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CHAPTER III.

MOTION OK TWO MATERIAL PARTICLES ATTRACTINGEACH OTHER.

Prop . Two  material particles attract each other with

forces varying inversely as the square of their distance and
directly as the mass of the attracting body: required to

determine the motion of their centre of gravity.

264. Let M  and m be the masses of the two particles:
r their distance at the time t: then, if the unit of attraction
be the attraction of a unit of mass at a unit of distance, the

m
accelerating force produced in M by the attraction of m = — ;

M
and that produced in m by M 's attraction = — .

Let xyz be co-ordinates to M at time t,

aty z’ . m .

Then resolving the attractions parallel to the axes, and at¬

tending to the directions in which the resolved parts act, the

equations of motion of M  are

<P ,v m (a:— a/ ) <py m (y —y ) d?z m {%—%')
? ’ ~df ~ ? ’ df ^ ?

and those of m are

drnf M (<v —o>') d3y' M (y —y ) d2z' M (z —%)
df r3 ’ dp r3 ’ dt ? r‘

Multiply the first three equations by M  and the last three

by m, and add the first, second, and third of the first set to the

first , second, and third of the second set respectively ;
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dr oo dro' </ a« dry  1
M ~ + m ~ = 0, Mj t- + m— = 0,df df df

, r dzss cfssM + m ——= 0.df df

. ( !)•

Let xyz  be the co-ordinates to the centre of gravity ofthe two bodies at the time t:  then

(M + rri) x —Moo+ maf , (M + m) y = My + my,

(M + m) z = Mss + mss'.

Differentiating these twice with respect to t and making
use of equations ( l) , we obtain

<Px
df = 0, JL-

df1 = 0,
<fz
df

= 0 (2) ;

dx
dt

dz
dt c,

a , b, c being constants to be determined by the initial cir¬cumstances of the motion of the bodies.
Hence the velocity of the centre of gravity = \ /« 2+ 6 2+ c~,

(Art . 210. Cor.) and is therefore uniform.

Also dx
dz

a
c

= i.
dz c

- a - , - b-■ x = - z + a, , y = - z + b,e y c

a', b'  being constants to be determined as before.
These are the equations to the path of the centre of

gravity ; and, since they are the equations to a straight line
in space, they prove that that point will move in a straightline.

If a , b, c each = 0, then the expression for the velocity
of the centre of gravity vanishes : and the general conclusion
is, That the centre of gravity of the two bodies will either
remain at rest during the motion of the bodies, or move



240 DYNAMICS . TWO PARTICLES.

uniformly in a straight line. Which of these will be the case
is determined by the initial circumstances of the motion of
the bodies.

Prop . To  determine the orbits the bodies describe about

each other, and about their centre of gravity.

265.  Let us subtract the equations of motion for m from
those of M  respectively , and we obtain

d2(a?—ai ) (M + m ) (,v—x ) dr (y —y') (M + m) (y —y)
dt* = r 3 ’ df ~ r7 ’

d~(xs—%') (M + m ) {%- z)
Jfz = ^ •

These are the equations we should obtain by supposing
either of the bodies at rest , and the force acting on the other
to be the sum of the masses divided by the square of the
distance.

Hence (Art . 252) each will describe relatively to the other
a conic section, the nature of the path being determined by the
circumstances of projection of the bodies.

266. To determine their paths about their centre of
gravity , let r t and r  be the distances of M  and m from that
point at the time t : then

m , M= _ = -
' M + m ’ M +m

Also, if P  and Q be the two particles (fig. 80) , G their
centre of gravity,

PN PN ' ,%■—oc oc—x

PQ = Tg’ “T - = r,

y - y' y - y , « - * ns- z
and m the same way - = - - and - - - :

" y rp rp fj*

Now subtract equations (2) of Art . 264. from the equa¬
tions of motion of m in that Article respectively :
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dr (,» - x) m (.t - x ) m? x - x
df f ‘ (M + m) ~ r

d 2(y — y)  f» 3 y ~ y  j d ~ ( x — 3 ) m 3 x — zdf (M + m)2 rf df (M + to)2 rf
These are the equations of motion of M relatively to the centre
of gravity of M  and m,  which as we have seen is at rest , oris moving uniformly in a straight line . They prove that the
path about the centre of gravity is such as would be de- ,
scribed about a force - - . — residing in that point.(M + mf  r “ 0 1

Hence the orbits of M and m relatively to the centre of
gravity are conic sections, their nature and magnitude being
determined by the circumstances of projection relatively  to the
centre of gravity of M and m.

Prop . To compare the relative orbits of  M and  m abouttheir centre of gravity.

267 - Let v, v'  be the absolute velocities of projection
of M  and m : a (iy , a (f y  the angles the directions of thesevelocities make with the axes.

V and V'  the relative vels. of project , about centre of gravity,
R and R'  the initial distances from the centre of gravity,

$ and 6 the relativfe angles of projection,
a and a the semi-axes major of the orbits,

e and e the eccentricities of the orbits,
fx and f  the absolute forces.

Then by equations ( l ) (2) of Art . 252,
1 —e2 2 n - V-R R V2 sin2$ M'2
1 - e'* “ R' V'2 sin 2$  7 ? ’

« (l ^ e") Fj? 2 sin2S M'
V'iR n sin2S' ~fx

tx! M s ,and — = —-- by Art . 266.
ix  w’

Hh

Also

a' ( 1 (/' )
R m
R' M’
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To find V, V', 6, S' we proceed as follows:

The velocities of the centre of gravity parallel to the axes
are at first and therefore during the motion respectively (Art.

264 .)

Mv  cos a+ mv cos a Mv  cos/3+ mv'  cos ft Mv  cos y +mv' cosy
M +m ’ M + m ’ M+ m

Also the absolute  velocities of projection of M parallel to

the axes are v cos a, v cos /3, v cos y : and therefore the rela¬

tive  velocities of projection of M  about the centre of gravity
parallel to the axes are

m (v cos a —v1 cos a') m(v cos fi —v' cos ft ) m(v cos y —v cos y)
M + m ’ M + m ’ M+m

Adding the squares of these, (Art . 210. Cor.) the square of

the relative velocity of M about the centre of gravity ( V:!) =

(M +m)2 { (v  cos a - u ' cos a ' ) 2 + ( v  cos/3 — i/cos ft) 2+ (v cosy - v ' cosy ' ) 2 }

m
(r 2 + v' 2 — 2ot ' cos A ) ,

(M + mf

where A is the angle between the directions of projection of

M and m : and therefore determined by the equation

cos A = cos a cos a' + cos /3 cos ft + cos y cos y .

Similarly V'2 =
M 2

(M + mf
(v2+ v 2— 2vv'  cos A).

Let the line joining M and m at the commencement of the
motion be the axis of w:  then the cosine of the angle which

the direction of V makes with the distance of projection (which

coincides with the axis of oc) , or cos S, equals the relative velo¬

city parallel to the axis of x divided by the whole relative
velocity (V)  =

m v cos a —v'  cos a
M + m ’ V
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Similarly cos = -M + m
o'  cos a —v cos a

V

Substituting these in the expression given above forwe find

e = e,

or the orbits are similar to each other.

a m* M 3 m
a M i m 3 M

or the linear dimensions of the orbits of M  and m are in the
ratio of m to M.

268 . Cor . 1. It follows from this that the perturbation of
the Sun by any planet is very small, because his mass is so
much the greater of the two masses.

In the same way it will be shewn that the combined effect
of the heavenly bodies in moving the Sun is very slight ; and
therefore the error in Kepler ’s Laws , anticipated in Art . 26l,
owing to the supposed immobility of the Sun , is not very
great . Thus far , then , we are confirmed in our hypothesis of
Universal Gravitation.

269 - Cor . 2. We have seen (Art . 257-) that if /u be the
absolute force of a centre of which the law is that of the inverse
square , and a the semi-axis major of the orbit described , the
periodic time

M and m being the masses of the Sun and a planet.
Let m' he the mass of another planet : and a the semi-axis

major of its orbit , T’  its period ;

27ta'i  T 2 d3 M + m— — —, and .-. ——= - .
y/M + m' T a 3 M + m

This shews that Kepler ’s Third Law would not be true
even if we suppose that the planets do not attract each other,
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unless their masses were equal to each other . The deviation,
however, from the truth is extremely small.

270. The investigations in Arts . 252, 260, shew us that
if our law of gravitation be true , the only orbits which a
heavenly body will describe , supposed to be acted on only by
the Sun, are an ellipse , a parabola , or a hyperbola with the
Sun’s centre in the focus.

The manner in which the magnitude and position of the
orbit of a heavenly body is determined by actual observation
will be found in Works on Plane Astronomy . We shall here
briefly explain the process. There are six quantities which de¬
termine the position and magnitude of an elliptic or hyperbolic
orbit , and the place of the body in its orbit : these are called
the elements  of the body ’s orbit , and are (1) the inclination
of the orbit to the ecliptic , and (2) the longitude of the ascend¬
ing node, these determine the position of the plane of the
orbit  in space : next (3) the longitude of the perihelion , (or
point of the orbit nearest the Sun) , which determines the
position of the orbit itself:  then (4) the mean distance , and
(5) eccentricity , which determine the magnitude  of the orbit,
and lastly (6)  the epoch, or the time of the planet ’s being in
the perihelion , this determines the position of the body itself
in its orbit.

The elements of a parabolic orbit are five in number , being
the same as the above, if we replace the mean distance and
eccentricity by the perihelion distance.

The elements of a circular orbit are only four in number,
the eccentricity and longitude of the perihelion not being
required.

In order to  determine the numerical values of the elements

of any heavenly body (supposed to move in a conic section with
the Sun in the focus) two Trigonometrical equations * are
deduced connecting the elements with the right ascension and

O O

* For a parabolic and circular orbit see Maddy’s Plane Astronomy, Chap. XIV.
Woodhouse’s Plane Astronomy, Chap. XXIV.

But for other orbits the reader may consult the Work of Lalande ; Gauss's Theoria
Motus Corporum Ccelestium; the M^canique Celeste, Vol. I . ; Lagrange’s Mec.
Analytique ; Pontecoulant's Throne Anal , du Systeme du Monde, and Mr Lubbock’s
Mathematical Tracts and various Papers in the Transactions of the Philosophical and
Astronomical Societies.
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declination of the body and the distance of the Earth fromthe Sun.
Since there are five or six quantities to be determined three

independent observations must be made on the declination and
right ascension of the body : when these are substituted
successively in the two equations mentioned above we shall
have six equations involving the elements : by means of which
we shall be able to calculate the magnitude and position of theorbit.

271 . By methods of this nature Kepler discovered his
three planetary Laws.

Also Astronomers have in this way proved , that comets
move in orbits most of which are parabolic , some elliptic , and
others probably hyperbolic . In consequence of the vast dis¬
tances to which comets penetrate into space, they are invisible
except when near the Sun . During their appearance numerous
observations are made, in order that the elements may be de¬
termined with the greatest possible accuracy . The calculations
for parabolic motion are less laborious than for elliptic or
hyperbolic motion. The elements are therefore first calculated
on the supposition that the orbit is a parabola . If the
elements thus calculated shew that the comet has passed so
near any of the planets as to have experienced a sensible per¬turbation the elements must be corrected in a manner to be
explained hereafter.

If a parabola will not coincide with the orbit calculations
must be made for an ellipse or hyperbola . It is thus found
that “ three or four comets describe very long ellipses : andnearly all the others that have been observed are found to move
in curves which cannot be distinguished from parabolas . There
is reason to think that two or three comets move in hyper¬bolas .” (Airy’s Gravitation , page 15.)

272 . Our calculations have been hitherto respecting thenature of the orbits described . We now proceed to deduce
formula? for determining the time that the body occupies in
moving through a given angle ; and conversely the angle described
in a given time : by the former we know the time of the bodybeing at a given place, and by the latter we know the place ofthe body at a given time.
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Prop . To  find the time of motion of a planet or comet  1

through any portion of an elliptic orbit, the Sun 's centre  1
being in the focus.

273 . Let 0 and -zet be the longitudes of the body and the
perihelion , that is, the point of the orbit nearest the Sun : a
the semi-axis major of  the orbit : e the eccentricity : /x  the sum
of the masses of the Sun and the body (Art . 265) : then the
equation to the orbit is

Now h must be determined in terms of the quantities above
given, since the orbit to be described is known and not the
original circumstances of projection . The following method,
which we here apply to the ellipse, will answer our purpose
in every case. By Art . 243, h = vp at every point of a central
orbit ; v being the velocity and p the perpendicular from the |
centre of force on the tangent -at that point : also by Art . 245, >

the velocity is that due to one-fourth the chord of curvature jj
through the centre of force ; j

n2= i V : but p2= —' - from the focus ;
a**’ ~ rl/y \ On /»’ Sdpr

|
s/ “~ - V,h = vp pa (l —e2)

Then the time of moving from the perihelion through the j
angle 0 - •zet = I

r ! d.0 (f (1 —e2)i
j 1+ e cos (0 - ■zd') ^

ai (1 —e )i0 - 0* f° _ d0_ }
vO 7®{(1+e)cos21|(0-'2r)+(l-e)sin2±(0 |

2a 'l ( l —e2) l
V' M

d tanL (0 —■ar)
(0 - -or)

{(1 + e) + (1 - e) tan2 (0 - -m)  |
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To simplify this let

tan -1 (0 =v71 + e u-tan —1 - e 2 0 );

■. t =
1 1+ <% 2U\

f u \ + i_ e an aj d
\/ M Jo

7.4

(l + e)3sec‘-
du V1+ e tan - ') dul - e 2y

= —j= / (l —e cosu) du
V M J 0

a§ . af l■■—7 = (u —e sin w) , let — = —;
V fx v /u n

■ nt = u — esinw. .( 2).

When 0 is given we calculate u  by (l ) , and substituting
in (2) we know t.

The angle 9 — sr,  or the excess of the longitude of the
body over the longitude of the perihelion , is called the true
anomaly:  and nt  is called the mean anomaly , since it varies
uniformly with the time and coincides with the true anomaly
at the end of each revolution , as the formula ; ( l ) (2) shew.
Also the angle u is called the eccentric anomaly , since it equals
the angle QCA (fig . 81) , as may easily be proved : P  is the
body , APa  the ellipse , S  the focus, AQa  a circle on Aa.

Cor . 1. If t be not measured from the epoch of passing
the perihelion , but from the time when u = u , then

t = ——= | (u —ut) —e (sin u — sin u t) ^.V n

Cor . 2. Whenever u increases by 27r, 9 increases by 2w,
and t by —-7= , This , then , is the periodic time of the
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planet : it is remarkable that it is independent of the eccen¬

tricity of the orbit.
To solve the converse of this Proposition , that is , to find

the position of a heavenly body in its elliptic orbit at any time
in terms of the time and the elements of the orbit , we must

effect several expansions.

Prop . To  expand the true anomaly in terms of the
eccentric anomaly.

IS/ ** . JJV last -di ticic lan - = \j - tan — .
• j O v  J £ o

Substituting the exponential expressions for the tangents,

1 ,iW - 1_ 1 / l + e

g(6- «r; v - i +  i gtiV^ T+ i l — e

in which e is the base of Naperian logarithms.

i - xg - w - i(m + l ) tu
l - Xew ‘(yra-f l ) - (m—  1) €

{9- nr) y/ l + logs(l - \ e O - log . O - X'-’*' -1)

\/ - l + X ( ? V̂ T) -|- (e2«V̂ I

2 X2 2 X3
••• 9 - w" = u + 2X sin u -j - sin2 u -i-sin 3u + . . .

2 3

y/ X+ e —y/ X—e 1 —y/1 — e2
in which X =

Prop . To expand the eccentric anomaly in term: of
the mean anomaly.

275. By Art . 273, u = nt + e sin u.

Hence by Lagrange ’s Theorem , putting nt = ar,
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e2 d sin2# e3 d2 sin3 #u = # + e sin # +
1 . 2 . 3 d#21 . 2 d#

= # + e sin # + i -e2 sin 2# + ^ e3(2 sin# —3 sin3#) + . . .
= + e sin nt + ^ es sin 2nt + -| -e3 (3 sin Snt — sin nt ) + . . .

Prop . To  expand sin u , sin 2u , . . . in terms of the meananomaly.

276 . By Lagrange’s Theorem,
d sin #

1 . 2 d#
. , , omsin u = sin # + e sm # - 1-—d# 1 . 2 d

= sin # + e sin # cos # + ^ e2(2 cos2# sin # —sin3#) + . . .
= sin # + ^ e sin 2# + -| -e2(2 sin 3# - sin #) + . . .
= sin nt + -1 e sin 2nt + ^ e2(3 sin Snt —sin nt ) + . . .

. . . . d sin 2 #Again, sin 2m = sin 2# + e sin # - 1- . . .d#
= sin 2nt 4-2e sin nt cos 2nt + . ..

= sin 2nt + e (sin Snt —sin nt) 4- .
sin Su = sin Snt + . . .

and so on.

Prop . To  expand the true anomaly in terms of the
mean anomaly.

277- By Art . 274- we have
„ . 2A2 . 2 \ 3 .V - sr = u +  2X smiH - sin 2 u 4- sin Su + . . .32

1 - \f \ ~ eiwhere \ = e

Then substituting for u , sin u, sin 2u . . . the values ob¬
tained in the last two Articles, and retaining powers of e as
far as the cube,
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0 —•3r= w £+ esinM #+ -̂ e2sin2 « £+ -̂ e3(3 sin Snt — sin nt ) + . ..

+ 2X^sinw#+ lesin2w ^+ -| e2(3sin3n #- sin nt) + . . .}

+ X2|sin 2nt + e (sin Snt -  sin nt) + .}

+ -| X3sin Snt +.

f e3\ . 5e 9 . 1 Se3 .
= nt + 2e h—  sin nt  h-sin 2nt  h-sin 3nr + . . .

\ 4 / 4 12

which is true as far as terms involving e3.
2IJ8.  Cor.  If the time t be not measured from the time

of perihelion passage, suppose e is the mean longitude of the
body when t = 0 ; then the mean longitude at the time t is
nt + e ; and the mean anomaly is nt + e —nr ■ in this case, then,

6 —nr —nt + e — nr + ^2e + —j sin (nt + e —nr)
Be1

+ — sin 2 (nt + e - nr) + . ..
4

e is called the epoch.

Prop . To  expand the radius vector  r in terms of the
mean anomaly.

279 . The radius vector
a ( l - e2) a ( l —es)

l + ecos( 0- 3j ) ( l + e) cos2-! (8 - nr) + (l - e) sin2-| -(0 —sr)
f l + e „«)

«c- C’)se.-4 («- ^ ) i+ lm s]
l + e+ (l -e)  tan 2l (0 - nr) u

* (l + e) sec2 —

= a -e)  cos'2- + (l + e) snr —
2 2

—e  cos u ) .

But u = nt + e sin u ; putting nt = z,
d cos z e2 did cos *1

cosm = cos » + e sin # — -- h - — ( snr # — -- > + . . .
dz  1 . 2 dz ( dz )

= cos z —^ e (l —cos 2z) - e2 (3 cos %—3 cos 3 z) .+ . . .
r  e 2 e3 3 e3
—= 1 h- e cos nt -cos 2 nt - (cos 3 nt — cos nt ) + ..
a  2 2 8 v '
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280 . Cor . If t be measured as in Art. 278, then
{l + e2— ecos (nt + e—zzr) - ^ e8 cos 2 + s - nr) - _j.

r =«

The time of describing a given portion of an elliptic hyper¬bolic or parabolic orbit may be found in terms of the radiusvectors at the extremities of the arc and the chord of the arc.
These expressions are useful in determining the elementsof a heavenly body. They will be found in Maddy’s Plane
Astronomy,  Chapter xm . New Edition : and in the Systemedu Monde  of M. Pontecoulant, Tom. I . Liv. n . Chap. v.

Prop . To  find the time of describing a given portion ofa parabolic orbit about the, Sun in the focus.

281. We have r~~ =h : h=\/ 2^D,  and r = -—irr—rr,-
dt  cos 3f (9—nr)is the equation to the parabola, 9 and nr  being the longitude

of the comet and of its perihelion measured from the Sun, andD the perihelion distance;

d tan ^ (6 —nr) {l + tan3^ (9 - nr) \ d9

\J 9‘- D* {tan 1 (0 - nr) + 1 tan31 (0 - nr) },
t being measured from the time of the perihelion passage.

By this equation it is easy to calculate the time of de¬scribing a given angle.
Prop . To find the position of the comet in a parabolic

orbit at a given time.
282. This would require the solution of the cubic equation

in the last Article. This is, however, obviated in the followingmanner.

. •. nt = tan (9 - nr) + tan 3 L (9  _
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A Table is formed consisting of two columns : one with values
of t and the other with the correspondingvalues of 9 —nr  calcu¬
lated from this formula for an orbit in which n = 1. Suppose,
then, that we wish to find the position of a comet in a given
parabolic orbit (the mean motion in which is n)  at a given time t.
We must multiply t by n and look for the value of 9 —nr
opposite the value of nt  in the first column. This gives the
position of the comet.

Prop . To find the place of a comet at a given time in a

very eccentric elliptic orbit.

By Art . 27 3. ■\/V 11+e cos (0- nr)\283 . By Art . 27 3.

Let D be the perihelion distance ; D = a (l —e) ;

dt ifi (l + e)^ sec4\ (9 —•zet)
dd  vV { (1 + e) + (1 - e)  tan2l (9 - •zzr )} 2

-/ ■r seci i (9 - Br) i 1 + yA tan2 i (f) - w ) }
V MU + e) i + e

Expanding in powers of 1 — e , and neglecting powers of 1 — e
higher than the first, because e = 1 nearly;

nt =i (1 (0 — sr) { l - (X—c) tan2^(0—nr) ]d0

r e d  tan 1 (9 - w)L doL {1 + tan 2-jy (9 - nr)

+0 - <0 [i - ! tan'2i (0- - tan 4 L (0- nr)]| d,0  ;
nt -  tan 1 (0 - nr) + ^ tan 3^ (9 - nr)

+ (1 - e)  tan | (9 - nr) - £ tan 31 (0 - nr) - ~ tan 31 (0 - 73-) *.

The following is a convenient method for calculating the
value of 0 —nr  for a given value of t.
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Suppose 0'—■ar is the true anomaly of a comet at the time
t moving in a parabolic orbit of which D is the perihelion dis¬
tance ; then by Art. 282.

nt = tan A (0'- -ar) + 1 tan3 A (O'- -&) .
Let 0 —•ar= 0'—sr + a?: then putting this for 0 —nr  in

the first expression for nt,  and neglecting the squares and
products of x and e,  we have by Taylor’s Theorem

nt = tan A(O' - •ar) + ^ tan3 A (0'_

+ - sec1—-- 1-tan A(0' - ■ar) { l - tan2 A (0' _ >ar)

— i tan4  i ( O' — ‘sr ) } >

and eliminating nt  from these last two equations
x = Yo (1—e) tan 2 {O’— ar) {4 —3 cos2-̂ (O'—ar) —6 cos (0'—ar) } .

A third column must now be added to the Table men¬

tioned in Art . 282. consisting of values of — for the cor¬
responding values of t and 0 —ar. When this is constructed

7
the manner of using it is as follows. Suppose 'V c) -jy = » in
our orbit : then in the first column look for the time n t ; and
take the corresponding values of 0 —ar and - - : multiply the
latter by 1 —e,  which will depend upon the form of the orbit,
and then the true anomaly at the time t will be this quantityadded to the value of 0 —ar thus found.
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