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THE

CONSTRUCTION

SPHERICAL PROBLEMS.

BOOK II.

PROBLEM I.

one side A C, an angle adja¬
cent AC B, and the sum of the remain¬
ing angles A and B, to determine the
great circle spherical triangle ABC . —-
(PI. 7. fig. 7.)

ANALYSIS . Suppofie the thing done, and
compleat the parallelogram A D B C, and
produce DA , BC , to meet in I and V;
then , because angle D = C and B = A, also
their sum S = D + B + C + A being given, we
, , a -n 8 - D - C S- 2Chave angle A —B ———- - = - ; con-

2 2

sequently, angle C A V = go° —D A C, and
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AC V = 90° —AC B, are also given ; and
we have in the triangle A G V two angles,
and the included fide AC , to construct; the
triangle.

THEOREM I.

If the angular points ABC,  of the
great circle spherical triangle ABC,  be
the poles of three great circles ; these
great circles, by their intersections , will
form. another triangle F D E, which Is
called supplemental to the former , that
is, the sides F D, DE , E F, are the
supplements of the measures of the op¬
posite angles C, B, A, of the triangle
ABC,  and the measures of the angles
F, D, E, of the triangle F D E, will be
the supplements of the sides AC , B C,
B A, in the triangle ABC. — (PI . 7.
fig. 14.)

Let A B, produced, meet DE , E F, in
G, M, and A C meet F D, and FE in KL,
and B G meet FD , DE , in N, H.
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Since A is the pole of FE , and the circle
A C passes through A, E F will pass through
the pole of AC ; and since AC passes through
C, the pole of FD ; FD will pass through
the pole of A C, therefore , the pole of A C
is in the point F , in which the arches F D,
EF , intersect each other . In the same manner
D is the pole of B C, and E the pole of A B.

And since F , E, are the poles of A L, A M,
F L, and E M are quadrants , and EL , E M,
together , that is, F E and M L together are
equal to a semicircle. But since A is the pole
of ML , ML is the measure of the angle
B A C, consequently F E is the ' supplement of
the measure of the angle BAC.  In the same
manner ED , D F, are the supplements of the
measures of the angles ABC,  B C A.

Since, likewise, C N , B H, are quadrants,
C N , BH , together , that is, N H , B C, to¬
gether , are equal to a semicircle ; and since
D is the pole of N H , N H is the measure of
the angle IDE;  therefore , the measure of the
angle F D E is the supplement of the side B C.
In the same manner it is Ihown, that the
measures of the angles DEE,  E F D , are the
supplements of the .sides AB , AC , in the
triangle ABC.
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PROBLEM II.

Given the fides AB , B C, and the
sum of the angles at the base A + C, to
determine the great circle spherical tri¬
angle ABC. — (PI . 7. fig. 8.)

ANALYSIS . Suppose the thing done, and
about A, B, C, as poles, describe the great
circles FE , DE , DF , and produce FD , FE,
till they meet in I ; then , since FE is the
supplement of the measure of angle A , (T . I.)
the supplement of F E , IE , must be the measure
of angle A. And in like manner we prove
that DI is the measure of angle C.

Again , angle D E F being the measure of
the supplement of AB , angle DEI must be
the . measure of AB ; and for the same reason
angle IDE will be found the measure of B C.
Hence in the triangle ABC,  we have given
the angle IED measure of AB,
-IDE - - BC,
■- DI + EI - A + C.
Compleat the parallelogram DEGFI,  and join
D , G : Because, in the triangle D E G , the

T
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angle E is given, the sum of the angles
EDG + DGErFI —IDE,  and G E = IF  —
DI —IE;  the problem is reduced to the last.

PROBLEM III.

Given one fide A C, the vertical angle
A, and the sum of the remaining sides
A B and B C, to determine the spherical
triangle ABC,  of uniform curvature,
&c. — (PI. 7. fig. 9.)

CON . Having drawn A T c, A B b, in¬
cluding the given angle A, lay oft AT , A t,
each eciual AC + AB + BC from T , t, erect:

the perpendiculars TO , O t to meet in O;
with radius TO —Ot and center O, describe
the circle T P t , and from A lay off A C,
the given side. Lastly, lay off C P = C T,
with radius C P and center C, which will be
a tangent to T P at P , and produced , will
cut AB in B.

HEN . By construction , and T . V. B. III.
A is the vertical angle, A C B the sum of the
sides, and A C is the given side.

COR. If Ac and angle A had been given,
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and Ab —c b, the difference of the other side
and base, the construction and demonstration
would have been exactly the same.

SCHOLIUM . The solutions of spherical
problems may often be facilitated by the me¬
thod used in P. II. Thus , if we suppose ACB
a great circle triangle , (PI. 7. fig. 8.) A B +
B C, AC and angle A given as in the pro¬
blem, and circles drawn about the poles
C, A, B, we have given

D F E = the measure of supplementA C,
EDF + DEF — —- supplement CB + BA,

and FE ——- supplement of A,
to construct the triangle D E F, being the same
data as in P . I.

Or the problem may be constructed thus:
Suppose C B, B A, PI. 7. fig. 17. produced
till they meet in I , and compieat the paralle¬
logram CAPD;  join CP , then in the tri¬
angle CAP are given CA , AP , (- B I —
CB + BA)  and angle A (= supplement angle
CAB)  to determine the rest.

PROBLEM IV.

Given the vertical angle A, and the
T 2
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sum of each side fA C + C Q ^ and AB +

B Q_ ) added to its adjacent segment,
made by an arch A CM) bisecting the
■vertical angle , to determine the spherical

triangle . —- (PI. 7. fig. 9.)

ANALYSIS . Since the sum of each side,

added to its adjacent segment, is given , the

perimeter is given, whence making the fame

preparation , as in P. III, the radius T O = O P

of the circle T P is also given, and since T C

= CP , if we lay off A V = AG + Cwe
have VT = CLP, which last will consequently

be given. Again , since A T , and the angles
TAG,  A TO,  are all given, TO A is given,

and, hence, the following
CON . Having described the small circle TP,

describe a circle C QJP B of equal curvature
and convexity with A C and A B, To touch it

in any point P. Lay off P Q_= A T —A V, and

through O , 0 ^, draw the great circle O CLA.
From O lay off T O, forming the knows angle

A OT ; and from T draw the circle TA a

tangent to T P in T , and cutting C A in A,
and CB in C. Draw ABt a tangent to TP

in t, (P. IX. B. I.) and cutting C B in B ; so

is CAB the triangle required ; the demonstra¬

tion of which is plain from the analysis.
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PROBLEM V.

Given , the base G B, the sum of the
fides A B + A C, and the vertical angle
A , to construct the great circle spherical

triangle , & c. — (PI. 7. fig . 16.)

CON . Having laid off the vertical angle A,
and drawn the circle T t, as in P. IV, from

A lay off L A, VA , each = 1. AB +AC - CB.
Erect the perpendicular arches L Q ,̂ V C) ,
meeting in Qj , and with radius LQ >= V ()_,
(C . IV. T. XXII . B. I.) describe the circle L V.
Lastly, draw the circle CIPB,  touching the
circles L V, T t, in I and P respectively,
(P . VIII. B. I. of construction ) and the thing
is done.

DEM . By construction , CA + AB + CB
(T . V. B. III .) = the given perimeter , and T At
= the given, vertical angle . Also TA - LA =
TL = BC. (T . VI . B . III. *)

*  This proposition ( and its corollaries ) must be Const-

dtered as relative to great circle triangles only, for though
it involves no absurdity as there proposed , it has been
discovered (since it was put to the press) that it can
®nly apply in that particular case.
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PROBLEM VI.

Given the base C B, the perpendicular
O P, and vertical angle COB,  to con¬
struct the great circle triangle . — (PI. 6.
fig . 15 .)

ANALYSIS . Suppose the thing done, and
with radius O P, and center O, describe the
small circle T P t. Through C and B, draw
the great circles ACT,  A B t, tangents to
T P t in T , t , and meeting in A, and join
0,0;  B , O;  T , O, and t O.

Because PC = TC , and TO = OP , and
angle T = P and C O, common to the two
triangles T C O, COP,  they are equal and
similar, and consequently angle TOC - COP;
and since in like manner it may be proved that
B O t = B O P, therefore the whole angle T Ot
is equal twice COB,  a given quantity.

CON . Hence having described TPt,  and
laid off from Q the angle T O t, then if tan¬
gents T A, t A , be drawn to TPt at T and
t, the problem is reduced to the last.



4

.PI a te .6.
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PROBLEM VII.

Given the vertical angle B V C, and
the radii D O , QJi , of two circles in¬
scribed in the parts B V R , C V R , of
a great circle spherical triangle B V C,
made by a line V R , bisecting that
angle to construct the triangle . — (PI. 7.
fig . 13.)

CON . On D O, describe the triangle
DVO right angled at D , and having its

vertical angle I ) V O — and from V4
draw V I R a tangent to DI at I parallel to
which , (through the center O of D I) draw
P O a snail circle ; join O, I, and upon O I,
produced , lay off Ib - CPE ; and through L
draw the small circle L parallel to VAR.
Again , upon the arch qa = Ĉ E , erect; the
triangle a q v right angled at a, and having
the angle qva = DVO;  and from V apply
V A upon V R equal v a. Also, at right
angles to V A , through A, draw the great
circle PACK , cutting L in and PO in
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P ; and with radius A and center l^ , de-
scribe the circle A E. Draw V E C touching
A E in E. Lastly, draw B F G C a tangent to
DI and A E in F, G, respectively, and
meeting V D and Y E, produced in B and
C respectively, and the thing is done.

DEM . By the nature of the circle and
construction , angle D VI is half the given angle:
Also,, because PO , VI , (LL , are parallels,
and the angles at I and A both right angles,
we have I O = P A and IL = A Qj = (LE , the
required radii . And , since, V A = v a and
angle A V (L= a v q, the point A falls at the
required distance upon V R from V, the rest
Is evident. ,

PROBLEM VIII.

Given two fides AC , C B, and the
area , to construct the great circle sphe¬
rical triangle .— (PI. 7. fig . 18.)

When the area is given, the sum of the
angles are also given, (T . VIII . B. II.j in which
case we shall have the following

CON . Bisect one si de C B in Q , and erect
the perpendicular<̂ V : Also, (by P. I.) draw
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C V, meeting Q V̂ in V such, that the sum
of the angles QjC V 4- C V shall be equal

ACB + C AB + A_B_C . Again , (by P . I.
!4

B. II.) draw the equal and parallel circles
a B Y and CIA.  Lastly , with radius

C B, the other given fide and centre C, de¬
scribe the small circle a B, intersecting a BY
in a and B ; so will C a B or CAB be the

required triangle.
DEM . Join Y, A, then is the triangle

C A B = C V A (C. II . T . V. B. II . ) - 2.
C (VV, the given area, the rest is evident.

COR . When C B neither cuts nor touches

a V, the problem is impossible ; and, hence,
a and B will coincide when the triangle is a
maximum , and C B be perpendicular to both
a Y and C CUA;

And here occurs an elegant instance of
the observation contained in SCHOLIUM

P . III . For having described about the points
A , B, C, as poles, the great circles FE , DE,
and D F, (PI. y.  fig . 8.) then , since the sum of
the angles C, A, and B, are given, the sum
of the supplement of their measures E F + D E

4 - D F , is also given ; and since C A and C B

are both given, the measures of their respective
U
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supplements, angle D F E, and EDF,  are also
given ; Whence the problem may be easily
and elegantly constructed.

PROBLEM IX.

Given the base GB, the perpendicular
A P, and the area, to construct; the
spherical triangle . — fPl. 7. fig. n .)

Here the sum of the angles A , C, B, being
consequently given, we have this

CON . slaving made the triangle C V
and drawn the equal parallels A V a, C L B (as
in the last problem) about the pole I of the
great circle C CEB, describe the parallel A E a
at the distance Al - the complement of the
given perpendicular A P to a quadrant;
through A, where this intersects AVa in A,
draw the great circle IAP,  meeting CB (pro¬
duced if necessary) in P ; and join A , C,
and A, B, and the thing is done.

DEM . It is proved (fee the last problem)
that triangle C A B = C V B = the given area ;
and AP being by construction the complement
of Al , is evidently equal to the given per¬
pendicular.
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PROBLEM X.

Given the perimeter , the vertical angle
V , and the perpendiculars O v, On , and
O I, falling on each side B V, V A,
and B A, from a point O within the
triangle B V A to construct , it . — (PI. 7.
sig. 12.)

CON . Having laid off the given vertical .
angle V, draw b O and O a respectively,
parallel circles to B V, V A , at the given
distances of the perpendiculars Y O, On , and
from their*intersection in O, with radius equal
perpendicular O I, describe the circle I E.
Lastly, lay off the circle T P t, of equal peri¬
meters as in P . IV. and draw P I a tangent
to both circles at P and I respectively (P. VIII.
B . I . of construction ) and the thing is done.
The demonstration is evident from the con¬
struction. ' 1

U 2
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PROBLEM XI.

Given the vertical angle V, and th©
difference between each side and its ad¬

jacent segment of the base made by a
perpendicular let fall thereon , from the

vertical angle AY - AP and VB - PB,
to construct the great circle spherical
triangle AVB, — (PI . 6. fig. 17.)

PROBLEM XII.

Given the vertical angle V, and the
furn of each side added to its' adjacent

segment of the base made by a perpen¬
dicular VP let fall thereon , from the
vertex V ; AY + AP and VB + BP , to

construct the great circle spherical trb

,angle AVB. — (PI . 7. fig. 15.)

03“ The solutions of these two problems are left to,

the ingenious®

FINIS.



JPlate 7.The '■ end -.
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