(z—2) 7 m’

£ 7 B (M + m)? AN T i )

These are the equations of motion of M rel: itively to the centre
of gr: avity of M and m, which as we have seen is at rest, or

is moving uniformly in a straight line. They prove that the
path about the centre of gravity is such as would be de-
. .w: I
scribed about a force — —; Tesiding in that point.
(M + m)*

Hence the orbits of M and m u]lttluly to the centre of
gravity are conic sections, their nature and magnitude being
dctcllmnul by the circumstances of projection re latively to the
centre of gravity of M and m.

Pror. To compare the relative orbits of M and m about
their cenitre of gravity.

267. Let v, hc' the absolute velocities of projection
of M and m : rzﬁ y» @[3 the angles the directions of these
velocities make with the axes.

Vand V' the relative vels. of project. about centre of gravity,
R and R’ the initial distances from the centre of gravity,
¢ and & the relative angles of projection,
a and « the semi-axes major of the orbits,
e and ¢ the eccentricities of the orhits,
w and u" the absolute forces.
Then by equations (1) (2) of Art. 252,

1 — ¢* 2u—V*R ]l’ V* sin® § ,u'd"

1—¢2 g = VER H r'a sin? & e 2
a(l~ ¢ VER sin 0t o
and S—— . = S
@ (1~e%)  VRZsin®y u
R m PRy, [
Also = = — . and = by Art. 266.
R M PSS
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(5]
=
2]

To find ¥, V', d, & we proceed as follows :

The velocities of the centre of gravity parallel to the axes
are at first and therefore during the motion respectively (Art.
964.)

Mwv cos a+mv cose  Muv cos B+mv’ cos Y Mu cos y+mv’ cosey'
b A d i v ] g
M+m

2

M +m g M+m
Also the absolute velocities of projection of M parallel to
the axes are v cosa, ®cos 3, vcosry: and therefore the rela-
tive velocities of projection of M about the centre of gravity

parallel to the axes are

m (v cos a—v' cos a’) m(v cos pB—v"cos3) m(v cos =0 cosy’)
M+m : M+m ;

Fh-

M+m

Adding the squares of these, (Art.210. Cor.) the square of
the relative velocity of M about the centre of gravity (V*) =

(N ) ! | ; "
) § (veosa=v'cosa’) + (v cosB— v'cosf3) + (veosy —v'cosy )’
M+m)” J

m* : Al ;
= _ (0?4 v — 200’ cos 4),
(M + m)®
where A is the angle between the directions of projection of
M and m: and therefore determined by the equation
cos A = cos acos a + cos (3 cos (3" + cos ~ cos ﬂ/’.
M? d

Siimilarly FiEatit L bl iyt o kok d).
{ (M + m)* ( )

Let the line joining M and m at the commencement of the
motion be the axis of @: then the cosine of the angle which
the direction of ¥V makes with the distance of projection (which
coincides with the axis of @), or cos d, equals the relative velo-
city parallel to the axis of @ divided by the whole relative
velocity (V) =

m veosa — v cos a

M+m V
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ngiRy s G J[ l"l COs (.[r — U COoS a
Similarly cos ¢’ = . - S
; M +m V
4 . f S ] I ) k= 8>
Substituting these in the expression given above for ——
> 1l —e~
we find
I —¢ )
T LA S Bl
1 — ¢

or the orbits are similar to each other.

a m' M?® m
Also — = =
a M m? M
or the linear dimensions of the orbits of M and m are in the
ratio of m to M.

268. Cor. 1. It follows from this that the perturbation of
the Sun by any planet is very small, because his mass is so
much the greater of the two masses.

In the same way it will be shewn that the combined effect
of the heavenly bodies in moving the Sun is very slight; and
therefore the error in Kepler’s Laws, anticipated in Art. 261,
owing to the supposed immobility of the Sun, is not very
great. 'Thus far, then, we are confirmed in our hypothesis of
Universal Gravitation.

269. Cor. 2. We have seen (Art. 257.) that if « be the
absolute force of a centre of which the law is that of the inverse
square, and @ the semi-axis major of the orbit described, the
periodic time

2 riﬁ ‘37r.'{.;
()= —— =————. (Art. 265.)
\/;L ‘\/:![ + M ;
M and m being the masses of the Sun and a planet.

Let m' be the mass of another planet : and &' the semi-axis

major of its orbit, 7" its period ;

".','r.'-‘!‘l} JiE: a M + m’

T = ———— and
f\//J.[ +m'

7

T o Mim

This shews that Kepler’s Third Law would not be true
even if we suppose that the planets do not attract each other,
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unless their masses were equal to each other. The deviation,
however, from the truth is extremely small.
shew us that

270. The investigations in Arts. 252, 265,
if our law of gravitation be true, the only orbits which a
heavenly body will describe, supp sed to be acted on only by
the Sun, are an ellipse, a parabola, or a hyperbola with the
Sun’s centre 1n the focus.

The manner in which the magnitude and position of the
orbit of a heavenly body is determined by actual observation
will be found in Works on Plane Astronomy. We shall here
briefly explain the process. There are six quantities which de-
termine the position and magnitude of an elliptic or hyperbolie
orbit, and the place of the body in its orbit: these are called
the elements of the body’s orbit, and are (1) the inclination
of the orbit to the ecliptic, and (2) the longitude of the ascend-
ing node, these determine the position of the plane of the
orbit in space: next (8) the longitude of the perihelion, (or
point of the orbit nearest the Sun), w hich determines the
;m.w tion. of the orbit itself: then (4) the mean distance, and

(5) eccentricity, which determine the magnitude of the orbit,
‘zml lastly (6) the epoch, or the time of the planet’s being in
the perihelion, this determines the position of the body itself
in its orbit.

The elements of a parabolic orbit are five in number, being
the same as the above, if we replace the mean distance dud
cccentricity by the perihelion distance.

The elements of a circular orbit are only four in number,
the eccentricity and longitude of the perihelion not being
required.

In order to determine the numerical values of the elements

of any heavenly body (supposed to move in a conic section with
e

the Sun 1n t|1c focus) two Trigonometri ical equtttlon are

deduced connecting the elements wlth the right ascension and

* For a parabolic and circular orbit see Maddy's Plane Astronomy, Chap. X1V.
Woodhouse’s Plane Astronomy, Chap. XXIV.
b, ¥

But for other orbits the reader may consult the Work of Lalande ; Gauss’s Theoria

Motus. Corporum Celestium ; the Mécanique Céleste, Vol. 1.; Lagrange’s Mec.

Analytique ; Pontécoulant’s Théorie Anal. du Systeme du Monde, and Mr Lubbock’s
Mathematical Tracts and various Papers in the Transactions of the Philosophieal and

Astronomical Societies.
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declination of the body and the distance of the Earth from
the Sun.

Since there are five or six quantities to be determined three
independent observations must be made on the declination and
right ascension of the body: when these are substituted
successively in the two equations mentioned above we shall
have six equations involving the elements : by means of which
we shall be able to calculate the magnitude and position of the
orbit.

271. By methods of this nature Kepler discovered his
three p[:l:‘;n-t:n"\* Laws.

Also Astronomers have in this way proved, that comets
move in orbits most of which are parabolic, some elliptic, and
others probably hyperbolic. In consequence of the vast dis-
tances to which comets penetrate into space, they are invisible
except when near the Sun. During their appearance numerous
observations are made, in order that the elements may be de-
termined with the greatest possible accuracy. The calculations
for parabolic motion are less laborious than for elliptic or
hyperbolic motion. The elements are therefore first calculated
on the supposition that the orbit is a parabola. If the
clements thus calculated shew that the comet has passed so
near any of the planets as to have experienced a sensible per-
turbation the elements must be corrected in a manner to be
explained hereafter.

If a parabola will not coincide with the orbit calculations
niust be made for an ellipse or hyperbola. It is thus found
that ¢ three or four comets describe very long ellipses: and
nearly all the others that have been observed are found to move
in curves which cannot be distinguished from parabolas. There
1s reason to think that two or three comets move in hyper-
bolas.” (Airy’s Gravitation, page 15.)

272.  Our calculations have been hitherto respecting the
nature of the orbits described. We now proceed to deduce
formulze for dotcrmining the time that the body occupies in
moving lhl‘():lg"ll a given angle ; and conversely the angle described
in a given time: by the former we know the time of the body
being at a given place, and by the latter we know the place of
the body at a given time.
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Pror. 7o find the time of motion of a planet or comet
through any portion of an elliptic orbit, the Sun's centre

being in the focus.

273. Let 0 and @ be the longitudes of the body and the
perihelion, that is, the point of the orbit nearest the Sun: «
the semi-axis major of the orbit: e the eccentricity : u the sum
of the masses of the Sun and the body (Art. 265): then the
equation to the orbit is

1 1+ecos (0—m) A o
o e RS TR I e S e
r a(l —e) e h

Now A must be determined in terms of the quantities above
given, since the orbit to be described is known and not the
original circumstances of projection. The following method,
which we here apply to l.hc-' ellipse, will answer our purpose
in every case. By Art. 243, h = vp at every point of a central
orbit; » being the \c]mlly tmd p the perpendicular from the
centre of force on the tangent -at that point: also by Art. 245,
the velocity is that due to one-fourth the chord of curvature
through the centre of force;

T bir
o S & 1,,f ! : but p* = from the focus;
- “,.“ 20 — 71
«  dr TR
(} (L

from the perihelion through the

Then the time of movin

.‘,illglt‘ 0—m=

n_'

5 0p2d0 al(1-e€)t [0 do
) l/@ ! A ,/.m ‘T—; € cos (J ﬁ')’
: ru{l —e)E do

3 vV / (] *')“"' (U w),l (1-e) sin® > (;?’77'&;11

o

: dtan L (6 — @)
" > S e e
2ol ot 0 4 i
: N S )-{— (1 ‘:'e)hm e, :E:r-)

do
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]
¥
=X

To simplify this let

, 1+e u
tan L (6 — @) = i\/r i tan —......... @)
e € o¥
_ + ——tan® — e
2ai(1-¢?)8 e \" T 1 g ;’) d 1+e
= - ***’—/ —_— ( — tan )rin
. S w A\ YVogis e

(1+e)*sec' -

aQ

at [ a7 e
= \—/t / (1 — e) cos® = (1 + e) sin® e d e
/ MmJo ~ b
g o
sty

a: - ai 1
= ——(% — esinu), let — = —;

Ve Vu o m

i = U — esiny.........(2).

(1 —ecosu)du

ks

When 6 is given we calculate # by (1), and substituting
in (2) we know 2

The angle @ — =, or the excess of the lIongitude of the
body over the longitude of the perihelion, is called the #rue
anomaly : and nt is called the mean anomaly, since it varies
uniformly with the time and coincides with the true anomaly
at the end of each revolution, as the formulz (1) (2) shew.
Also the angle # is called the eccentric anomaly, since it equals
the angle QCA (fig. 81), as may easily be proved: P is the
body, 4Pa the ellipse, ' the focus, 4Qa a circle on 4a.

Cor. 1. If £ be not measured from the epoch of passing
the perihelion, but from the time when 2 = %,, then
3
' i A ?
t=—=13(u—u)—e(sinu—sin u)i.
A
Cor. 2.  Whenever # increases by 2a, 6 increases by 2,

- 3
2mai

V'

and # by This, then, is the periodic time of the
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planet : it is remarkable that it is independent of the eccen-

tricity of the orbit.
To solve the converse of this Proposition, that is, to find

the position of a heavenly body in its elliptic orbit at any time
in terms of the time and the elements of the orbit, we must

effect several expansions.

Pror. 7o expand the true anomaly in terms of the

eccentric anomaly.

o s .
974. By last Article tan — .,__' / - tan

1 —e 2

Substituting the (-xponcntiﬂl oxprvssimw for the tangents,

E(U @)v=1 _ Fw‘\'_:l e 1 it
= M- . — =1m,
e\nu.ﬁ,)\ -1+1 gf\--|4 1 1 —e

, which ¢ is the base of Naperian logarithms.

aN =1 _ i3 7;_ ¢—uv=-1 B —
E(ﬂ a1 (mT:Q.Eff, (-m\—— ) /\777 = due

(m+1)— (na—l) =1 AV m+1

(9—@-)\/;—]7=u\/;i-+lng€(l—)\'a*"*"ji)—10 (1= "*‘)

it s T A s
LA A (e ) e (e R

L)k:-‘ :)P\
- =u+2\sinu+ 75111":;—# — SN 3% + ...

~ pel

: Y »\/l+a—\/1—e 1—7\/1—("3
in whichA\=e —r——F— = ———
\/1 + e+ \/l —-e €
Pror. "o expand the eccentric anomaly in termi of
the mean anomaly.

275. By Art. 273, w=nt+esinwu.

Hence by Lagrange’s Theorem, putting nt = 2,

u‘\« [rra—
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; e dsin’z e d’sinx
U= +esing -+ 5 —— 4 e

h: < = + - e =
| BT Lu2g gt

=% +esiny+Lesingy +1¢ (2sinz — 3sin®%) + ..,

nt +esmnt +1e®sin2nt + l €’ (8sin 3nt — sin nt) + ...

Proe.  To expand sinu, sin 2u,...in terms of the mean
anomaly.

276. By Lagrange’s Theorem,

; i coodsnw ¢t odif, . disns
SIN % = SIN % + e 81N ¥ — + o AN ——} + ...

dz 1.2 dz dz

= sin ¥ + e sin & cos & + L e*(2cos®z sin % — sin® )+ e

= sin g + 1

]

e sin 2% + L e* (2sin 33 — sing) + ...

=sin nf + L e sin 2nf + L ¢* (3 sin 3nt — sin ni) + ...
f " - o disim2x
Again, sin 2% =sin2z +esing— 4 .

o
~

sin 2nf + 2e sin nt cos ent + ...

sin 2n¢ + e (sin 3né — sin nf) + ...

I

sin 8% =sin 3nf + ...

and so on.

Pror. To ewpand the true anomaly in terms of the
mean anomaly.

277. By Art. 274 we have

’ ! 2}\2 : ﬁd_)\ﬂ :
- =u+ 2\ sinu + —-rsln27(+—{ sm 3% + ...
[} <

1-— ‘\/'i =6 el
where Noae ol S St 2k

e 2

Then substituting for w, sin %, sin2u ... the values ob-
tained in the last two Articles, and retaining powers of e as
far as the cube,

I
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O—m=nt+esinnt+Lesin2nt+ Le* (8 sin 8nt—sinnd) + ...

+2n{sinnt+ Sesin2nt+ 1¢*(8sinsnt—sinnt) +... {

+2A2{sin 2nf + e (sin 3nt —sinni) + LSOy e S L
4-%-?\33in (17 o0 ) CRMRP R ) K RN I e

&N 5t . A
=nt + (Qn+_) sinnt + —smn2nt 4+ _1 sin Sni + ...
.1._ 4 a

which is true as far as terms involving &

978. Cor. If the time ¢ be not measured from the time
of perihelion passage, suppose ¢ is the mean lnngitudc of the
body when £=0; then the mean longitude at the time ¢ 1s
nt+e; and the mean anomaly is nf + e—@': in this case, then,

€ 2
@—w=nt+e—w+ (&’r’- +T] sin (nt + € — @)
¢ 1/

5¢°
4+ —sin2(nt+e—w) + ...
i

e is called the epoch.
Pror. 70 ervpand the radius vector v in terms of the

mean anomaly.

279. The radius vector

a (1—e°) a (1—€°)

1+ cos .( 0= ) = (1 +(;3 cos® 97'(9—75}" (_l_- ¢) sin” L(H~z&)

_ 1 pie
s 33 a(1—e*) <1+ tan® —
a (1—¢°) sec® 5 (6—@) 1l —e 2

I — S R

1+e+ (1—e) tnilrl"i,', (H—-'ZD‘) i o U
2 (1 + e) sec” =

LU g
=a {(lﬁt’) cos® — + (1+e) sin® _—} = a (1—ecosu).
2 2

But w = nt + e sin w; putting nt =3,

d cos & g il o, dicos®
s1n® & T4 e

COS % = COS % + € sin ¥ — 4+ — —
ds 1.2 d= dz

= COS ¥ —Q-e(l —cos 2%) — &€’ (8cosx — cos 3%)+ ...

2 2 Q pd

r Ca e

L 14— —ecosnt — —cos 2nt — — (cos 3nt—cosnt) +...
« 2 2 8

<
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280. Cor. If ¢ be measured as in Art. 278, then

'=a {1 + L ¢* — ecos (nt + t—w)—g e cos 2(nt +¢— ) - St

The time of describing a given portion of an elliptic hyper-
bolic or parabolic orbit may be found in terms of the radius
vectors at the extremities of the arc and the chord of the arc.
These expressions are useful in determining the elements
of a heavenly body. They will be found in Maddy’s Plane
Astronomy, Chapter x111. New Edition: and in the Systeme
du Monde of M. Pontécoulant, Tom. I. Liy. 11. Chap. v.

Pror. 7o find the time of describing a given portion of
a parabolic orbit about the Swn in the Jfocus.

. ) — D
281. We have r*—=h: k= 2uDy and p=——
di cos® L (8-=)
is the equation to the parabola, @ and = being the longitude
of the comet and of its perihelion measured from the Sun. and
D the perihelion distance :
Py g

t {

b= — |

A 2u | -z

Ja cpst

(2]

2DE [0 ¢an Lp—=
= — / dlii 1 ) 31+ tan* 4 (6 — =) dp

V2

o

N
=A/ ZD* {tan 1 (0 - w) + $tan® L (0 - @)},
L
¢ being measured from the time of the perihelion passage.
By this equation it is easy to calculate the time of de-
scribing a given angle.
Pror. To find the position of the comet in a parabolic
orbit at a given time.
282. This would require the solution of the cubic equation
in the last Article. This is, however, obviated in the following

manner,
AL

Let / =1
N 9 ?

nt = tan 4 (0 — @) + L tan* L (0 - =)
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A Table is formed consisting of two columns: one with values
of ¢ and the other with the corresponding values of 6 — = calcu-
lated from this formula for an orbit in which » = 1. Suppose,
then, that we wish to find the position of a comet in a given
parabolic orbit (the mean motion in which is n) at a given time 2.
We must multiply ¢ by n and look for the valueof 8 — =
opposite the value of n¢ in the first column. This gives the
position of the comet.

Pror. 7T find the place of a comet at a given time in
very eccentric elliptic orbit.
dt a1 -e)? 1
de o b1+ r'cus(ﬁ—w)s"

Let D be the perihelion distance; .. D=a(l-¢e):

283. By Art. 273.

dt {)i (1 —‘.—f’)% sec' 1 (0 — =)

: a6 ’\/: 11 *—T-; (l_— Pi)wtan-’}m;(igu__,w)_: 2

Dl 1—e : i
=———sec' 3 (0~ @) {1 + i tan® 3 (0 — =)} ™"

V(i +e)
Expanding in powers of 1 —e, and neglecting powers of 1 —¢
higher than the first, because e = 1 nearly;

T ¢
oont=4 (1—-—: ’,) / sec' L(O-w){1- (1—¢) tan® 5 (0 -=){db
w

)

7107 4 Y
dtan L (0 - = 5
A / L 50 -a) 1 4 tan* L (6 - @)

e do t
+(1-¢) [ -3tan* L (8 - 7) — tan’ L(8-m)]} dO;
. nt=tand (0 —w) + 4 tan’ 5 (6 - @)

+(1-e){itanl(@-a) - 1 tan® (0 — @) - lj tan’ & (6 — ).

The following is a convenient method for calculating the

value of @ — @ for a given value of £
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Suppose 0'— zr is the true anomaly of a comet at the time
¢ moving in a parabolic orbit of which D is the perihelion dis-
tance ; then by Art. 282.

= 1 u 1l f
nt=tan 5 (0'- @) + 1 tan’ L (0'- ).

Let 0 —@ =0~ +a: then putting this for @ — = in
the first expression for m¢, and neglecting the squares and
products of # and e, we have by Taylor’s Theorem

nt=tan § (0 - @) + L tan’ L (9'- =)
+—sect — 4 o tan & (6 — =) 1 — tan? 16 -a)

~ -') tan' L (¢ — @)},
and eliminating n# from these last two equations
@ =5 (1-e) tan 1 (8'— ) $4-3 cos’ L (0 %) — 6 cos’ L@ —m)}.
A third column must now be added to the Table men-

tioned in Art. 282, consisting of values of — for the cor-
1 2

responding values of ¢ and 6 — . When this is constructed

u ¥

the manner of using it is as follows. Suppose o n 1in
our orbit: then in the first column look for the time n#¢: and
take the corresponding values of @ — zr and -: multiply the

1—-e¢
latter by 1 — e, which will depend upon the form of the orbit,
and then the true anomaly at the time ¢ will be this quantity
added to the value of @ — = thus found.
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