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CHAPTER

V.

Further Illustrations of the Arch of Equilibrium.
In the preceding chapters has been shown explicitly,
and I hope clearly, a new method of forming an arch of
equilibrium upon correct mathematical principles, with
its application to the forming of an arch of 230 feet
span and 48 feet elevation, as here proposed for the new
London Bridge.
But the mathematical demonstration of a problem re¬
lating to practical engineering, is not of itself completely
satisfactory : unless the mind of an experienced man is
capable, by a sort of natural intuitive faculty, of acceding
to the general tendency of a proposition , it would doubt¬
less be very unsafe to trust, in an untried case, to dry,
abstract speculation alone : many an apparently beauti¬
ful theorem has conducted to a practical blunder.
I shall therefore endeavour in this chapter to explain
in a more popular manner the nature and properties of
an arch of equilibrium, whereby the utility and advan¬
tages of the method here recommended will become more
fully apparent.
If a mason be employed to build a structure of any
kind, as a tower or an obelisk, one of the most important
parts of his duty is, to see that the foundation and all the
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beds of the stone-work be perfectly level and horizontal;

for, aware that the whole weight of the building presses
in perpendicular lines, he at once perceives the necessity
that the beds should be cut at right angles with the line
of pressure ; because, if they have any inclination what¬
ever, he knows the structure would have a tendency to
move or slide in that direction.
But if, contrary to this plain and obvious principle, a
tower or column, intended to support some great weight,
be built in the manner shown in Fig. 23 . Plate IV ., the
foundation of which, as also many of the lower courses
of stone, being inclined at a considerable angle to the
horizon, while other parts of the work, as at G and K,
overhang the perpendicular line ; what sort of judge¬
ment would be pronounced upon the person who con¬
trived so injudicious a structure ? Why , the most unin¬
formed mason’s labourer would not hesitate to condemn
the builder as a senseless blockhead , who possessed no
knowledge of his business.
Now what is here stated is no hypothetical case ; this
monstrous defect really does exist to a greater or less ex¬
tent in all arches built on the common plan : and if this
can be made fully apparent , I believe no one would be
so inconsistent as not to condemn the practice , and de¬
sire some better mode of construction . But the fact,
although indubitable , may not be perfectly obvious to
those who have paid but little attention to the subject,
though I despair not of proving the truth of it to anyone
who possesses but a moderate share of mechanical skill.
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Suppose a beam of timber or strut, AB , Fig. 17., to
FIG . 17.

stand on its end in a vertical position on the ground, and
that the top of this strut A is pressed against by another
strut AC , acting simply in the direction of its length with
any force whatever ; it is plain that the strut A B could
not preserve its vertical position, but must be overturned.
But if the strut be placed in the position A D , somewhat
inclined from the perpendicular , the case would then be
different : for if the strut be of sufficient weight, or if a
suitable weight be placed on the angle A, the force of the
strut CA would not overturn it, but the two would re¬
main in equilibria.
Again, if the strut instead of being placed in the posi¬
tion AD or AB , be fixed in the position AE , forming a

straight line wfith AC , it is impossible that it could then
maintain its position, because if AE be of any weight
whatever, or if the most inconsiderable weight be placed
on the point A, that point must necessarily sink down,
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and the struts will fall to the ground . Whereas , the
greatest weight that can be imagined placed on the angle
A, with the strut in the vertical position AB , would not
prevent it from being overturned : therefore there is but
one position, AD , wherein the two struts can possibly
remain in equilibrium . The position of the strut AD
will of course vary according to the force acting in the
direction C A, and the weight of the strut , or the weight
placed on the angle A . If the force in the direction C A
be small, then the strut will approach nearer to a vertical
position ; but if the force be great, the strut must then
more nearly coincide with AE . The foregoing is so ex¬
tremely plain, that it requires no further comment.
We will now suppose that there are four struts placed
in the positions BA, AC , CF and FG , representing the
FIG . 18.

c

main points or features of a semicircular arch (for the
voussoirs of an arch are in fact but so many struts ) ; and
let these struts be moveable about the points B, A, C,
F and G ; it is clearly impossible that the struts AB,
FG , can for a moment preserve their vertical position;

for, however inconsiderable the forces may be, acting in
the direction CA and CF , there is no weight whatever
sufficiently great that can be placed on the angles A and
F, which would prevent the two struts from being forced
away or thrown down ; it is therefore absolutely neces¬
sary that some support be given in the directions AD
and FE , otherwise the whole must come to the ground.
If the struts above described be made of a consider¬
able width, they will become the voussoirs of an arch,
as BA, AC , CF , FG and GH (Fig. 19 and 20). And
FIG . 19.
C

F

BA and GH will then be exactly in the situation of the
voussoirs at the springings of a semicircular or semielliptical arch ; and , agreeably to w'hat has been already
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stated , these will require some support in the directions
AD and GK , because the true direction of the forces
will be through the points C, a, D , &c., and the greater
the load on the voussoirs AC , CF and FG , so much the
wider must spread the points D and K, in order to resist
the lateral pressure. And let the voussoirs instead of
five be any greater number, the effect will still be the
same, because the voussoirs at B and H , which always
rise perpendicularly , never can coincide with the real di¬
rection of the forces. It is, however, to be remarked,
that in flat elliptical arches the effect is much more consi¬
derable than in semicircular arches, because the increased
lateral pressure requires the points D and K to spread
wider, as may be readily conceived by comparing Fig. 20,
which represents the former sort of arch, with Fig. 19,
which represents the semicircular arch.
What is here stated respecting the forces not coincid¬
ing with the voussoirs, but passing on one side, does not
apply solely to the voussoirs near the springings of an
arch , for the same defect exists more or less in every
part of arches formed on the common plan ; though no
where is the difference greater between the direction of
the forces and the line of the voussoirs, than in semi¬
circular , and more especially in semi-elliptical arches;
for in the latter , the line of direction generally crosses
the extrados without at all touching several of the lower
voussoirs, as may be seen in Fig. 7, where HawC and
he P represent the lines of direction of the forces pass¬
ing across the extrados at the points x and h.
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Now let us imagine a circular wear or coffer dam to
in a pool or lake of water, as ACBD (Fig. 21.),

be formed

FIG . 21.
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then, as we know that the water presses with a consi¬
derable weight uniformly all round the dam, it is clear
that the forces must press in straight lines ba , ba, c & .,
all converging to the centre O ; and as these forces are
all equal, and every part of the periphery is equally re¬
mote from the centre , it is clear that no part will have
a tendency to he pressed in more than another ; there¬
fore, let the thickness of the casing or sides of the dam
be ever so inconsiderable , still, if the material be suffi¬
ciently strong to resist the lateral pressure, the structure
will be in equilibrio and remain perfectly secure. But
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if the dam were of any other figure except the circle, the

case would be different ; for, suppose it to be elliptical,
it is plain that the flat sides would then collapse and the
structure be destroyed.
But if, instead of the water pressing all round the cir¬
cular dam uniformly, as above described, it could by any
means be varied in its force, or prevented from pressing
against particular points, as A and B, it is quite mani¬
fest that the equilibrium could then no longer exist : for,
suppose it possible that the water, instead of pressing in
lines converging towards the centre , were to press in pa¬
rallel lines ba , ba , ba, c& . (Fig. 22 .) at right angles with
FIG . 22.

the diameter AB ; then the consequence would be, that
the parts about A and B would, unless supported in some

other way, be thrust out, and the parts about C and D
would collapse. This is so very clear, as to require no
further explanation . Now the half dam or casing ACB
is a true archetype of a common semicircular arch ; for
the parallel lines ba, ba,c& ., represent the weights and
loading of the arch , which always gravitate in parallel
vertical lines, so that the two are perfectly analogous;
and there would be no more probability of preserving
the equilibrium in the one than in the other.
It is pretty evident, therefore, from the above reasons,
that the curve of direction of the forces of an arch never
can, under any circumstances , assume a vertical posi¬
tion ; it therefore cannot coincide with the intrados at
the springings of semicircular and semi-elliptical arches ;
because, as it is well known, those latter rise perpendi¬
cularly. Besides, it is known beyond the possibility of
a doubt, that in arches of all forms and kinds there must
be a greater or less quantity of lateral pressure ; but if
it were possible that the line of pressure of the forces of
the arch could assume a vertical direction towards the
springings , it is clearly impossible that there could be any
such thing as lateral pressure at all.
If the inind of the reader is once fully satisfied of the
correctness of the foregoing observations, that the line
of pressure does not coincide with the intrados of semi¬
circular arches towards the springings, he will then be
naturally led to inquire , whether the line really does co¬
incide with the intrados in any other part of the arch :
this problem of course cannot be solved, except by regu-
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lar geometrical deduction , in a manner similar to what
has already been done in the former part of this work:
all that is intended to be impressed on the mind of the
reader in this place is, that as it has been incontestably
proved that the voussoirs towards the springings of semi¬
circular and semi-elliptical arches are not so disposed as
fairly to support the line of pressure, it follows, that he
can have no assurance whatever that the voussoirs of
any other part of an arch, formed on the common plan,
do really coincide with the line of pressure, and there¬
fore he must abandon the idea of forming an arch of
equilibrium, except he employ the true scientific princi¬
ples for that purpose.
From the foregoing remarks, and from what has been
stated in the preceding chapters , I trust it will be readily
conceived that what is here termed the curve of direc
tion of the forces, really does exist in every arch, what¬
ever may be the principle on which it is formed ; and
that as this curve necessarily varies considerably from
several causes, viz. the greater or less weight on the
crown and haunches, the depth of the voussoirs, &c.
there is no possibility that it can ever coincide with the
intrados , or more properly speaking with the voussoirs,
except in particular cases of arches constructed on the
true principles of equilibrium.
It will not therefore be very difficult to comprehend
the correctness of the idea conveyed by the Figures 23
and 24 : which are intended to illustrate the defects of
the old method, and the advantages of the new method
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here proposed for constructing of arches. The straight
line AB represents the line or direction of the forces in
a semi-elliptical arch, similar to the centre arch of Blackfriars Bridge, and is assumed to commence at the mid¬
dle point of the voussoir at the crown : this line (which,
as it really exists in the arch , is curved or bent according
to a particular law, as we have already shown) is here re¬
presented as being straightened out, and is placed in a
vertical position, by which it becomes assimilated to the
common lines of pressure of gravitation : the curve line
KFC , represents the intrados , and tmGD, the extrados
of the arch, in their relative situations, as regards the
line of direction AB . The voussoirs a, b, c, d,c& . are
placed in the same relative situation and angle (as re¬
gards the said line of direction) as they exist in the real
arch.
By this means we can readily discover the many in¬
congruities and bad effects which result from the com¬
mon mode of construction (fig. 23). This will be ren¬
dered more strikingly apparent by a reference to fig. 24;
which represents the same elliptical arch, but constructed
on the principles of equilibrium, with hollow spandrels:
AB, still represents the line of direction as before; and
we here observe that it not only passes through every
one of the voussoirs, but it also cuts their beds or joints
every where at right angles ; by which means it acquires
the greatest strength and support that the materials
are capable of giving ; as they are so disposed as to bear
the greatest possible weight (short of crushing) without
G
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any disarrangement of their parts . Not so in fig. 23.
Here the line of pressure passes out of the range of the
voussoirs at E, and is supported by nothing but an un¬
certain sort of backing in the spandrels ; and, moreover,
the line cuts the beds or joints of the voussoirs in an
oblique direction instead of at right angles.
It may here be very properly objected , that if what is
above stated be correct , how does it happen that so many
arches built on the common plan are capable of support¬
ing themselves ? To this it may be replied, that were it
not for the friction in the joints of the voussoirs, the te¬
nacity of the cement, the solid backing of the spandrels,
and other contrivances, as also the extravagant depth of
the voussoirs, no arch formed on the common plan could
support itself, but must tumble to the ground : the parti¬
culars just enumerated , are, how-ever, in arches of mode¬
rate size, sufficient to preserve a sort of artificial equili¬
brium, by which they are able to retain their stability.
But if it were required to form an arch of very large db
mensions on the common plan, then the tenacity of the
cement , the friction, the backing, &c. would no longer be
sufficient to counteract the greatly increased lateral pres¬
sure ;—therefore such an arch could not stand without
employing a wasteful profusion of materials.
Thus there is no question but a tower of stone built
according to figure 23, of moderate height, might stand
very well ; but if it were necessary to increase the height
of this tower, or place a great pressure on the top of it,
the consequences would be easily foreseen ;—abundance
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rents and fissures would soon manifest themselves in
the lower part , and if the pressure were sufficiently in¬
creased, the whole would speedily come to the ground.
But if a tower were constructed similar to fig. 24, it
would bear the greatest possible pressure without in¬
jury ; as nothing would disarrange its parts, unless the
whole were destroyed by the absolute crushing of the
materials.
of

Practical engineers are so well aware of the truth of
what is here stated , that many expedients have been re¬
sorted to for the purpose of counteracting the effects of
the line of direction crossing the extrados . The one most
deserving of remark is the method of employing counter
or inverted arches in the spandrels of a bridge : such was
the method adopted by the late Mr . Rennie to strengthen
the arches of the Waterloo Bridge : fig. 25 is a section
of one of the piers, with an adjacent arch and part of
another arch, of that grand work ; and the inverted arch
of the spandrels is shown at M, which is there intended
to receive the line of pressure where it crosses or inter¬
sects the intrados : but HcC , and hn P, are the parallel
curves of direction ; therefore it is plain that only a small
part of the forces of that arch are actually received by
the inverted arch, the greater part being still supported
by the backing.
It cannot be denied that the introduction of these
counter arches is really attended with considerable be¬
nefit ; but after all it must be confessed that they are
but bungling contrivances to supersede the more elegant
G2
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method of employing at once the true arch of equili¬
brium.
It has already been stated more than once, in the pre¬
ceding part of this work, that in every arch, however con¬
structed , there must necessarily exist some certain curve
or line of direction of the forces. It is here proper to ob¬
serve, that this curve of direction will be exactly the same,
whether the arch be constructed on the common plan or
on the principles of equilibrium.
Indeed , the forming of an arch of equilibrium is no¬
thing more than the disposing, in the most judicious
manner , the predetermined quantity or mass of masonry,
so that it may give the greatest support to the curve or .
curves of direction of the forces, which must or would |
naturally exist, independently of any other consideration,
in the proposed arch.
It is not to be supposed that the forming of an arch
on the principles of equilibrium can generate any new
forces, other than what would naturally exist in an arch
of the common plan. On the contrary , it matters not in
what manner the voussoirs are cut, or how the backing is
disposed, provided the vertical depth of the masonry and
loading remain in every part the same ; the curves of
direction of the forces ( which depend solely on the ge¬
neral play of the weights in the arch) will continue un¬
changed as to the law of their generation.
Some persons, though ready to accede to the truth of
the general principles of an arch of equilibrium , theore¬
tically, yet affect to doubt whether such an arch can be
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practically formed :—for, say they, in the investigation of
the arch it is assumed that the whole of the masonry is
divided into an infinite number of thin parallel vertical
plains, sliding freely against each other ; but in practice
it is quite different ; for not only is the superincumbent
masonry disposed in horizontal courses more or less
bonded together, but, what is of more consequence, the
voussoirs are cut in variable angles obliquely to the per¬
pendicular,— therefore the arch of equilibrium, practically,
can have no real existence.
This objection is plausible, but has no solid founda¬
tion : for, although the vertical plains were assumed to
slide freely against each other , yet, as they all are sup¬
posed to press (though not equally, yet simultaneously)
by their gravity, and as no one plain would descend
lower than the rest, it matters not if a number of the
plains adhere together, or if the whole be bonded to¬
gether from end to end.
With respect to the other part of the objection,—viz.
the form of the voussoirs,— it is true, that in a rigidly pre¬
cise mathematical sense it might have been proper , in
the investigation, to introduce an expression for the va¬
riable angle of the joints ; but if this had been done, the
result as regards the actual form of the curve would have
differed in no respect from that which we obtain by the
method already adopted : a fact of which any one may
convince himself, who chooses to undertake the laborious
task of such an investigation.
Fig. 26 is an elliptical arch ACB , wherein the joints
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of the voussoirs all radiate to a common centre C). Now

in this case the curve of direction HcC , is not at all
changed by this mode of cutting the voussoirs : and even
if the voussoirs were composed of but one entire stone
from A to B, from one abutment to the other, it would
make no difference in this respect : for, provided this con¬
tinued voussoir possess some degree of flexibility, the
curve of direction would remain precisely the same as if
the arch were constructed with one hundred voussoirs
j
on the principles of equilibrium .
re¬
as
,
direction
of
curve
the
of
But although the law
gards the mere form of the voussoirs, will always remain
unaltered , yet the exact loci of this curve, as also the pre¬
cise point H, where it takes its springing, may, even in
arches that are perfectly similar (as respects the vertical I
depths of the masonry, &c.) vary very considerably : and
upon this important point actually depends the whole se¬
cret of giving adequate supports or abutments to an arch.
In fig. 25 is given the section of one of the arches of
the Waterloo Bridge with a pier and adjoining half arch.
Now as the spandrels are hollow, this arch is very nearly
the same (with respect to form and disposition of the
weights) as the arch of the first example given in the last
chapter (fig. 15), except that the depth of the voussoir
at the crown in the present instance is much greater . It
follows, therefore , that the curve of direction HcC , will
be nearly the same, as to form and flexure, as the one in
the example adverted to, the calculation for which is
given. And if the curve line L/*mP , be drawn every
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where at an equal distance from HcC , then will all the
forces of this arch naturally arrange themselves within

these limits.
Now as the depth of the voussoirs in this arch is very
great, and as the spandrel is filled in to a considerable
height with strong masonry, and is moreover strengthened
by the inverted arch M, it follows that the curves of di¬
rection (making due allowance for their oblique intersec¬
tion with the joints of the voussoirs) meet with adequate
support in their natural situation ; which situation , as has
been already shown, is determined by the curve having
at the vertex C the same radius of curvature as the curve
of the intrados at the same point.
But if there had been no counter arch, nor backing of
sufficient solidity in the spandrels (at R) to serve as
points of support to the curves of direction ; it being pro¬
bable the builder might ignorantly imagine that it was
unnecessary to carry a resisting abutment higher than
the springings of the intrados (a circumstance which it
is to be presumed has frequently occurred with its con¬
comitant failure) ; then these curves would no longer re¬
main in their true situation , but would arrange themselves
in some other position where they could meet with points
of support ; and those points of support would be along
B6, and the curve HcC ^ ould consequently become
similar to BmC in the opposite half arch, which in that
case would be a true curve of direction of the forces ; and
if the curve br P, be drawn at an equal distance there-
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from, then would all the forces of the arch naturally ar¬
range themselves within these limits.
And here it is to be remarked that although the former
curve HcC , has in this manner changed its situation,
there is nevertheless no change in the law of generation;
the same theorem still applies, and nothing is altered but
the value of LH , which here becomes equal LA . And
this at once shows that the position of the curve or
curves of direction , entirely depends upon the height
to which an adequately resisting abutment is carried.
For in the case under examination , where we suppose
that the abutments are carried no higher than B, the
springing of the intrados , it is certain that B/raC will be
the true curve of direction , as could be very easily de¬
monstrated by direct investigation . But here we find the
very evil that we have so much deprecated ; namely, the
curve of direction passing far below the intrados, — than
which nothing can be more opposed to the stability of
the arch : for the whole force or pressure has to be sup¬
ported by the very points or ends of the voussoirs at s;
consequently the stone work will there crack and splinter
away, while the joints will open on the upper side at h,
as also at B, and at t, near the crown : at length the
whole arch will separate into four large fragments (as
remarked by the celebrated French engineer Monsieur
Gauthay ), and the structure will fall to ruins. And this
event will take place, although the abutments might have
been quite adequate had they been carried sufficiently high.
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It has not been my lot to witness the rupture of a large
arch ; but from the descriptions of those who have watched
the progress of such a catastrophe , there is no doubt but
it proceeds exactly in the manner here described, and is
invariably caused (except in the few instances where the
abutments fail altogether) by the abutments or points of
resistance not being carried sufficiently high to give sup¬
port to the curve of direction in its natural position, or
from some defect in the form of the voussoirs.
The placing of the point H (or the springing of the
curve of direction) so much higher in the vertical line
LA , than what is usually considered to be the true
springing or point of commencement of the arch, ought
not therefore to be considered as a defect in the arch of
equilibrium : on the contrary , it is one of its greatest re¬
commendations ; as it directs us in the way to apply an
effectual remedy to an evil co-existent with the very na¬
ture of an arch ; for we can thereby give support and
stability to that part of the arch which is known to be
usually weak and defective.
The foregoing illustrations will, I feel persuaded , place
in a clear and satisfactory point of view the great excel¬
lences and advantages of the arch of equilibrium, as com¬
pared with an arch formed on the common plan : these
are all mainly comprised in the paramount consideration
of a great saving of materials in the construction : for as
the voussoirs are so contrived, that they shall bear the
greatest possible pressure without any inconvenience, it
results that w'e can build in this manner an equally strong
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arch with a much less quantity of material than what
would be required in the common method.
This saving of material of course applies to the re¬
ducing of the depth of the voussoirs, which may be ef¬
fected to a very great extent in an arch of equilibrium :
in fact, if the equilibrium be preserved and the material
be capable of resisting the pressure, it is inconceivable
what a very small depth of voussoir is sufficient to sup¬
port an arch . Thus it could be satisfactorily proved that
an arch of 240 feet span, formed of cast iron, would, if
the equilibrium were not disturbed by any external vio¬
lence, stand perfectly well, although the depth of the
voussoirs should not exceed one or two inches.

