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SPHERICAL PROBLEMS.

BOOK IL

PROBLEM 1.

GIVEN one fide AC, an angle adja-
cent ACB, and the fum of the remain-
ing angles A and B, to determine the
great circle {pherical triangle A B C, —

(PL = fig, 7-)

ANALYSIS. Suppole the thing done, and
compleat the parallelogram A DB C, and
produce DA, BC, to meet in I and V;
then, becaufe angle D=C and B=A, alfo
their fum S=D+B+C+ A being given, we
have angle A=p2" "1: e

angle CAV=90?~DAC, and

3 £ons

fequently,
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ACV=9go®°—~ACB, are alfo given; and
we have in the triangle A CV two angles,
and the included fide A C, to conftrut the

triangle.

5088 S S DO

THEOREM 1.

If the angular points A BC, of the
great circle {pherical triangle ABC, be
the poles of three great circles; thefe
great circles, by their interfeGions, will
form another triangle FDE, which is
called fupplemental to the former, that
is, the fides FD, DE, EF, are the
fupplements of the meafures of the op-
pofite angles C, B, A, of the triangle
ABC, and the meafures of the angles
F, D, E, of the triangle FDE, will be
the fupplements of the fides AC, BC,
B A, in the triangle ABC — (PL 7.

fig. 14.)
Let AB, produced, meet DE, EF, in

G, M, and AC meet FD, and FE in KL,
and BC meet FD, DE, in N, H.
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Since A is the pole of FE, and the circle
A C pafles through A, EF will pafs through
the pole of AC; and fince AC paffes through
C, the pole of FD; FD will pafs through
the pole of AC, therefore, the pole of AC
is in the point F, in which the arches FD,
EFY, interfe@ each other. In the fame manner
D is the pole of BC, and E the pole of A B.

And fince F, E, are the poles of AL, AM,
FL, and EM are quadrants, and Bl EM,
together, that is, FE and ML togerher are
equal to a femicircle. But fince A is the pole
of ML, ML is the meafure of the angle
BAC, confequently FE is the fupplement of
the meafure of the angle BAC. In the fame
manner. £ED, DF, are the [upplements of the
mealures of the angles ABC, BC A.

Since, likewife, CN, BH, are quadrants,
CN, BH, together, that is, NH, BC, to-

. gether, are equal to a femicircle; and fince
D is the pole of NH, N H is the meafure of

the angle ¥ D E; therefore, the meafure of the
aigle FDE is the fupplement of the fide B C.
In the fame manner it is fhown, that the
meafures of the angles DEF, EFD, are the
fupplements of the fides A B, AC, in .the
triangle ABC,
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PROBLEM II.

Given the fides A B, BC, and the
fum of the angles at the bafe A+ C, to
determine the great circle {pherical tri-

angle ABC, —(PL 7. fig. 8.)

ANALYSIS. Suppofe the thing done, and
about A, B, C, as poles, defcribe the great
circles FE, DE, DF, and produce FD, FE,
till they meet in I; then, fince FE is the
fupplement of the meafure of angle A, (T.I.)
the {fupplement of TE, IE, muft be the meafure
of angle A. And in like manner we prove
that DI is the meafure of angle C.

Again, angle DEF being the meafure of
the fupplement of AB, angle DEI muft be
the mealure of AB; and for the fame reafon
angle ID E will be found the meafure of B C.
Hence in the triangle ABC, we have given
the angle IED meafure of AB,

IDE -— BC,-

e DI+ EI —- A +C,

Compleat the parallelogram D E G H, and join

D, G: Becaule, in the triangle DE G, the
T
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angle E is given, the fum of the angles
EDG+DGE=FI-IDE, and GE=IF—
DI-IE; the problem is reduced to the lafh.

PROBLEM 111,

Given one fide AC, the vertical angle
A, and the fum of the remaining fides
A B and BC, to determine the f{pherical
triangle A B C, of uniform curvature,

&c. —(PL 7. fig. 9.)

CON. Having drawn ATc, ABD, in-
cluding the given angle A, lay off AT, At,
AC+A];3+B_§; e T
the perpendiculars T O, Ot to meet in O;
with radius TO=0¢t and center O, defcribe
the circle TPt, and from A lay off AC,
the given fide. Laftly, lay of CP=CT,
with radius CP and center C, which will be
a tangent to TP at P, and produced, will
cut AB in B. .

DEM. By conftruttion, and 1. V. B. III,
A is the vertical angle, A CB the fum of the
fides, and A C is the given fide.

JOR. 1 Ac and angle A had been given,

each equal s b, erect
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and Ab—cb, the difference of the other fide
and bafe, the conftruétion and demonitration
would have been exaltly the fame.

SCHOLIUM. The folutions of {pherical
problems may often be facilitated by the me-
thod ufed in P.Il." Thus, if we fuppofe ACB
a great circle triangle, (Pl. 7. fig. 8.) A B+
BC, AC and angle A given as in the pro-
blem, and circles drawn about the polés
C, A, B, we have given

D F E = the meafure of {upplement A C,
EDF+DEF fupplement CB+ B A,
and TE — fupplement of A,

to conftrutt the triangle DEF, being the fame
data as in P. L

Or the problem may be conftrufted thus:
Suppofe CB, B A, PL 4. fig. 17. produced
till they meet in I, and compleat the paralle-
logram CAPD; join CP, then in the tri-
angle CAP are given CA, AP, (=BI-
CB+BA) and angle A (= fupplement angle
C AB) to determine the reft.

-

PROBLEM IV,

Given the vertical angle A, and the
Ao '
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fum of each fide (AC+CQ and AB+
BQ ) added to its adjacent fegment,
made by an arch AQO bifeGting the

vertical angle, to determine the {pherical

triangle. — (PL 7. fig. 9.)

ANALYSIS. Since the fum of each fide,
added to its adjacent fegment, is given, the
perimeter is given, whence making the fame
preparation, as in P. 1L, the radius TO=0P
of the circle TP is allo given, and fince T C
=CP, if we lay off AV =AC+CQ_, we
have VT=QD, which laft will confequently
be given. Again, fince AT, and the angles
TAO, ATO, are all given, TO A is given,
and, hence, the following

CON. Having defcribed the fmall circle TP,
defcribe 2 circle CQP B of equal curvature
and convexity with AC and AB, to touch it
in any point P. Lay off PQ=AT—-AV, and
through O, Q_, draw the great circle O Q A.
Trom O lay off T O, forming the knows angle
AOTs and from T draw the circle TA a
tangent to TP in T, and cutting CA in A,
and CB in C. Draw A Bt a tangent to TP
int, (P.1X. B.L) and cutting CB in B; fo
:s A B the triangle required; the demonftra-
sion of which is plain from the analyfis.

-
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PROBLEM V.

Given the bafe CB, the {fum of the
fides AB+AC, and the vertical angle
A, to conftru&t the great circle {pherical
triangle, &c.—(PL 7. fig. 16.)

CON. Having laid off the vertical angle A,
and drawn the circle Tt, as in P. 1V, from
A lay off LA, VA, each =3 AB+AC—CB.
Erett the perpendicular arches L Q, VQ,
meeting in Q; and with radius LQ = vVQ,
(C.1v. T.XXIlL. B. 1.) defcribe the circle L V.
Laftly, draw the circle CIP B, touching the

circles L.V, Tt, in I and P refpectively,

(P. VII. B. I of conftru&tion) and the thing
is done.

DEM. By conftru&tion, CA+AB+CB
(T.V. B.III) =the given perimeter, and T At
=the given, vertical angle. Allo TA-LA=
T L =BC." (T VB, 1lL:*)

* This propofition (and its corollaries) muft be confi-
dered as relative to great circle triangles only, for though
it involves no abfurdity as there propofed, it has been
difcovered (fince it was put to the prefs) that it can
enly apply in that particular cafe.
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PROBLEM VI.

Given the bafe CB, the perpendicular
OP, and vertical  angle COB, to ¢on-
ftru® the great circle triangle. — (Pl. 6.

fig. 15.)

ANALYSIS.  Suppofe the thing done, and
with radius O P, and center O, defcribe the
fmall circle TPt. Through C and B, draw
the great circls ACT, ABt¢, tangents to
TPt in T, t, and meeting in A, and join
GO, T OV and £+ 0.

Becaufe PC=TC, and TO=0P, and
angle T=P and CO, common to the two
triangles TCO, COP, they are equal and
fimilar, and confequently angle TOC=COP;
and fince in like manner it may be proved that
BOt=BO P, therefore the whole angle TOt
is equal twice COB, a given quantity.

CON. Hence having defcribed TPt, and
laid off“from O the angle TOt, then if tan-
gents TA, tA, be drawn to TPt at T and
t, the problem is reduced to the laft.

-
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PROBLEM VII.

Given the wvertical angle BV C, and
the radii DO, QE, of two circles in-
fcribed in the parts BV R, CVR, of
a great circle {pherical triangle BV C,
made by a line VR, bife@ing  that
angle to conftru@ the triangle. — (PL 7.

fig. 13.)

CON. On DO, delcribe the triangle
DVO right angled at D, and having its
_BVC

4
draw VIR a tangent to DI at I parallel to
which, (through the center O of DI) draw
PO a finall circle; join O, I, and upon O I,
produced, lay off IL=QE; and through L
draw the fmall circle LQ parallel to VAR.
Again, upon the arch qa=QE, eredt the
triangle aqv right angled at a, and having
the angle qva=DVO; and from V apply
VA upon VR equal va.  Alfo, at right
angles to VA, through A, draw the great
circle PAQ, cutting LQ_in Q and PO in

vertical angle DV O 5 and from V
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P; and with radiws AQ_and center Q, de-
feribe the circle AE. Draw VEC touching
AL in E. Laftly, draw BFGC a tangent to
DI and AE in F, G, refpe@ively, and
meeting VD and VE, produced in B and
C refpettively, and the thing is done.

DEM. By the nature of the circle and
conftrution, angle D VI is half the given angle: ;
Alfo, becaufe PO, VI, QL, are parallels,
and the angles at I and A both right angles,
we have IO=PA and IL=AQ=QE, the
required radii. And, fince, VA=va and
angle AVQ=avq, the point A falls at the
required diftance uvpon V R from V, the reft
is evident. \

PROBLEM VIII,

Given two fides AC, CB, and the
area, to conftruct the great circle {phe-
rical triangle.—(PL 7. fig. 18.)

When the area is given, the fum of the
angles are alfo given, (T. VIIL B.IL) in which
cale we fhall have the following

CON. Bifett one fide CB in Q, and ere&t
the perpendicular Q V: Alfo, (by P. L) draw
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C V, meeting QV in V fuch, that the {fum
of the angless QCV+CV Q_fhall be equal
AGB+CABXABC,
<
B. IL) draw the equal =and parallel circles
a BV and CIA. lLaftly, with radius
C B, the other given fide and centre C, de-
feribe the fmall circle a B, interfe&ing aBV
inaand B; fo will CaB or CAB be the
required triangle.

DEM. Join V, A, then is the triangle
CAB=CVA (C.IL T.V. B.IL) =2
CQYV, the given area, the reft is evident.

COR. When CB necither cuts nor touches
aV, the problem is impoffible ; and, hence,
a and B will coincide when the triangle is a
maximum, and C B be perpendicular to both
aV and CQA; '

And here occurs an elegant inftance of
the obfervation contained in SCHOLIUM
P.III. For having defcribed about the points
A, B, C, as poles, the great circles FE, D E,
and DF, (PL 7. fig. 8.) then, fince the fum of
the angles C, A, and B, are given, the fum
of the fupplement of their meafures EF +DE
+DF, is alfo given; and fince CA and CB
are both given, the meafures of their refpeive

u

Again, (by S el
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fupplements, angle DT E, and EDFT, are alfo

given; Whence the problem may be eafily
and elegantly conftruéted.

PROBLEM IX.

Given the bafe CB, the perpendicular
AP, and the area, to confiru®t the
fpherical triangle. — (PL 7. fig. 11.)

Here the fum of the angles A, C, B, being
confequently given, we have this

CON. Having made the triangle C V Q,
and drawa the equal parallels AVa, CLB (as
in the lat problem) about the pole 1 of the

~great circle CQ B, defcribe the parallel AEa

at the diftance AI=the complement of the
given perpendicular A P to a quadrant;
throngh A, where this interfetts AVa in A,
draw the great circle IAP, meeting CB (pro-
duced if neceffary) in P; and join A, C,
and A, B, and the thing is done.

DEM. It is proved (fee the Iaft problem)
that triangle CAB=CVB=the given area;
and AP being by conftruftion the complement
of Al, is evidently equal to the given per-
pendicular.
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PROBLEM X, .

Given the perimeter, the vertical angle
V, and the perpendiculars Ov, On, and
OI, falling on each fide BV, VA,
and B A, from a point O within the
triangle BV A to conftru@ it.— (P1, 7.
fig. 12.)

CON. Having laid off the given vertical .
angle V, draw bO and Oa refpedively,
parallel circles to BV, VA, at the given
diftances of the perpendiculars VO, On,; and
from their- interfeGtion in O, with radius equal
perpendicular O I, defcribe the circle IE.
Laftly, lay off the circle TPt, of equal peri-
meters as in P. IV. and draw PI a tangent
to both circles at P and I refpettively (P. VIII.
B. L. of conftru&tion) and the thing is . done.
The demonftration is evident from the con-
{truction, '
U 2
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1 PROBLEM XI.

b | Given the vertical angle V, and the
. difference between each fide and its ad-
i jacent fegment of the bafe made by a
{| | perpendicular let fall thereon, from the
| vertical angle AV—AP and VB-PD,
to conftru® the great circle {pherical
triangle AV B. — (PL 6. fig. ok

PROBLEM XII.

Given the vertical angle V, and the
fam of each fide added to its' adjacent
fegment of the bafe made by a perpen-
dicular VP let fall therecon, from the
vertex V; AV +AP and VB+BP, to
conftrué the great circle fpherical tri-
angle AV B, — (PL 7. fig. 15.)

the ingeniouse

«~ The folutions of thefe two problems are left to

* L____ e




Plate 7.7
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