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A very exact Method for finding the Pla .ce of a
Planet in its orbit, from a Correction of Ward ’s
hypothesis, by means of One , or more Equations,
applied to the motion about the upper focus.

18. 3tsOes £.ET ABPC be the ellipses in which the planet revolves
^ L ^ about the fun in the lower focus S ; let F be the up-

Per  f° cus’ anĉ M and m any two places of the pla¬
net indefinitely near to each other ; and let FM , Fm,

SM, Srn  be drawn, as likewise MN , perpendicular to the greater
axis AP : from the center F , with the radius FD = i , let the
circumference of a circle DE ? be described, and from its inter¬
section with FM draw EH perpendicular to AP : put AO
(= OP ) = *, OB (= OC ) =b,  OF (= OS) = c,  FM = «,
FH — x,  EH — y,  DE = z,  and Ee — z : then SM being
(— AP — FM ) = 2a — u,  by the nature of the ellipses, and
FN (— FH x Yf) — xu> we  have , by a known property of
triangles, SM -j-FM x SM — FM (2a x 2a —2 u) = 28E x ON
(4c x c -J- xu) : from which equation u (FM) is found =
-- - c — —^ — (because bb — aa — cc) : whence SM (= 2aa -f- ex a ex ' J x

— u)  is also had in terms of x,  being = aa+_cc+_̂ acx^
Now the area EF ? being expressed by \z (— FE x | E ?),

we have FE " ( 1) : FM " : : {z : the area MFm — jzx PM ]\
Therefore , the angle SM#z being equal to FMA , or FmA
(by the nature of the curve) we also have FMxMw : SmxmM.
(or FM : SM) : : the area (ps XFM !’) of the triangle FM/ » :
the area of the triangle SM#z= ±z  x FM x SM (Ekm.  23 . 6.)
_ X aa -f -cc-f - 2acx ' Ll A. I X I — xx  , lc  ,
— —- -> z  1 ; -11 — z “t”a -f - ex, a -J - ex  j

.1 .. — the fluxion of the area ASM . In order to find the
« +

fluent
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fluent hereof , let . 1 -rr  be resolved into the series L — Ll
a + cx\ a a 1

&c. (whereof the two first terms will, here , be sufficient) by
which means our fluxion will become ib lz -\- ^ LLL — — fzy„ .

which , because yz = — x,  and xz — y,  will be reduced to
~brz -1 - —x — xy - ; whose fluent will therefore be1 1  2a 1 ^ a

truly exprefled by \b ' z -j - x area DHE- C-L,  or \b xz

-j- !LL. x {z — ixy — As. (^ ecau ê the area DHE = -fDE2a*
x DF — iHF x EH — i -z — ixy J.  This expreffion, when
M coincides with P, and z is = the semi-circumference DEK

(supposing d = I -f/ \ , Pp , bxc'-p( — p), will become — -\-v 2 1 4 aa
cc

2aa ) — the area of the semi-ellipsis ABP . Therefore we have,

as b'dp b'dz
2

b'c’-xy blclyi
4aa  Z a

the length of an arch of i8o °) : z

(— the area ASM ) : : p (—
f *y _ 2cY _ 1
2a*d yi’d — me

length of an arch (A) expreffing the planet’s mean anomaly :
from which equation, z = A -J- AL 2sy A +

sin. 2z ■ 2 r
$a3d

2 cfd 1 3 add 1 4 «V

X sin. z ]3 (because xy,  or co-sin. z x sin. z —
(sin .2z ) : where the two last terms being very small in com¬
parison of the others (and, therefore , z nearly — A), we may,
instead of sin. z and sin. 2z , substitute sin. A  and sin. 2A ; by
which means we have z — A -l— cL-~x {m. zA -\- df —x (\n.  Ai3.

From whence it appears, that, in order to have the angle AFM
at the upper focus, the mean anomaly (A) of the planet at
the time given, must be increased by the quantity , or correc¬
tion —CL—  x sin. 2 A -1—A- x sin. A| 3.

4tfd 1 3a3d

But to express the value of this correction in seconds of
a degree (which in practice is the most commodious) it

will
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will be, as 3,1416 (the length of an arch of 180 degrees)
is to 648000 (the number of seconds in that aith ) so is
-ii - xsin . 2A -4- —— xsin . Al3 to 51567 x -4 -jXfin . 2A 4-4u' d ‘ 3 a*d -J J / aV I

137513 X-̂ Xsin. A *3 = the number of seconds in the said
correction : the logarithm of the latter term of which will,

therefore , be = 5,1383 — log. d -j - 3 log. ^- -j- 3 log. sin. A;

and that of the former — 4,7123 — log. */ -f- 2 log.^- -j- log.
sin. 2A. But, to render these expressions still more convenient
for practice, the log. of d,  by reason of its smallness, may be,
either, intirely neglected , or else so assumed, to be nearly a
mean of what it is known to be in the planetary orbits . Ac¬
cordingly, by assuming the excentricity c — JL of the mean
distance (which is a small matter less than the excentricity of
Mars , but something greater than those  of the Moon, Saturn ,
and Jupiter ) , the value of d (— 1 -j- will be — 1,0032,
and its logarithm — 0,0014 . Whence the log. of the former
part of our correction, by substituting this value, will be 5,1369

+ 3 log*7 + 3 log- sm-A = 3 X 1>7 123 + Jog.j + log .f.A;

and that  of the latter = 4,7109 -j- 2 log. —-s- log. sin. 2A :
which , expressed in words at length , give the following

Pradlical Rules.
i °. To the sum of the constant logarithm 1,7123 and the

log. of the excentricity in parts of the mean distance, add
the log. sine of the mean anomaly ; the sum (rejecting the ra¬
dius) being tripled , will give the log. of the first equation (in
seconds) to be added to the mean anomaly.

2°. To the sum of the constant log. 4,7109 and twice the
log. of the excentricity , add the log. sine of twice the mean
anomaly ; the sum (rejecting the radius) will be the log. of the
second equation ; to be added or subtracted , according as the
mean anomaly is less, or greater than 90 degrees . Here



the Place of a Planet in its Orbit.
Here , and in what follows, the anomaly is to be always

reckoned 'from, or to the aphelion , the nearest way ; in which
the seconds may be omitted , in computing the proposed cor¬
rections . Which corrections being made , the true anomaly,
or angle at the lower focus, will be had from the common
proportion , by saying, as the aphelion-distance is to the peri-
helion -distance, so is the tangent of half the mean anomaly,
thus corrected , to the tangent of half the true anomaly fought.

As an example of the use of the method here laid down,
let the excentricity be supposed — 0,048219 (being that as¬
signed, by Dr . Halley , to the orbit of Jupiter ) and let the
mean anomaly be 450.

2 log. excent . . . . 3,3664
-j- const. log. . . . 4,7roy
— log. for ad equ. 2,0773
log. sin. 2 anom. 10,0000
zd  equ . — ng ~" 2,0773

Then,log . excent . . . 2,6832
-j- const. log. . . 1,7123
= log. for 1st equ . 0,3955
log. sin. anom. . . 9,8494

0,2449
first equ^ = 54" 0,7347
From 1,978537 — log. of perihelion-dist. 0,951781,
subtr. 0,020452 — log . of the aphelion-dist. 1,048219 ;
therem . 1,958085 , will bea (3d) const.log. for thisorbic: to which
add 9,617596 — log . tang . j  cor. anom . 220 3 1' 2J/ ',
so shall 9,575681 — log. tang . , true anomaly 20° 37' 40" :

whose double, 41 ° 15' 20", is therefore the true anomaly re¬
quired.

The lame excentricity being retained ; let the mean anomaly
be, now, supposed 120 degrees.
Then , log. sin. anom . 9,9375

log. for first equat . 0,3955
c>,33 Zo

first equat. = 10" 0,9990
Hence 120° -J- 10" — i ' 43 —119°  58' 26, " = the cor.

anomaly.
Therf . log. tang . 2-cor . anom . 59° 59' 134" . . . 10,238331

-j- third const. log. for this orbit . . . . 1,958085
— log. tang . a true anom . 570 32 ' 10" 10,196416

H Whence

log. sin. 2 anom. . . 9,9375
log. for 2d equation 2,0773
2d equat . = 103“" 2,0148
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Whence the anomaly itself is given — 3' 250 4 ' 20".
If the excentricity be assumed — 0,066777 (being the

greatest that Dr . Halley gives to the lunar orbit ) the two
constant logarithms , to be added to the sines of the mean ano¬
maly and of its double, will be 0,5369 and 2,3601 : whence if
the said anomaly be taken = 50° (at which , according to the
Doctors Table, pro cxpcdiendo calculo.aquationis centri lunœ,  the
whole correction is a maximum) , the former part of the said
correction will be found — 187", and the latter part = 225 - ":
therefore the sum of both is 244", or 4 4"; agreeing, exactly,
with the quantity given in the Table.  And in the very fame
manner , the proper corrections corresponding to other anoma¬
lies and excentricities may be computed ; the error never
amounting to above a single second in any of the planets , ex¬
cept Mars  and Mercury : in the place of Mars,  the greatest
error will be two or three seconds ; and in that of Mercury ,
about as many minutes .—As to the Earth  and Venus,  the se¬
cond equation , alone, will be sufficient to give their places to
less than a second.

To obtain a farther correction , which will be neces¬
sary when the orbit is very eccentrical , we may (instead of
the two first only) make use of a greater number of terms of

&c- (= by
* + c*l /

AA ^ 0f the area MSA

the series

which means the fluxion {\ Vz -j-
a + /

described about the focus 8, which is proportional to the time,
will be here represented by_
\b xz -\ - \ b% x eLy 'z — 2 e ŷ1 xz -s - 3e*y~xxz — ^y ^ z &c. (sup¬

posing e —A -) . But it is well known that y 1 (sin . z  jz)

— j- 1 co -sin. 2z whence yzx (— y1x co-sin. z ) = ± Co¬
lin . z i co-sin. 2z x co-sin. z = ~ co-sin. z — j; co-sin. z  —
' co-sin. 32 * = co-sin. z — \ co-sin. 3z ; and therefore yzxl

* This , and all that follows to the fame purpose, is nothing more than the
application of the Theorem , That the rectangle of the co-fines of any two angles
(the radius being unity) is equal to half the sum of the co-smes of the sum and.
difference of those angles.
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== ~ co-sin.z Xco-sin.z — ' co -sin.3z  x co-sin. z = f -J- 7 co-
lin . 2z — -j  co-sin.2z —j  co-sin.42 = »— | co-sin. 4z:  whence
also yzx‘i = i co-sin. z — -j co-sin. 42 x co-sin. z — j  co-sin. z
— co-sin.32; — r -6-co-sin.52s. Which values being now sub¬
stituted for their equals , our fluxion, above given, will become

\b %z + \b'  into f" X ~z — 7 x 22 co-sin. 22 —
2<r3 x -jz co-Lz — ,-V X 32co-s. 3z -j~3c4 x jz — ■—  x 42: 00-5.42:
— 4s 5 x z 2: co - s . 2: — T V x 32 :00 - 5. 32 ; — x 5200 - 5. 52 : -j - &c.

and , consequently , the fluent thereof = {P z -|- \P  into
e' x \ z — { sin.22 — 2e3x^ 5.2 — - ^ f.^ -s- ^ x -̂ — / -sin.42
— 4^5 x 7 sine2 — sine 32 — / -sine 52 &c. = {P  into
1 -j- {eL x 2 — if 3 -f - ^ 5 x sin . 2 — if "sin. 22 -f-

i* 3 + -,V S x sin. 32- — -̂ sin. 42 -f ~  sin. 52 (supposing all
such terms wherein f rises to more than five dimensions, to be
disregarded ). This expression, when 2 = / >(= the semi-cir-
cumference AEK ) becomes ^ ‘ xi -f + fr * &c. xp —

{b*p X a abp = the area

of the semi-ellipse ABP . Hence it will be, as {abp (area
ABP ) : {abz — {P  x + 3-f if 3 x sin.2 — {P  x + *sin. 22 Gfr.
(area ASM ) : : p (the length of an arch of 18o°) : 2 —
-xif 34 - if 5 xsin .2 — - x - sin. 22 &c. = the length of the
a 1 1 2 a 4
arch A,  expressing the planet’s mean anomaly : whence , by

substituting J = —, we have A = z — 1 -|- f"xi/f 3sin.2

x sin.42 -j--i/f "sin. 22 + • 1-j- {P  x -i/ 3 sin. 32

Now , to find from hence the value of 2 , in terms of A and
the sines of its multiples , we may, for a first approximation,
assume i -j- f* x i-/ 3 sin. 2 -f - -i/f *sin. 22 &c.  as equal to
7+ 7 x i/f 3sin.A+ 7/ Tin.2A—1+ \e'x i/ 3sin.3A Gfr.
which last quantity being denoted by we ssiall have A =
2 — Q , and consequently 2 = A -J- (/_

H 2 But
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But sin. z (=  sin. A -J- Q ) = sin. A x co-sin. Q -j- fin-. Q^x
co-sin. A — sin. A -}- Qx co-sin. A, nearly (because Q^ being
very small, its co-sine will differ insensibly from the radius,
and the sine very little from the arch itself). In the same
manner , s. 2z (— s.2A -j- 2Q ) — s. 2A -J- 2Qj<  co-s. 2A, sin.32;
= s.3A -J- 3QX co-s.3A, &c.  Which values being therefore sub¬
stituted in the given equation , it will become A — z — ^ — ^ x
1-J - e1x \fe* co-s.A-J- [fe-co-L 2A — 1 ‘ez x ~fezco-s.3A&c.
But the first term of the series, 1-fe 1 x \fe*  co-sin. A, drawn
into — Q (if all terms having more than five dimensions
of e be neglected) will be barely = [fe*  x co-sin. Ax —
-fe ' hn.  2A — — X co-sin.A x sin. 2A — — rrf 1̂ x
sin. 3A sin. A.

In the same manner ~/ ?*co-sin.2A x — Qj == — rfi 'co -sin.
2A x -̂/e3*  sin.A -J- 2^ — ^/ ^ sin. 3A = — rfi^  x
fin.3A — sin. A— -̂ / ^ xsin .qA -J- TjjsV sxsin . 5A -(- sin.Ar
And , lastly, — 1 -J- X \fe* co-sin. 3A x — Coequal to
-fe* co-sin. 3A x Qj = \ fe*  X co-sin. 3A x jf e' fin- 2A
= rVy"̂ 5X fin. 5A — sin. A. The sum of all which wilt
be -rt/Vsin .A — n^ A — -s /̂Win .4A -f j Tf  es
sin. 5A ; which added to z — Q (or its equal , z — 1fe 1 x
ije *fin.A — jfe *sm.2Ay&c.) givesA = 2; — i -j- / — drfd
x f <?3/sin .A — jdfh n. 2A -f - 1fie 1 l ef  X \efbn. 3A —
1/ ’+ 2s  x fin.4A -J- T\f -j - ffe*  x sin.5A. From whence

5A _

we have z — A 1 -J- x \effm . A -Jr - 2efi&n. 2A —

1~ -X X-̂ sin^ A -f i ^ !sm.4A — sin.5A, very near j
because in all terms having more than three dimensions of ey
the quantities 1 and/ may be used indifferently , for each other,
without producing any errors but such as consist of more than
five dimensions of the converging quantity e.

But, since it is known that sin. 3A = 3S — S3, and sin.
5A = 5S — 20S3-J - 16S5 (S being the sine of A) we shall,,
by substituting these values in the 2d, 4th , and .6th terms (after

proper
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proper reduction ) have z ■=  A -f- i — 22 e>(.S$

^efxfi n. 2A —̂ xsin .qA . Hence it appears that

180x60x60 x Aey  s -̂ ^ !lss + less . 2 A + £T {. 4 A
will express the number of seconds, to be added to the mean
anomaly , in order to have the angle AFM at the upper focus
of the ellipsis, corresponding to that anomaly . From whence is
deduced the following method of calculation.

Let F  denote the logarithm of half the lesser axis divided
by half the greater , E  the log. of the eccentricity divided by
half the greater axis, G the log. of the sum of the squares of
half the greater axis and twice the eccentricity divided by the
square of half the greater axis.

Take P = 1,71277 -f- E -j- | F -j- -j-G,
Q^f= 1,14130 + E -j- t f >
R — 4,71236 4- 2E 4- F,

, S — 4,50824 4- 4E 4 - 2F;
then the logarithms of four equations (in seconds), to be ap¬
plied to the mean anomaly (A), will be

3 x P -J- log. sin. A — log. rad.
5 x Q -j- log. sin. A — log. rad.
R -f - log. sin. zA — log . rad.
S 4“ log. sin. 4A — log. rad.

Of which equations the first is always to be added, and the se¬
cond always subtracted ; the other two being to be added, or
subtracted, according as the sines of their respective arguments,
2A and 4A, are positive, or negative.

The two principal of these equations agree with those before
given ; and are the fame , in effect, with the two equations
laid down (without demonstration ) by Sir Isaac Newton,
in the Scholium to the 3 ist Proposition of the first book of his
Principia.  The latter of which , in the Laws of the Moon's Mo¬
tion, prefixed to that Work , seems to be represented , as defec¬
tive ; it bein g there asserted, that , the inequality in the motion
of a planet about the tipper focus., conssis of three parts ; as if the
nature of the subject admitted of just that number , and no

more
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more ; whereas die parts, or equations arising in the conside¬
ration , are without number , being the terms of an infinite
series, wherein the eccentricity is the converging quantity.
Sir Isaac Newton has given two terms of this series, which
are right ; but the new equation added by his Commentator, is
not so; the sign thereof, the coefficient, and the law by which
it increases and decreases, being all different from what they
ought to be.

This equation (expressed according to the above notation,
where i represents half the greater axis, f  half the lesser axis,
e the eccentricity , and A the mean anomaly ) he makes to be
— -A  x sin. AI ! x co-sin. A . But it ought to be -J- x

ê sin. qA (= ~  x sin.4A, nearly), as is ffiewn above ; this
being the 3d term of the general series, and the next in order
after those given by Sir Isaac Newton ; who appears, more
than once *, to have been disadvantageoufly (I might say, un¬
fairly) represented , and that , under the covers of his own book :
a circumstance that cannot be attended to without some con¬
cern and disiike, by those who entertain a due regard for the
merit of an Author to whom the mathematical world is so
much indebted.

I shall now put down one single example of the use of the
equations above derived ; wherein I shall suppose the eccentri¬
city to be parts of the semi-transverse axis (the same
as is assigned by Dr . Halley to the orbit of Mercury ). Here,
then , we have E = — i j3 i 3^35 5 F (— log. v/i —ee  —
v log.1— ee)= —0,009406 ; G (— log.l - f- 4^ ) = 0,068024;
whence P = 1,046 ; (̂ == 0,453 ; B — 3,3302 ; 8 — 1,744:

* In the 28th Proposition of his third book , it is found that the moon ’s
distance from the earth in the fyzigies is to the distance in the quadratures (set¬
ting aside the consideration of eccentricity ) as 69 to 70 ; which is confirmed by
what is demonstrated in a subsequent part of this our Work , as well as by the
calculations of others ; nevertheless the truth of this proportion is called in que¬
stion, and a new one is laid down, which makes the said distances to be in
the proportion of 59 to 6c . See Laws of the Moon's Motion,  p . 11 and 12.

which
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which values will serve in all cases belonging to this orbit.
Whence , supposing the given anomaly to be 50°, we have

1,0460 0,4530 3>33° 2 1 -744
9-8842 9,8842 9,9933 9-534
0,9302 0,3372 3,3235 1,278.
_ 3 _ 5
2,7906 1,6860

Of which resulting logarithms , the numbers corresponding are
6174, 484, 2106 ,̂ and 19; whereof the first and third be¬
ing added , and the other two subtracted, we have 50° 44/16"
for the corrected anomaly, or the angle at the upper focus ;
whereof the half is 25°22^8" :

Therefore log. tang . 250 22' 8" . 9,67593 38
-f -log . of the ratio of the gr. and least dist. 1,8185730
— log. tang . 4 true anomaly 170 20 ' 28" 9,4945068.

Which conclusion is true to a second. Nor will the error , in
any part of this orbit , amount to more than about two or
three seconds.—If you would have the result depended on to a
single second, or if the orbit be supposed still more eccentrical
than that of Mercury , then the following method may be of
use.

Say, as half the greater axis of the ellipsis is to the eccen¬
tricity, so is the sine of the mean anomaly to the sine of an
angle ; which subtract from the mean anomaly , and to the log.
sine of the remainder (which I call the eccentric anomaly ) add
the sum of the log. of the eccentricity and the constant log.
1,758123 : the aggregate (rejecting the radius) will be the lo¬
garithm of an angle, in degrees and decimal parts ; which,
subtracted from the angle first found, leaves a correction to be
added (under its proper sign) to the mean anomaly : with
which corrected anomaly, let the whole operation be repeated,
if needful , by always adding the last correction to the mean
anomaly. Then it will be, as the greater semi-axis of the el¬
lipsis is to the lesser, so is the tangent of the corrected anomaly
to the tangent of the angle at the upper focus of the ellipsis :
whence the angle at the lower focus, or the true anomaly, may
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also be known by the common proportion , and that to any
assigned degree of exactness.

This method , in all the planets , except Man  and Mercury,
answers to a second, at one operation. In the former of these
two , the error , when greatest, will amount to about three or
four seconds; and in the latter , to nearly as many minutes;
in which cafe, three operations will be necessary: but in order
to avoid that trouble , the following calculation may be used;
which is so exact as to answer, even in the orbit of Mercury,
to less than half a second, without repeating the operation.

Add together twice the log.of the eccentricity , the log. secant
of the angle first found (as above), and the log. co-sine of the
sum of the eccentric anomaly and mean anomaly once cor¬
rected (in all of which angles the seconds may be neglected ).
The aggregate (subtracting twice the radius) will be the log. of
a fraction to be added to unity, when the said sum of anoma¬
lies is between 90 and 270° ; but otherwise, subtracted there¬
from : then the log. of this sum, or remainder being subtracted
from the log. of the first correction, you will have the log . of
the true correction to be added (under its proper sign) to the
mean anomaly given.

Thus , for example , let the mean anomaly be 70 ; and let
the eccentricity be — 0,20589 (as in the preceding exam-
ple).

Here , sin. mean anom. 70° . 9,9729858
log . eccent . . . 1,3136353
. ' . ang . first found = U ° 9,333 9,286621ij

whence 58° 50 ,̂67 = the eccentric anomaly :

whose sine . 9,9323552.
-j- the log. proper for the orbit . . 1,0717583
= log. of 1o°,0952 . 1,0041135:

which angle, or its equal, io ° 5^71, being subtracted from
1 9 >33> i^ ves the first correction i ° 3',62 = 6/,62.

Moreover,
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Moreover, by adding together 70°, i ° 3', and 58° 50', we

have
1290 53 ', whose co-sine . 9,8070
-j- sec. ii°  9 ' ang . first found . . . 10,0083
-f- twice log. eccent . . 2,6272
=3 = log . of 0,0272 . . . . . . . . .  2,4425

Log . first cor. 63',62 . . . . 1,80359
— log. 1,0272. 0,011 87
= log. true cor. 61',9 . . . 1,79172

Now the mean anom . -f -true cor. = 71 0 1^9,
whose log. tang.

-j- log. of the semi-conjugate axis.
— log. tang . of 70° 38',82.

10,4638087

1,9905940
10,4544027

And the log. tang . of the half hereof, 35° 19 ,̂41 9,8504350
+ log. of the ratio of the gr . and least distances 7,8185730
— log- tang . of 250 i ',o2 . 9,6690080

whose double 50° 2',04 , or 50° 2' 2", is the true anomaly re¬
quired.

'47 *
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