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CHAPTER

II

Of the Construction of the Arches of a Bridge.
Having,
in the foregoing chapter , given a brief de¬
scription of the curves which, for their convenient
and
graceful forms, are most generally approved of for
the
arches of a bridge, it will now be proper to inquire
how
far these curves are suitable for the construction
of an
arch , as regards its strength and stability.
It is to be presumed that the reader is perfectly
fami¬
liar with the common method of forming an
arch : to
accomplish which, the first thing required is to select
some curve of suitable span and altitude for the
intrados;
the curve is then to be divided into a convenient
number
of parts, agreeably to the intended thickness of
the voussoirs ; the joints of the voussoirs are then to be
struck
through those points at right angles with the curve
itself;
or, in other words, the joints or beds of the
voussoirs
must every where coincide with the radii of
curvature of
the intrados . In this manner is described the
semi¬
elliptical arch ( Fig. 7. Plate I .), and it is the
method
usually adopted in all works of art.
Now , as the voussoirs have to support their
own
weight, as well as a considerable superincumbent
load,
by their mutual pressure one against another ,
it must
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be quite evident that it the voussoirs are not so disposed

as to produce a uniformity of pressure throughout the
whole arch, it is perfectly impossible for such arch to be
in a state of exact equilibrium.
But it is a fact, past all dispute , that in arches of every
kind, constructed after the common plan, this uniformity
of pressure, or balance of forces, very rarely or never
exists ; so that all such arches are more or less defective
in point of strength and stability.
In every arch, however constructed , the forces which
result from the mutual play of the voussoirs and super¬
incumbent loading, will naturally arrange themselves ac¬
cording to some determinate line, the ascertaining of
which line is by no means a difficult problem : thus , in the
semi-elliptical arch ACB , Fig. 7, the curve line HavC
(commencing at right angles with the lowest point of the
joint of the key-stone) is the path or direction in which,
or parallel to which, all the forces of that arch naturally
arrange themselves.
demonstration of which will be
(
The line HavC the
given further on) will in future be distinguished as the
line, or curve, of direction of the forces, or simply the
line of pressure ; and it is only by a careful investiga¬
tion of the properties of this line, or curve, that we can
ever expect to arrive at a competent knowledge of the
true nature of an arch.
In the arch just mentioned , where it is supposed that
the spandrels are filled up solid to the level of the road¬
way, it will be observed that the curve HavC very
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quickly descends below the intrados ; at v the distance is
considerable ; it however crosses the curve of the intrados

at a, and , passing in an oblique direction through the
voussoirs, it then crosses the curve of the extrados * at
the point x.
Now , as the securing a perfect equilibrium is an ob¬
ject of primary consequence in the construction of an
arch , as well as in all other structures ; I will leave it
to the judgement of any man conversant in mechanical
principles to say whether this object is accomplished in
the arch under examination ; he must acknowledge that
it is quite impossible any thing like a natural equilibrium
can exist where the mainline of pressure ( through which
the whole force of the arch exerts itself ) passes so singu¬
larly on one side of the very means which were contrived
for its sole support.
In order to form an arch of perfect equilibrium, there
appear to be two essential requisites . In the first place,
it is necessary that the curve of direction of the forces
should pass through the whole of the voussoirs, as nearly
as possible at the same relative point : secondly, the
curve of direction should every where intersect the joints
or beds of the voussoirs exactly at right angles. These
two postulata appear to me to comprise the true defini¬
tion of an arch of equilibrium.
* I call the extrados the curve line which bounds the
upper ex¬
tremities of the voussoirs, and not the line of roadway as
described
by some authors.
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The inconvenience arising from the want of a perfect
equilibration among the voussoirs has been so manifest
in the practical construction of arches, that various me¬
thods have been proposed for remedying the evil : the
most popular method has been that of substituting , for
the circular or elliptical intrados , other curves, which,
though confessedly less beautiful , were for the most part
erroneously supposed by their respective patrons to
coincide exactly with the curve of direction of the forces,
and thereby come within the definition of the arch of
equilibrium
It is not my intention to describe the different methods
(most of which are now exploded ) that have been devised
for attaining this desirable object ; but I shall confine my
examination to the plan proposed by the late Dr . Hut¬
ton, whose authority in this intricate inquiry has always
been deservedly held in high estimation.
Of Dr . Hutton's Theorem for an Arch of Equilibrium.
This celebrated theorem applies to three distinct cases
of the arch of equilibrium , in each one of which the me¬
thod is clear , concise, and satisfactory , as far as regards
mathematical principles.
The first case is, when the curve or intrados of the
arch , and the depth of the voussoirs at the crown, are
given, to determine the form of the superincumbent ma¬
sonry, or loading, above the extrados of the arch, so that
the curve of direction of the forces may coincide with
the curve of the intrados , and that by such means the
voussoirs may in every part be in perfect equilibrium.
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The second case is, where the upper or boundary line
of the masonry of the arch, as also the curve of the intrados , are given, to determine the proper depth of the
voussoirs at the crown of the arch , so that the whole
may be in exact equilibrium.
The third case is, where the boundary line of the ma¬
sonry (say straight or curved), with the depth of the
voussoir at the crown, are given, to determine the curve
of the intrados , so that it may coincide with the line or
curve of direction of the forces.
The theorem itself, under the fluxional form, is
GE s=

-X Q .

Wherein .r represents any ab¬

scissa of the intrados of the arch (as CF , Fig. 12.), sup¬
posing that the intrados coincides with the curve of di¬
rection ; y its ordinate FE ; and GE the depth of the
masonry corresponding with any point E #.
And by means of the particular equation of the curve
of the intrados (when applied to the first and second
cases) we shall obtain the values of y x\ c & . ; whence
there will arise an equation containing none but known
ordeterminable quantities : thus, if the intrados be a semi¬
circle, or semi-ellipse (see Figs. 8 and 9 . Plate I .) then the
( c ^ \ 5where a— DC,
the depth of the voussoir at the crown ; c = CO , the
altitude of the arch ; and t = AO , the semi-span.
Now , if we examine the two figures 9 and 10, which

* The investigation of this theorem will be given further on.
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are drawn exactly to a scale, according to the above
equation , we shall observe that the boundary line KG ND
is remarkably irregular ; at N the masonry is obliged to
be reduced considerably below the horizontal line, while
towards K it rises to an immeasurable height : the rea¬
son of this is, that in the equation GE = <? X
when x becomes equal c, which it will do at the springings A and B, then the divisor c — x becomes = 0 ; con¬
sequently the value of GE will then be infinite. There¬
fore, in order to make an arch of equilibrium with a
semi-circular or semi-elliptical intrados , it would be ne¬
cessary to carry the masonry at K to an infinite height,
which is impossible : and even were it sufficient to carry
up the masonry in that way to only a moderate height,
it would be to no purpose , as the irregular line KGND
would be quite impracticable for the purposes of a road¬
way.
The theorem therefore is perfectly useless as regards
this case ; a fact of which the Doctor himself was fully
aware, as he introduced it for no other purpose than to
show the impossibility of forming an arch of equilibrium
on this plan.
The second case consists of a subordinate theorem
derived from the one given above, by which a method is
proposed of forming arches of flat circular and elliptical
segments ; a sufficient explanation of which will be given
by stating , that if only such portions of the curves in
Figs. 8 and 9, as lie between the points a , a, be adopted
for the formation of the arch, and if the depth of the
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voussoir DC be made sufficiently great, then an arch of
equilibrium may be formed with a boundary line nearly
straight and horizontal, and the intrados be a segment of
a good curve.
But this theorem, it is apparent without any further
examination, is of very limited application ; and, besides
other defects, it requires a particular relation of the
quantity DC , the depth of the voussoir at the crown ;
and this is a circumstance that in most instances would
be quite incompatible with the primary object and import
of an arch of equilibrium , which I conceive to be the
forming of the strongest arch with a given quantity of
materials.
We now come to the third, and by far the most im¬
portant case of the theorem ; which is, when the boun¬
dary line KDL , Fig. 10. Plate I ., and the depth of the
voussoir at the crown DC , are given, to determine the
curve of the intrados.
Here , adopting the same notation as before, we shall
still have GE equal

X Q : but it is also mani¬

fest that GE is in this case equal DC + CF = a -\-x:
therefore

xQ = fl+ J ; and putting y constant,

and multiplying both sides by y 2 cc, we obtain Qi i
= a x ff -rx £ y 2 ; the fluent of which is Q
»
Q ^x
!2a x y 2-\-x 2y? 2, whence we get ?/ ——■—-—
■ and
V Zid Xj" *XT

y = Ql x hyp. log. a-±f +
J1
°

a

c
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Now , the value of Qf will be found by substituting , in
this last equation , two known contemporaneous values
of x and y ; which values will be c and t ;
=
Therefore t Q
° r hyp ”

* X hyp. log. a± f +A^ a£ ±fl
t

. log. a+ c-+ -^ a c-* * whence we get
hyp . log.

a + .i + V 2ax + xa

y —t xa + c+ i/ 2ac + <f
a
hyp. Log.
And if a be put = 6, c= 40 , £= 50 ; and if different
values be assumed for x, then will the corresponding
values of y be readily obtained by the above equation :
thus, if x be put = 6,272 , then will the value of y be
equal 24 ,618 ; which values of x and y correspond with
the points N , N, in the curve ; and in a similar manner
a great many other points can be obtained , by which
means the curve may be described with great accuracy,
as has been done with the figure in question (No . 10),
which is carefully drawn to a scale.
And this is the curve which the Doctor has so strongly
recommended for the arches of a bridge, as being “ both
of a graceful figure and of a convenient form for the
passage through it.”
I know not in what school the late venerable Doctor
acquired his architectural taste ; but, with all due respect
for his memory, I will venture to assert that the curve
is any thing but graceful ; it is, on the contrary , most
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inelegant and unsightly, and is in every respect so ill
adapted to form the arches of a magnificent bridge,
that I am satisfied no architect or engineer, who has any
pretensions to taste or judgement , would risk his reputa¬
tion by introducing it in any work of which he has the
management.
For if we examine the nature of this curve attentively,
we shall observe that the smallest curvature , or the flat¬
test part , is towards the springings A and B ; and that
the curvature increases considerably towards the crown
or vertex, in which respect it approaches a good deal to
the shape of the hyperbola , which, with its kindred
curves, has already been shown to be, on several accounts,
so very improper for the waterways or arches of a large
bridge.
But this curve is in fact much inferior, as regards form,
even to the hyperbola itself, defective as the latter un¬
questionably is for an arch ; for it is remarkable , that in
the curve in question the radius of curvature does not
continually and uniformly decrease from the points
A and B, upwards towards the apex C ; but only as far
as the points N , N , where the radius of curvature com¬
mences to increase again until it reaches the point C:
so that the quickest part of the curve is neither at the
apex, as in the hyperbola , nor at the springings, as in the
semi-ellipsis ; but at the points N,N , where the radius of
curvature is smallest ; the curve being much flatter at the
vertex, and still flatter again towards the springings.
As this inquiry is particularly interesting, and is, bec 2
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sides, intimately connected with the subject of the fol¬
lowing chapters , I shall pursue it still further by offering
the demonstration of what has been stated above ; which
will be easily accomplished by ascertaining the radii of
curvature and subtangents for different points of the
curve.
Now the radius of curvature of all curves, whose or¬
dinates are applied to a straight line, is
R =

, (putting y = 0)

But we have a r+ . =
a f- - x — —
y

. x=

We have also y —

y x—xy

x Q ; or

1
a + x .iy’

V 2 si + i*

Therefore , if these values be substituted for y and x,
in the above equation , for the radius of curvature , we
shall have
R

a+£
Q

2 a x + x*
QiX3
2 a xr , '0£

_

2 a x + i ’ + Ql t .
Q&+ a + x

which is equal the radius of curvature required.
t
Now we have Qf = hyp. log.

2ac +
a + c+ VC

c*

already shown, which will give the value of Q4 = 18*343 ;
and Q = 336 *480.
And if we put jr = c = 40 , then we shall obtain the
value of the radius of curvature at the springings, viz.
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+
•2ax + x2Qli

120-513 , which is the radius
Q*xa + x
of curvature at the points A and B.
And if x be now put == 0, it will give the radius of
curvature at the vertex : viz.
Q!
— = 56 -080
a
Q*x a+ x Qla
But if we put x = 6‘ 272 , then the radius of curva¬
ture will be, R = 42 ‘554.
Whence it appears , that the radius of curvature at the
springing is 120-513 , and at the vertex or crown of the
arch 56 -080 : but it is manifest that this latter is not the
smallest radius to be found in the curve ; for when x is
taken = 6'272 , then the radius of curvature of the
points (N and N ), which correspond with that abscissa,
will be found to be only 42 -554.
Now to ascertain that point of the curve which has
the smallest radius of curvature , it will be necessary to
put the ,expression for the latter into fluxions, making it
= 0, viz.
Q ^
2aa ;+ x2+

R = c‘Lm_+ x Q+ *2. the fluxion of which will be
Q^Xa+ a:
f X 2ai + ‘2

X2gr + J 2+Q | 4xQ .* X

3ax + 3xx X Q^ X a + x —

x 3ar +a? 2+QJ 5

x X 2ax + x2 +Q — 0.

3 X a+ i X a+ a: = 2iia!-fj;s+Q'
,
ax — Q l a and
Q- 3a
x2f- - 2a x,

.t’2 2+

2’
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a’ + a =
a

V

/ 5—2 ill , whence we get

•r =

- a = 6 -272

That is, if x be put = 6-272 , then the points of the
curve which correspond therewith will have the greatest
flexure or smallest radius of curvature , which points are
at N , N.
Now the subtangent of a curve is =

; but it has

already been shown that y = And
/ === = -.
J

Qi

y V2

whence

= * * < 2^ + * = sub . tan .

y Qi

But we have y = Qi X hyp . log. f + *+ ^
therefore
sub. tan . = s/2

-1- =

ax + x2 y

X hyp . log. g+ x+ .

2a

i +i! ■

—

Let x be now put = 40 , which substituted in the
above expression for the subtangent will give sub. tan.
= 124-312. Again, put x 6= *272 , whence we shall
obtain sub. tan . ==14-372.
Now from these radii of curvature and subtangents
we can at once discover the nature and properties of this
celebrated curve for an arch of equilibrium ; which
exactly answers to the description already given of it.—
Q .E .I.
What has been stated I doubt not will be amply
sufficient to convince every one conversant in these mat-

ters, that the curve in question is wholly unfit for prac¬
tical purposes ; and that , unless we are disposed to aban¬
don all notions of beauty and propriety of form, it would
be impossible to introduce such a curve in the construc¬
tion of an arch.
I have thus been particular in giving a careful exami¬
nation of the three cases of Doctor Hutton ’s Theorem,
from which it is evident that they are wholly inapplicable
to any useful purpose of practical engineering.
In the first case, wherein the curve of the intrados and
the depth of the voussoir are given, the upper or boun¬
dary line of the masonry is totally impracticable : in the
second case, wherein the curve of the intrados and the
boundary line are given, the required depth of the voussoirs generally becomes so great as entirely to defeat the
primary object of an arch of equilibrium : and in the
third case, which gives the boundary line and the depth
of the voussoir, the corresponding curve for the intrados
is so particularly ungraceful as to render it altogether
unfit for an arch . It is therefore not in the least sur¬
prising, that the theorem, though in itself exceedingly
beautiful as regards its mathematical properties , and
though deserving the greatest attention , should never¬
theless have been so completely disregarded by all our
practical bridge-builders.
It therefore now becomes desirable to ascertain, whe¬
ther it be necessary to abandon the arch of equilibrium
altogether as a chimera , or whether it be possible to con¬
struct an arch of this description that shall be free from
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those fundamental defects which have been here pointed
out ; that is, if it be practicable to construct an arch of
equilibrium, according to the true intent and meaning of
the term, so that the boundary-line shall be straight and
horizontal , the intrados any required curve whatever,
and the depth of the voussoir any determinate quantity at
pleasure. That
this can be done I feel no hesitation in
assuring the reader : indeed, one of the principal objects
I had in view' in writing this small work, w'as the demon¬
strating of this important problem , which has been so
long a desideratum in the art of bridge-building. And
I take this opportunity of acknowledging my obligations
to the late Doctor Hutton ; as in the accomplishment of
this task, I confess that I have fully availed myself of
the aid of his valuable Theorem.
However , previous to entering upon this subject, it
may be proper to give the investigation of the Theorem
itself, with which I shall finish this chapter.
INVESTIGATION

OE Dli . HUTTON ’S THEOREM.

Proposition 1.

If a number of straight lines, AF , FE , ED , See.
(Fig . 11. Plate I .) be placed in the same vertical plane,
connected together and moveable about the angles A, F,
E , D , C and B, the two points A and B continuing fixed ;
and if weights be placed on the angles F, E , D and C, so
thatthewhole shall remain in equilibrium,then the weight
placed upon any respective angle E will be as the sine
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of the angle FED directly , and inversely as the product
of the sines of the two angles formed by the perpendicu¬

lar line Em , and the two lines FE and ED : that is,
the weight E as,

sin Z FED
sin z m E F x sin Z m E D

(It is not necessary to give the demonstration of this
proposition here, as it is to be found in most writers on
Mechanics .)
Therefore if one of the weights and the position of the
lines be given, then all the other weights may be found
also ; and if all the weights be given and the position of
one line, then the position of all the other lines will be
had also.
Proposition 2.
Now supposing the curve AECB (Fig. 12. Flate I .)
to be an arch , and the line KDL the upper or boundary
line of the masonry or loading ; and supposing that the
wall of masonry AKLBCA is composed of an infinite
number of narrow vertical parallelograms , as KH , GE,
&c. ; it is required to determine the height of any one of
these parallelograms GE , passing upon any point E of
the arch, so that the w'hole may be in equilibrium.
Solution.
Draw the line i e infinitely near to GE ; and let G e
be one of these infinitely narrow parallelograms . Now
if the lines AF , FE , ED , &c. of the former proposition
be supposed infinitely small, they will then form some
particular curve, as the curve AECB (fig. 12.) . And if

a tangent a , b, be drawn to the point E of the curve, then
EF of the former propo¬
will the angles m ED and
sition, become respectively as the angles m EC and
mEH of the present case, formed by the vertical line
m E and the curve AEC : but the angle m EC is equal
to the angle tnEb, and the angle m EH equal to the
the sine of the angle FED
angle mEa. Moreover
of the former proposition now becomes as the curve
HEC : therefore the parallelogram Ei is as the curve
HEC , directly , and inversely as the product of the sines
the curvature of
of the angles mEb and mEa. But
HEC is inversely as the radius of curvature at the point
E : therefore putting R = the radius of curvature , the
parallelogram E i will become as lf x
Because the angle GEb is
—
that is,’ as —
R x sin Z. GE6) 2 °
the supplement of the angle mEb, and is equal to the

angle mEa.
And if we now suppose that every one of these narrow
parallelograms Ei stands upon equal portions of the
curve AEC , then the breadth of the parallelogram will
be as the sin jL GE £ divided by radius : therefore our
expression for Ei will
T from
-— . /1 ,Gh6r
R Xsin

become GE X Sln

as

which we obtain the altitude of the

parallelogram GE , as - x sirTzGEW1' ^ Utr *( the S(luare
of radius ) is equal sin /L GE £ x co. sec. JLQEb — sin
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Z G Eb X sec / . b E F .

Therefore it will be GE as

(secz &EF )3sec/ftEF
(

)9 ,

(1) : -p = sec / . b E F.

Whence the altitude GE of the

. •

,
.
—RXr 1 ' = R~— ^ putting radius equal unity.
And if a line cd be drawn perpendicular to Em ; and
if CF be put = x, FE —y, c& . then cd will be = y =
the fluxion of the ordinate , and cE = i— the fluxion of
the curve : and by similar triangles we have y : i : : rad.

parallelogram will become as g-—•
But it is known that the radius of curvature of all
curves, whose ordinates are parallel to each other , is
3
t
R = -t-^—
which value being substituted for R in the
yx —xy

°

above expression, it will become
or
G E equal

X Q.

Wherein Q is a constant quantity , the value of which
must be determined by the particular circumstances of
the case.
Q .E .I.
The above expression brought out is the same as was
employed in the investigation of the three curves of the
theorem , and it is here delivered in nearly the precise
terms adopted by the Doctor himself : its application to
the forming of arches of equilibrium has already been
partly shown, but its utility will be more fully apparent
in the subsequent part of this work.

