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funéione ipfarum x,7, g5 ¢, 7, &c. five determinata five indeter-
minata, Funéio autem determinata nobis eft, qua, fialicubi dentur
valores litterarum x, 3, p, ¢, # &c. ipfa affignari poteft , {ive algebrai-
ce five tranfecendenter, Funétio autem indeterminata eft,qua per da-
tos iftarum licteraritm valores, quos uno in loco obtinent, affignari
nequit, fed omnes valores pracedentes fimul involvit, quemad-
modum hoc evenit, fi figna integralia occurrant. In Capite
igitur fecundo Methodum tradidimus omnia Problemata refol-
vendi, in quibus Z eft funétio determinata; in tertio vero hoc
Capite perfecuti fumus eas formulas, -in quibus z, vel ipfa cit
funétio indefinita, vel talium unam plurefve involvit; fimulque
Methodum exhibuimus pro iis cafibus, quibus funétio illa inde-
finita nequidem per formulas integrales reprafentari poteft, ve-
rum refolutionem @quationis differentialis requirit.  Nunc igi-
tur cos cafus evolvamus, in quibus expreflio, quz maximum
minimumve effe debet, non fimplex eft formula integralis, uti
hactenus pofuimus, fed ex pluribus ejufmodi formulis urcun-
que compofita : atque fimul Methodum aperiemus plura alia

Problemata, qua non ad coordinatas orthogonales fpeétant , ex-
pedite refolvendi.,

CAPUT 1TV,

De Ufn Methodi hactenns tradite in refolutione
varit gfﬂeré.f qmﬂfﬂﬁﬂm.

ProrosiTIiIO L. PROBLEMA.

t. W Nuenire aquationem inter binas variabiles X ¢V, ##a 8l ,pre
dato ipfius x wvalore, puta pofito x ==2a, formula {Zdx ob-
tineat maximum minimumye valorem , exiffente L funitione iplarum
Xy ¥s P» s I's €. five determinata five indeterminata.
£ e e ;

Ex quacunque confideratione vaviabiles « &y fint nate , e
Fuleri De Max. ¢ Min. R femper
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femper tanquam coordinatz orthogonales cujufpiam curvz cone
fiderari poffunt : atque hanc ob rem quaftio propofita huc revo-
catur , ut determinetur curva abfciffam habens ==x & appli-
catam ==y, in qua valor [Zdx, fi ad abfciflam datx magni-
tudinis , puta x==ua, applicetur, fiat' omnium maximus vel mi-
nimus. Quod fi autem Problema hoc medo proponatur, tum
cjus folutio in pracedentibus Capitibus fatis fuperque eft tradi-
ta. Quamobrem formulx propolitaz/ Z dx, fecundum Metho-
dos ante expofitas , capi oportet valorem differentialem, qui
datz abftiflz ¥ = # conveniat, ifque nihilo 2qualis pofitus da-
bit aquationem inter x¥ & y defideratam, qua pro data abfciffa
x==a, producet formule /Zdx maximum minimumve valo-

rem. Q. E. L
Cioneae K

2. Methodus ergo ante tradita multo latius patet ; quamad
zquationes inter coordinatas curvarum inveniendas, ut quaes
piam expreffio /Z 4 x fiat maximum minimumve. Extenditug
{cilicet 3d binas quafcunque variabiles, five e® ad curvam ali«
quam pertineant quomodocunque, fivein fola analytica abftrac«
tione verfentur,

CoRrorr’ LL

3. Inter binas autem variabiles propofitas difcrimen ingens
intercedit , eo quod propofita formula /Z dx pro determinato
quodam alterius variabilis valore maximum minimumve obtine-
re debeat. Ifthanc ergo variabilem conftanter litera x, alteram
vero littera y denotari convenit,

Gior. 0% L - I1L

4. Litteris igitur ¥ & y debito modo  binis ~ quantitatibus
d ¥ d q

g T

P—

variabilibus impofitis, erit p == “—Iia g =
ax
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dr o o . . " i =

s = == & His fcikicet litteris differentialia cujufcunque
e

gradus, qua forte in maximi minimive formula infint, tolli

poterunt, ita ut 2 futura fic funétio litterarum x, 3. 2, .75 &C.
@ a-rYo'L L. IV,

5. Cum ergo maximi minimive formula ad talem formam
[ Zdx fuerit redudta, in qua Z fit functio iplarum ¥, y, 2,
g, 7, &c.five definita five indefinita, tum ex fuperioribus pre-
ceptis formule [/ Zd x valor differentialis , refpondens toti abl-
cifle propofit® x = 4, debet inveftigari , qui nihilo aqualis
pofitus prxbebit ®quationem inter ¥ & y qualitam.

C. o R .o s Ve

6. Si zeft fun&io definita ipfarum x, y, 2, ¢, 7, &c. tum
valor differentialis formule /24 x non pendet a prafcripto abf-
cifle valote' ¥ == 43 & hanc ob rem quatio inter x & y in-
venta pro qualibet abfciffa prabebit maximum vel minimum
formule /24 x.

SLE cHO Ll N L

». Quia in hoc negotio valores differentiales, quos ante pro
omni genere formularum fparim eruimus, in promtu efle opor-
tet, cos hic conjunéim in confpe¢tum producemus, ut fic un-
de, quovis cafu oblaro, valores differentiales,’ juibus opus fuerit,
conquiri ac depromi queant. Exhibebimus igitur formule/Zdx
pro varia funétionis Z indole valorem differentialem , qui perpe-
tuo determinat variabilis ¥ quantitati, putax == 4, refpondeat.
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Maximi minimive formula
fZdx.

gZ—Mdx ¥+ N:ﬂy +Pdp4+0dg+ Rdr 4- &e.
Valor differentialis erit

P ddQ d* R a* 8
Ix(N — 5= 55— - — &c.
A A e d x & d«* dx? A d x* )
qui valor differentialis pro omni variabilis x ma anitudine @que
valet.

LE

Maximi minimive formula
fZdx.
dZ=—=Ldn -+ Mdx + Ndy 4 Pdp+ Qdq + &c.
&n=/[Zldx
exiftente
d[ 7] =[ M1dc+[Nldy+ [P1dp+[ Q149+ R] dr + &e:
Jam pofito poft integrationem. ¥ == 4, fic/Ldx=H, po-
naturque H— /Ldx =V,
Valor differentialis erit

ar. dx(N+INIV— J-(-”'-i{;i P17) 4. 44 (’Q}i-‘;c‘[Q]m
2. (RF[RIP) , & (SH(S17) -
d x? =+ “dxt e &C- )
111

Maximi minimive formula
: [Zdx.

J72—=Ldn + Mdx + Ndy 4+ Pdp+ Qdgq + &c-
& n=—=/[[Z]dx
d[7)==[L]dr+[M1ds+[N)dy+[Pldp+[Q]dq+ &.
&r—/[[2]dx
d[z] —(mldx+[#n]dy +[p]a’p+[q]dg+[r]dr+&c,

Sit iterum , pofito poft integrationem x == « ut ante,, /b4 ¥

—
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232
— H, acponatur H— /L dx==V. Jamintegretur (L] V dx,
fitque integrale, eo calu quo ¥ ==« ponitur, == G, ac po-

natar G— [TL)Vdx =[V]1=G—/TL]4x( H — [ Ldx);

His pofitis, Valor differentialis erit

R o Al

dx
a dd(e+[elv+[UD__ #L(R+([R]V+ [r1171)
daxt d x*
e ‘I‘”HS}IE*'?—M”D— &c..)

unde fimul lex progreffionis patet , fi adhuc plura integralia
inyolvantur.

LoV

Maximi nuinimive formula

[Zdx.
dZ—Ldn 4+ Mdx + Ndy+Pdp 4+ Qdq + &c.
&n=—/[Zdx

Abeat, pofito x =4, hac expreflio L

e numerum cujus logarithmus. eft == 1, fitque H e——fux: V:
Valor differentialis erit
SRRy dagy s ARy SV
i (N Y = b i g i e &c. )

ks

X .
in H, denotante

V.

Maximi minimive formula
[Zdx.
dZ—=Ldn+Mdx-+Ndy + Pdp + Qdq -+ Rdr + &ec.
&n=/TZ]dx
d[Z) == [L}dn +[ M Jax+-[Nldy+{ Pldp+[Q1dg+[ Rdr +- &«
Sit , fi ponatur x =4, poft intcgrationem

felLE4% g — H

atque ponatur
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b
c_‘r[L]dx (F_T—f.s’f[f“]:z SE g =1
Valor differentialis ‘erit
ol (NITNIZ ”"ELI]” e f“-fﬁd-f;z[(’_] V)
d.(R4+[R]17) <o A (SHISIV) . g )

4dx? d x*

In his igicur quinque cafibus continentur omnes regule, quas in
Capitibus precedentibus invenimus. lique tam late patent,
ut omnes cafus qui quidem occurrere queant , in iis vel attu
contineantur , vel faltem per cos non difficulter refolvi poffint.
Iis igitur hic in compendium redaétis, eorum ufum monftrabi-
mus, in refolvendis quaftionibus, in quibus ¥ & » non deno=
tant coordinatas orthogonales.

ExegMmrzruMm L

8. Ex dato centro C ductis vadiis CA, CM, invenire lintam
AM, gueinter vmnes alias lineas intra angulym ACM comen-
tus fit breviffima.

Patet quidem hanc lineam quefitam eflfereGtam: interim tamen
hanc quaftionem {fecundum pracepta data refolvi conveniet, ut
confenfus Methodi cum veritare luculentius perfpiciatur. Cumn igitur
longitudo lineze A M pro dato angulo A CM debeat efle minima;
ponamus angulum hunc A C M efle = «; feu centro C, radio
CB ==1, defcribamus circulum, fitque arcus BS = x. Tum
fit radius CM altera variabilis ==y, aquatione enim inter has
variabiles ¥ & y inventa, innotefcet natura linee quafite AM.
Jam autem ducto radio proximo C'm erit Ss=dx, & mn
— dy, fumto Cn = CM : ob triangula vero fimilia CSs
& CMnerit 1: dx =CM{[y]1: Mn[9dx]. Ex his ita-
que erit Mm==¢/(dy*+»*dx*); & quia perpetuo poni-
mus 4y ==pdx, erit Mm = dx V(99 +2p ); unde linex
A M longitudo erit == fdxy/ (39 4pp)> que debet effe mi-

nima pro dato ipfius » valore, putax ==a, At quia hxc for-

mula
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mula ad cafum primim pertinet, linea fatisfaciens erit pro quo=
vis valore ipfius ¥ minima. Cum igitur fit Z=—+/ (35 + pp),

: = wdy pdyp ‘ .
it d 2 = —2— 4 ——L— . & in calu primo fiet
i Vi +rr) ” v+ * I ;

J P
M=o, N= —+~+—, P= ——"—— =g
> RACES .2, v (n+m)’ Q ;
R=—o0, &c. ideoque 4Z =—Ndy 4 Pdp. Habcbitur ergo
- ey . . I P ® ¥
ifte valor differentialis #v.dx( N~ ;,—-i), indeque pro folu-
dP

tione ifta quatio, o =N — 75 ¢ qua, muluplicata per pdx

=—dy, dat Ndy = pdP; quo in@quatione dZ = Ndy -+ Pdp
fubftituto , prodibit dZ==Pdp 4 pdP, & integrando z4+C
— Pf':’, fCﬂ (:'“z— \"F(W'F.}' ‘—I—Pj)j [ ?:.;;.{}_-_.F}‘ QiT(_J cirea erit ‘Fp’ﬂf]:;—f'
= Conff. = b. Atelt Mm [dxv (3y+pp)1: Mn[ydx]
o ) pRanmis o Be e
e 17 (99+2p)

erpendiculum CP, quod ex C in tangentem linex quafice

AP demittitur. Cum igitur hoc perpendiculum CP fit conf-
tans , intelligitur lincam quafitam efle retam : & quia , in 2-
quatione inventa prima Ndx = d P, dua infunt potentia conf-
tantes arbitrariz , conditio hxc quaftioni eft addenda , ut linea
quafita per data duo punéta tranfeat; tum igitur linea re@a per
illa duo puné&ta duda quafito fatisfaciet.

; qua quarta proportionalis prabet

Exeyd» oM LL

9. Super axe AP confiruere lineam BM, ita comparatam, as,
abfeiffa area ABMP date magnitudinis , arcws curve BM ills
aree ve[pondews fit omuinm minimus.

Quia pro data arca ABMP minima longitudo arcus' B M
requiritur , area A BMP nobis defignanda erit variabili x: al-
tera variabili y autem indicemus applicatam curve PM. Jam

fit abfciffa AP==1¢, crit x=/)d¢, ideoque d¢ =— ‘;—}: ratque

arcus

Fig. 8.




Fig. 9.
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arcus BM longitudo erit ==/V (4y" + %-’; ). Dofico ergo
dy==pdx , minimum effe debet haec formula /dx \/(}.% +2p)
— f dx v _‘_}“i',i“_ﬁi) Erit itaque Z ::i_fj%?,&?_) &

Pl Ve _lzﬁf!—f:- : unde M=o
gy VCL4yp*) | gV (149%")
N:__._.:_I_.____;P: i '9P — ] &C. pCl_‘-
gy v (1422 ) V(1 +)‘:‘"sz 5

tinet ergo hxc queftio ad cafum primum, ac folutio prabebit
lineam curvam , qua pro area quacunque A P MB abicifle erit
brevifima. Pervenictur autem , uti in przcedente Exemplo ,
ad aquationem hanc Z==C+ Pp, atque curva quafita per
V(14 yopp)
¥
:C+_7.£J;E.._ feu 1 = Cyv (14 cvelb=—=
’ 7Tt + 99780 yv Cxt2y2P)
y¥Y (14 yypp)s hinc Gt 66 =9y + ) pp, &p=
ibbeyy) codd £J | ob dx = ydr. Erit igiur dt
5y dx yds O
'] r ' L]
== ‘(b';‘—_’-m , &t=—c+ y (bb—yy). Quare linca
quafita erit ‘Circulus, centro alicubi in axe AP, putain C,
affumeo : ifque inter omnes alias curvas per eadem duo quacun-
que puné‘.a duftas , pro data refeéta area ABM P, habebit ar-
cum BM breviffimum,

data duo pund@a deferibi poterit.  Eric itaque

Exemeruwnm IIL

vo. Eduitis ex punito fixo C radiis CA, CM; intra eos
deferibere curvam AM, que pro dato Jpatio ACM habeat arcum
AM breviffimum,

Quia arcus A M minimus effe debet, fi fpatium A CM da-
r magnitudinis abfcindatur ; ponatur area hac ACM=v«,

atque radius CM defignetur altera variabili 7. Jam ponatur
arcus

e
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arcus BS, radio C B == 1 defcriptus, ==1¢; erit, ut ante vidi-

mus, Mn=y4dz, & area MCm={yydsr==dx, unde fic
L 2(3'\‘.‘

dr== = Quia porro et M m = ¢/ (dy* + y'd+' ) =

4y irz’x
vV (dy + vy

f‘%’fv’(a}-}-‘p‘p”), Cum igitar T L‘%Z:-‘—:j s erit
M—o, N=

f); fit dy = pdx, minimumque effe debet

2R Tl o ar Ty IOSEMEE | SR
y_';n"(-'t-"i')lf")’ V(43" )’
= o, &c. Hinc refultat ifta equatio Z==C+- P p; propterea
A N o VY. SLSIE L
J

quod fit M =—o: idcoque

fen 4=Cyv/ (4+yyrp) vel 26 ==yv (4-+)yypp); hincque

p = 2V(bb—mr) 49 . 24y . i d 1
9 dx — yyde Vo—y) °

itemque integrando == A fin. 'Z— + A fin. — = Afin.

b
W (b —— c6) 4 ov/ (bh— : :
W e, j‘b“ W2 10 AC ex.S demittarur perpendicu-

lum QS —fin. A #, erit Qg ! yy/(bb

eyt o/ (bb — )
b . At

ex zquatione ¢+ Conff. == A fin. - colligitur curva quafita

effe Circulus AME perpun@um fixum C tranfiens, Defcriba-
tur enim fuper diametro quacunque CE in C terminata Circu-
lus CAME, arcus AM interceptus inter radios A CM pro
dataarca A CM erit minimus. Scilicet fi alia quacunque curva
per duo quacunque punéta in hoc Circulo fira defcribatur, bi-
nifque radiis ex C duétis area 2qualis aree’ A CM abfcindatur,
arcus illius curvae refpondens perpetuo major erit quam arcus
A M. Quod ut appareat, ducatur ex C ad CE normalis CD,
in eamque ex S perpendiculum S Q demittatur :  erir triangu-
lum S C Q fimile triangulo CEM, hincque CE: CM [y ]
=2iCSY 1.):.5 Qlen SO == é:ﬁn.ﬂ. DBS, vel DBS

Euleri &6 Muax. ¢ Min. S —
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138 doat o e € RN R R A Gl B A

= A ﬁ_n. EZE' Pofita ergo diametro CE =/, & quia eft

DBS=BS+BD ==+ Conf. eritz 4 Confl. :Aﬁn.-'%- :

qua eft ipfa illa proprietas, qua curvam quafitam praeditam cfle
oportere invenimus.

Exeueeoa IV,

11. In faperficie quacungue, five "convexa five concava 5 ducere
lineam . qua fit intra fuos terminos omnium brevifima.

Sumatur planum quodcunque ad quod fuperficies referatur,
AP Q, in eoque capiatur reta AP pro axe. Jam ex linex
quafitz fingulis punctis concipiantur perpendicula in hoc planum
demitti , quibus defcribatur linea A Q_, qua erit projeétio linex
breviflime in hoc planum; qua cognita, fimul ipfa linea brevil
fima in fuperficie propefita innotefcet. Vocetur AP==x |
P Q ==jy; atque cum natura fuperficiei detur, ex datis AP =x
& P M =y definiri poterit longitudo perpendicularis Q M in
planum AP Q , donec fupetficiem in M fecet. Quod fi ergo
ponatur QM ===z, longitudo hujus linex = dabitur per x &
4, ita ut z fit fun&tio definita ipfarum » &y. Cum igitur fit
= funtio ipfarum x & y, qua ex aquatione locali ad f{uperfi-
ciem datur 5 ponamus efle dz=Tdx+Vdy;eruntque T &
V ejufimodi funétiones ipfarum x &y, ut Tdx + Vdy fit for=
mula differentialis definita: pofito nempe dT—Edx + Fdy,
erit dV = Fdx 4 Gdy, exiftente littera F utrique differentia-
i communi. Nunc elementum linew in fuperficie ductz eft ==
V(dx* +dy*+dz* )=y (dx*+dy* +-(Tdx 4+ Vdy)*).
Pofito ergo 4y == pdx, minimum effe debet hzc formula
fdx (v +p*+ T 4+ 2T Vp4V?p*); ita ut fit Z==
V(4 + T4 2TVp + VPp*) . unde fie
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4+ TEdx < Tde +Pd‘p

| + VEpds + VEpdy + T Vdp
d2= 4 + TFpdx + TGpdy + V*pdp

} + VFp'dx + VG;pd;

L Vi 3-Pppit T+ 1TVp+V p*)

Quz formula cum ad cafum primum pertineat, proveniet ifta

aquatio inter ¥ & y;

TFdx + VFpdx 4 TGpdx 4 V Gppdx
V(14 pp T +2TVp+ V')

pHTV+ iy
% Vidre+ 2T Ve )" Eftvero Fdx+Gpdx

Sl et o RdV T Vpd Vo,
— Fdx+ Gdy == 4V, unde erit IS0
4 __ pTPEVp

Ve +(T+70%)

o AP Te R, R O
+ dT(V—Tp)
= 1 +dNT+T 3T Vp + 3TV "+ p 2 Vp+Vp')

Crtpp+(T+Vp ) )Y 2

L

ZAquatione autem ordinata, refultabit hac dp(1+T'+V)
+dT(V—Tp) +dV (Vp i T pp) =miion Jo2 dp

= TPT:;f’i;};P’I 7). Cumvero ﬁtp:j—i, erit dp
MM 74 TR _ (rdy— Vdx) (dxdT 4 dyd)
=3 hincque fiet dx ddy = T s

quz. eft zquatio differentio - differentialis pro projectione AQ
linez breviime in fuperficie quafita; ideoque indicat, eam per
duo quaque punéa duci pofle. ZEquatio hac inventa in varias
formas tranfmutari poteft, que fepius majore commodo ufur-
pari poterunt.  Ac primo quidem expediet eliminari differentia-
liadT % 4V : cum enim fit 4z = Tdx + Vdy, eritdd=
— dxdT + dydV + Vddy; ideoque dxdT 4+ dydV =

S S

2 ddz
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ddz — Vddy, quo valore fubftituto. prodibic ifta @quatio
dxddy+ T dxddy+ V? dxddy—=Tdyddz—Vdxdd=
— TV&')‘:{Q'} -+ V- rfxddj, feu dxdd)r -+ Ta'z-ddj ——
Tdydde—Vdxddz; hincque 4dy:ddx — Tdy— Vidx:
dx + T'dz. Multiplicetur xquatio inventa per 4z , ac in pri-
mo termino feribatur 7' d x - Vidyloco dz, erit Tdx*ddy
+ Vidx dyddy+ Td::-‘ddj == Tdydzdd 2z — Vidxdzddz.
Addatur utrimque  T'dy* ddy — Vdxdyddy, erit Tddy
(4% +dy* +d2* ) = (d2ddz 4 dyddy) (Tdy — Vdx)
dj dcﬁp'-!-(e'?rfzi?. i, T.rf.'.-{ = =il th:a’z
feu & dy 2t T Ty —-ymx“ TaF 775 Velmul
tiplicetur ®quatio per #x, ac loco T2 feribarar dz — Vdy,
obtincbitur 4x*4 dy-4 dz2iddy — Vdydzddy — dydzddz
— Vdy*ddz — Vdx*ddz. Addatur utrimque @y ddy
—Vdz*ddz, etit d dy (dx* = dyt + d et ) Vide
(d}'a’dj—i—dza’dz.)::a’_y(dj ddy + dzddz) —
Vddz(dx* 4 dy* +-dz*); idcoque ‘?;fflf—(;}i—zm‘;‘:f =
%H—;’i}z@i qua aquationes omnes in fequenti expreffione
. dyddy~+dz2ddz Tdd Tddz
continentur E'__—x‘-}-d;_ﬁ‘-}—da‘ p— e 3/dx = rErE =

. Hic notandum eft, quia quantitatum T & I diffe<

ddy+-Vddz

dy 4+ Vda
rentialia nufquam occurrunt, perinde effe, five in T'& P contincatur
z, five minus. Quovis igitur cafu oblato , conveniet eam 2qua-
vionem affumere, qua facillime integrationem admitrat.  Vely-
ti fi fuperficies propofita fit folidi rotundi converfione cujufcuna
que figurz circa axem A P nati, erit ) 3+ % 2 == quadrato func-
tionis iplius x, que fit == X, efique applicata illius  curvae
genitricis abfcifle x refpondens. Erit ‘itaque 2dz — XJX —
ydy, & do= LD e titd unde fiet T = %‘Q{, & V=

2 2 Zax

—

~—3— Sumatur jam , commodi etgo , zquatio in qua T' non
A&
occur-
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dyddy 4 dzddz __ddy 4 Vddz

occurrit , hac Gy ']'_r!.)_,:_l_;f'?;x; e “3—}“——“‘— E7ds? que , ob
s . dyddy 4 dzddz zddy—9ddsz
ot 4 . : e i il e 5 Jacs
V — £ tranfit in hanc 1P ad, i

cujus integrale eft /y/ (du® 4dy* +dz*) =— fﬁf{)’ T y daj feu
2dy—ydz=by/(dx*+dy* 4+ dz*). Quoniam nunc eft

z==1¢y/ (X*—y*), ponatur X =— wvdx, eritdz :‘{é‘iﬁ:ﬁff,

p e

- ‘F____XI(I_T—"" X "J(;rx 2 " 2

&Md}‘——jdﬁ-—— i(-xl—)y]') 3 &V’(ﬂ’x +dj‘ -E—a’_“_,)
g P’F(X:':IJL: m— };fjx; + Xl.ﬁ!).t_“{‘_ lX“-:_r”(!x: —_— ZX'v':;rIxn'

G v (X" —y*y :

Ergo X*dy* — 2X’yvdxdy 4+ Xiy*vldx* —=bb Xd x* —
bby'dx* + b6 X dy* + 6* X v d 26°Xyvdxdy, fendy
" .-'.._'-:r';’—X“,X_ym’m.fy—f-x\’_y‘v‘a’x‘-_—_ﬁ’x‘d{c’_+5*;’dx‘~bzx’v‘dx
= X (bb=—XX) >
el - w37y )
qua, extractaradice,, prabet dy == T;—" + bii';_‘:’i.}'i‘;‘_'ég-?x:xfgﬁ_
Quod fi ponatur y == Xz, ut it dy= X4t 4+ tvdx, fiet
de __bdxV (1 4 vo)
V(tir=1) XV (bd—XX)
& v funt funétiones iplius x, variabiles z & x a fe invicem funt
feparatz,

; in qua zquatione, quia X

Exemrraomwm V.

12, Super axe APN confruere curvam AM ejafinodi , ut , abf-

ciffa per normalem MN area ANM dute magnitudinis , arcus
AM fit minimus.

Quia , pro definita aree A M N magnitudine, arcus AM
minimus effc debet, ponatur area AMN ==ax, pofitoque
x==a, quo cafu arca AMN fit =—«4, fiar arcus A M mi-
nimus. Ponatur porro applicata orthogonalis MP =y, abfcif-
fa AP=—1:, & fubnormalis PN == ; erit ¢« x = [ydr +
tuy, & #______:-?'ﬁﬁ‘: elementum vero arcus A M erit =

S 3 dy




8
b
W

‘unde ﬁctf.-:f‘[l'] el =

‘Jlﬂ(_l%ﬂ'__’iif_) Porro cum fit 4dx = ydz 4 L (udy +f‘f”j
& ds ==Y, eiit andx =yydy+ Lundy+ Lyudu,& 4y

)
pae, CEOR o WYEX L e Jam ponatur 2y ==p4x, mini.

mum efle debebit /° i W:j YR >atque # cft quantitas cu-

jus valor ex hac @quatione du=—=dx (2% 230 __ %} ) de-
Tt

y
finiri debet. Pertinet itaque hac quaftio ad Cafum quintum ; cum
. . . ;i z
quo fi comparatio inftituatur, fit # == 1 & 2 — LYW +1?) )

3

d — - —:-:t?',—; = :-_._2P_._____ A

un eL. 5V Oy & 1) M=o, N Vs E£07)° &

P = E,_(JJ__"E_E_E‘_)_ Deinde cum fit H*—,,ﬂea!.x(?—‘1 —Q—?P—

53 .._), fit[ g] - -5- s "-’%f ——-}l’ & dxﬁ'crcnt:ando erit
.- :3__',',71" Licat e Y -2y

[L] = s [M]=o0, [N]= %9 - +”,

i

SAP Y '—T_‘zl-: -_.._5_ Jam cnt/‘[L]dx:/‘%Jﬁ*’.)l

' dy:m 1
» fTL]d S2d — ey d
Iy, & s L Sloreh & bt da IRl
Yy KT ; ateft Ly = ) °

S VY nn yvd

P T T cujus valor

pofito x=«, fiat — H, fitque V=c¢ -fz,"'ff.?:nrfy(H

J29dy:nn i
+/ TV 4+ H'Z} ). His praparatis, erit aquatio fatisfa-
ciens (N+ [N]V)dx=d.(P+4[P]V), five fubftitutioni-

ydy Zanx_z_;’_L:_{__y__I]‘;.._@ a5
bus fattis, T ) = 4 2y,

4’-(‘}—‘2————_(? +nn)“—“if2-——-—£). At elt 2 2dx — ydn
I Y J
==

II
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(g BNSRY ¢ g RIS .1 __Vdn___4Vdy
- ke +H}’undccr[tn»’(”+n‘) ;- —
GNP ELLC Ly ol O 1 v ydy

II

B e e ————————

1 9.~ o mylyy-n’)

| ggdn | avdy  2pdV . avyim ndv_ vin
n*V(yy+ o) n o n Frrviney
nvdyy. g _fddm . o aVd BN s aben
e kS )s hineque TyrrInT) n T n*
= E-‘:_V.__ I%:y@ —-o. Verum, eft generaliter 4/ ==— Ldx
it 1 ‘s it dV = yydy LA sy

V[L1dx; unde erit 4V L hnn) %
[padn pedFdm AV el

n*v(yy + nn) dy n*

iy quo fubftituto oritur d fi;’ H—zbﬂd_'? + *:2'__;? -+ ”———;E

i o TN K E 3 AV (R 2
—o; hoc ¢ (d?+ﬂ+j)

X 32

dm 2dy nd ydV . dn 2dy ndy
B g g BB PTRRAL S R A A B T o e L

(y+n+yy) d}(j J'I+5_p')

que xquatio, cum fit divifibilis per %E +

3 s hincque
7

apnio-ie
‘ . sod
cem dat folutionem. Quarum prima erit —- = &2, que pra-

4
bet ¥/ = cy: quoniam vero V evanefcere debet in cafu mi-
nimi, codem cafu erit y == o; fcilicer pofito ¥ =« fiet
y==o0. Cum nunc fit V==¢y, faca {ubftitutione in @quatione
dy 2Vydy Vdy . 9y d
AV = i, N, G W i ) ! Jay
4 n*v(y* +n*) rn* 4] gt i
= 2j§-3£2; hincque vel y==o0, vel dy=o0, quo calu pro-

dit linca re@a axi parallela; vel 1 ==o0, quo caflu prodit linea
refa ad axem normalis: vel etiam v(yy+nn ) =MN =
Conff. que xquatio dat Circulum ; atque integer femicirculus, ob
y==o in cafu minimi, quafito fatisfacict. Secunda folutio pro-

. “ op ] 2.d o d
dit ex divifore &= + e gt L. VY R LA
i I b y

..1..
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+ 2ydy =o, que muliplicata per yy, fic PyTdn 1T ydy
+2y’dy=o, cujus integrale eft 0%y* 4 y* —C, hincque

V(b — %) : .

s Ve s qux xquatio, quia non pendet ab I, pro

quocunque valore ipfius x fatisfacier. Erit autem introducta abl:
3 ] : . d

c1f’ﬂ1 AP — I, Ob =1 = Lok > ifta l'CqLIﬁflO -?_-_y _—
dt dt

Yidtasd) syunde df — 2237 o

> v{bt=yT)
ligitur’Elafticam ré&angulam quafico fatisfacere; ita ut pro area
AN M inter normales AN & MN arcus curva A M fit bre-
LB viffimus. Hac autem curva per data duo pundta, fiquidem
.I_.'i'. axis AP fic pofitione datus, defcribi poteft.

» €X qua zquatione intel-

W, Gl RN T

f thodus in Problematis etiam diverfi generis refolvendis, abun-
f de patet; inprimis autem ultimum Exemplum nonnullas nota-
tu maxime dignas fuppeditar circumftantias, ex quibus natura
' folutionis illuftrari poterit. Quoniam enim duplex axquatio ob
: factores duosnata eft, duplex quoque folutio prodiit; quarum prior
lineam fatisfacientem abfolute determinat, ita ut ea per data duo

| puncta duci nequeat : dat enim vel lineam re@tam, vel {emicir-
. culum, Lineareéta duplici modo quaftionem folvit, dum eft vel
normalis ad axem AP, vel cidem parallela; & quemadmodum
utraque fatisfaciat manifeftum eft : nam in €2, qua eft normalis
ad axem, portio qua cum axe & normali datum fpatium coms
I prehendit perpetuo eft infinite parva, ideoque revera minima:
; altera refta axi parallela aliquanto larius patet, cum ea per da-
tum punctum duci poffit; & quia ipfe applicata ad eam funt

normales, ac fpatium abfciffum fit utipfa abfciffa, ejus refpec-

tu linea illa re@ta utique erit brevifiima.  Semicirculus deinde,

qui ex prima folutione prodiit, ita abfolute farisfacic, ut, pro-

pofita fpatii abfcindendi quantitate , iple {femircirculus determi-

netur ,

" 13. Ex his Exemplis eximius ufus, quem habet noftra Me-

if
i
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fnetur , ejus enim area efle debet = #4.  Secundaautem folurio»
que curvam Elafticam re&angulam prebuit, latius patet : nam
per data duo quacunque punéta ejulmodi curva traduci poteft,
eaque, inter omnes alias curvas per eadem pun&a tranfeuntes,
hac gaudebit prarogativa, ut fi, in omnibus curvis, per norma-
les 4 are® @quales abfcindantur, arcus Elaftice fucurus fic om-
nium minimus. His igitur expofitis pergamus ad ufum Metho-
di traditz oftendendum , in iis maximi minimive inveftigationi-
bus , in quibus maximi minimive formula non eft talis expref-
fio integralis fimplex /Zdx, qualem formam ha&enus perpetuo
tractavimus;; verum eft compofita ex duabus pluribufve hujufmo-
di formulis quomodocunque. Ac primo quidem , fi maxi-
mum minimumve efle debeat aggregatum duarum pluriumve
formulatum integralium, puta [ Zdx + [T dx — [Xdx
operatio nulla difhcultate laborat: quia enim formula maximi
minimive eft fdx (Z 4+ T — X ), hxc tanquam fimplex
formula integralis tractari, ejufque valor differentialis affignari
poterit. Operatio autem eo redibit, ut pro fingulis formulis
fzdx, [Tdx & [ Xdx, earum valores differentiales quaran-
tur ; earumque loco in formula YZdx + [Tdx — [Xdx
fubftituantur; & quod oritur nihilo quale ponatur: ficque ha-
bebitur @quatio quafito fatisfaciens.

et
ProrosiTio Il PROBLEMA.
14. Invenive equationem inter x & y., wr, pofito x =—=2a, Jiat

hac exprefio (Zdx < (Y dx, gue ¢ff producium ex duabus formu-
lis integralibus (L dx & (Y dx, maximum vel minimum,

SOLUTIO

Ponamus iftam xquationem inter ¥ & y jam cffe inventam ,
foreque ex ea, pofito ¥ = «, valorem Formule /Zdx — 4

& /Tdx = B; erunt ha quantitates 4 & B conftantes ; at-
que carum produttum A B maximum vel minimum. = Jam po-
natur apud valorem indefinitum » variabilem y angeri particula

Euleri De Mux. ¢ Min. ;i ny,
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nr, €x ca utraque quantitas 4 & B incrementum accipiet , una:
quaque {cilicet augebitur valore differentiali ex pracedentibus
definiendo. Sit igitur 4 A valor differentialis ipfivs A4, qui ref-
pondet formulz integrali /'Z dx, pofito x — a, fimilique mo-
do fit 413 valor differentialis ipfius B oriundus ex formula [ Xdx,
pofito x == 4, Cum ergo, ex adjea particula ny variabili
), abeat Ain A+ dA, & B in B+ dB, produdum 4B
tranfmutabitur in 4B 4+ A4dB + BdA + d AdB; quare
cwm A Befle debeat maximum vel minimum, oportebit effe
AB — AB + AdB + BdA + dAd4dB. Ideoque o =
AdB+ BdA, ob evanefcentem terminum 444 B pra reli-
quis. Ex his itaque oritur fequens Problematis folutio; Qua-
ratur formule fZ 4 % valor differentialis qui fit 4.4, fitque 4
valor formula /Zdx, quem obtinet pofito x = 4. Deinde
quaratur formule /T dx valor differentialis, quifit 4B, ac B
denotet valorem formule /T'dx, quem recipit pofito ¥ = 4:
quibus factis habebitur ifta xquatio o = 44 B + BdA, in
qua relatio fatisfaciens inter x & y continebitur. Q. E. I

S0 R.0.% L L

15. Quanquam in aquatione o= 44 B + Bd A infunt
quantitates conftantes 4 & B, tamen ex non funt arbitrariz,
fed utraque per ipfam hanc @quationem definietur.  Scilicet f3
ex hac zquatione eliciantur valores /Zdx & [Tdx, ponatur
que ¥ = «, prodire debent ille quantitates 4 & B; unde hz
determinabuntur per 2, & per reliquas conftantes arbitrarias
qua per integrationem ingredientur.

CoroOoLex 1l

16. Si Z & T fuerint funtiones determinatz quantitatum
x, ¥, ps 9, v, &c. tum valores differentiales 4 4 & 4 B non
pendebunt ab 45 interim tamen quantitas « ingreditur in 2qua-
tionem o == A4dB 4+ Bd A: ex quo curva inventa, tantum
pro definito abfcifle » valore ¥ == 4, quafito fatisfaciet. &

O-




— il

IN RESOLVENDIS QUASTIONIBUS. 147
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17. Ex aquatione autem o = A4 B + Bd A particula
ny omnino egredictur : nam quia uterque valor differentialis
d A & dB per n, multiplicatus prodiit , iterum n, per divi-
fionem exterminabitur : hocque modo zquatio inter ¥ & y atque
conftantes nafcetur, qua Problemati fatistiet.

L il - A G AR o8 < FROY . SRS

18. Neminem hic forma ®quationis o ==4 4B + BdA in-
vente offendat, eo quod fpeciem formulz differentialis defini-
tz prz fe ferat, neque hinc etiam quifquam concludat @quatio-
nis o = A4 B + Bd A integralem fumi poffe hanc, Con/.
—AB. Jam enim fignificationes explicavimus, quas tribui-
mus cum litteris A & B, tum etiam formis differentialibus 7.4
& 4B: ex quo intelligere licet, vulgarem notandi modum hic
non locum habere. Ideo autem hunc notandi modum , etft
a confueto diffentientem , hic adhibere vifum eft , ut nexus 2qua-
tionis 0 = AdB 4 Bd A cum formula maximi minimive
[Zdx. [Ydx melius perfpiciatur. ~Cum enim maximum mi-
nimumve refpondere debeat valori ¥ == «; ponamus hoc calu
abire [Zdx in A & [Tdx in B; quo fatto, maximum mini-
mumve erit .4 B. Hinc autem fponte nafcitur zquatio inventa
o =—AdB + BdA, fiquidem AB, litteris 4 & B rtan-
quam variabilibus fpectatis, differentietur. Quod cum fuerit
faGum , in memoriam revocari oportet , pro differentialibus 4.4
& d B accipiendos effe valores differentiales eos, qui conve-
piunt formulis integralibus /2 dx & [T dx, ex quibus ipfe
quantitates A4 & B conftantes prodiere. Hune nexum ideo an-
notaffe juvabit, quod infra enndem ad quemcunque compofi-
tionis modum, quo formula maximi minimive ex formulis in-
tegralibus compofita fuerit , @que patere; fimilique modo ex ipfa
maximi minimive expreffione per differentiationem @quationem
quzfitam obtineri oftendemus,

ik -3 ExEM-




148 DE USYU METHGOG6GD
Rxx Mi?-t. U M L

19. Invenire equationem inter x & Yo ¥, pofito x ==2a, fat
iffa exprefio fydxx{xd Y maximum,

Fiat fydx — A, & (xdy — B, pofito x==4, & quzx-
rantur formularum [ydx & [x dy, feu Sxpdx, valores dif-
ferentiales : ac formule /4 valor differentialis eft 7y, dx. 1,

formul autem /x dy, feu fxpdx, et nv. dx (_—23:? d, x)

==-—mnvrv.dx, EritergodAd=—nv.dx, & dB = —y,.
#x: unde @quatio o =— A 4B + Bd.A abibit in hanc o =
— A. nv.dx+ B. nv.dx, feu A=B Quazfito ergo
omnes &quationes inter ¥ & y ®que fatisfaciunt, dummodo, ca-
fux = a, fuerit fyax = fxdy; hoc eft area curve =4 xy.

Exewe xv sl

20, Invenive aquationem inter X &y, ut, cafu x==2a s fiat mis

aimum hac expreffio {ydxx{dx vV (14-pp).

Cafu x=a, fat fydx=A, & fdxy (1+pp)=—B.
Porro fumendis valoribus differentialibus etit .4 =— 7. dx. I,

— 2y vk SN S —_— . wey AT
&dB=nrdx(—~ 4. i) eI 57
Hinc prodit fequens xquatio 0 == — 4, #rd T

+ B. #v.dx, feu Bdx— A4 4. \—}—(—1-—2:—??). Qua intcgrata

dat x 4 6 — Bd(fﬂ-m , ubi i;}- denotat rationem, quan
tenet fydx ad fdxy (1+4pp) tum cum fit x¥=ua. Sit bre-
vitatis gratia _:’;. =, erit (x4+8)V (14+pp) = ¢p, &

iy x4k 4y
A V (comm(x5)")  dx’ Imegrata ergo hac zqua-

tione,
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tione , refultabit y=—f+ V(ce— (x+86)"), ia ut fit
G— +(*+ b)* = ¢*, undepatet curvam fatisfacien-
tem elfe Circulum , radio ¢ defcriptum, axe ubicunque accep-
to. Hujufmodi vero Circuli non quivis arcus fatisfaciet, ves
rum is tantum qui per ¢ radium Circuli multiplicarus producit
aream ; eft enim A=Be. Ergo vel radius Circuli¢ pro lubis
tu accipi poteft, ex eoque definietur illa abfciffe ¥ magnitudo
determinata « ; vel fi # detur, ut ponimus, inde viciffim radius
¢ determinabitur. Perfpicuum autem eft arcum Circuli, qui fa-
tisfacit, convexitate fua axem refpicere debere; hoc enim ca-
fu area fit minor, ideoque productum ex area in arcum mini=
mun.

Exemeroum IIL

o1, Invenive curvam , in qua, pro data abfeiffa X ==2, minimum

frar bac expreffio fyxdxx{xdxy(1+ppl-
Pofito x =4, fat [yxdx=—24A, & [xdxy C(1+pp)

.— B. Erit autem d A—ny.dx.x & dB=—m.dx. }?!;e
SR lx _EF 75 unde obtinebitur ifta xquatio Bxdx =
ey riteg e adpe L,

A d. TEE T qua integrata datx x + bl e e

T———chx pofito A —. Hincp= xx4bb
Vi rae) . . £ v (4eexx—(xx+-00)*)

o ;% , ideoque pro curva habebitur haxc aquatio , y =
v“cf;ij:{ﬁ:ax) —f-xwﬁ)' De qua notandum eft, fi fiar

b=—o0, tum prodire zquationem pro Circulo y= f‘”r__u'(;jl =

cujus radius fit 2 .
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I,

SCHOLION IL

22. Eadem hac Exempla omnia quoque refolvi poffunt per
Methodum fupra jam traditam; quare cum utraque via eadem
folutio obrtineatur, juvabit folutionem per alteram viam uno
Exemplo exhiberi. Sumamus igitur tertium Exemplum, in quo
maximi minimive formula /¥ xdx x/xd xy (14pp), diffe-
rentiando iterumque integrando per partes, reducitur ad hanc
formam fyx dx [xdxy/ (1 +pp) + [xdxv (14pp) fixdx;
cujus utrumque membrum in Cafu fecundo fupra §. 7. expofito
continetur. Queeratur itaque utriufque valor differentialis, eo-
rum enim fumma, pofita ==o, dabit a2quationem pro curva
quafita. Formula autem fyxdx [xdxy (14pp) cum Calu
fecundo collata , dabit 1 =/xdxy/ (14pp) & Z=—=yx1n;
unde fit L=—=yx; M=—=yn, N=xn, P=—o0, &c. De-
indeerit [ Z]=xy (1+pp); indeque [ M] = v/ (14 22,
[N]=0, & [P) =% v—!-ﬁ_—m Porro eft /L d x = [jxdx,

cujus valor , pofito ¥ =4, quem generaliter pofuimus H,
hic in folutione Exempli eft A; itaut fit V= A —[yxdx.
Quare hujus formule valor differentialis erit == #v. dx (xn

xp( A — ¥ P
b 7:1; a. xp"/(l_l{i;)l)):——-nuldx(xfxdx\/(1..}_.‘”)
A

L < 4 X g xpfyxdx %

It TG i) TTn % Joga o Alters formu
lafxdxy (14pp) [yxdx, cum Calu fecundo §. 7. colla-
ta, dat m = fjxdx & Z=xny/(1+4pp), unde erit L
=X V(1+pp)s M=n V(Ci4pp), N=o, & P =
7 (73_%, hincque fLdx = {xdxy/ ( 14pp): quare cum
H fit valor ipfius /L dx, pofito x =4, erit H—"B, & V
==B—/xdxy/(14pp). Porroeft[ Z]=—1yx, hincque [M]
=y, [N]=x, & [ P]=0. Ex his prodit valor diffe-
rentialis == #nr. dx (Bx — x/xdxy (1 +pp) — — X

dx

d.
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X d. f',f_”?}-x_'ii Y. His igitur valoribus differentialibus ambobus
(1 »
additis, cmcr}gct hojus expreffionis compofite [yxdx [xdx
V(14pp)+ [xdx V(1 +-pp) [3xdx, feuhujus [y x dx>4
fxdxy (1+pp), que in Exemplo erat propofita , valor dif-
xp

e A
ferentialis = #y, dx (Bx — = d. mP_P'))’ ex quer

. [ xp
ro cutva zquatio erit hec Bxdx —=Ad. —— —— , quam
P q £ ’ 'E”.F.‘*'PPJ’q
eandem in folutione Exempli invenimus, Similis autem con-

fenfus in genere deprehendetur, fi quis expreflionem /4 4 xX
ST dx codem modo madtaie voluerit.

ProrosiTio III. PROBLEMA.

2 3. Invenire equationem inter X &y ejus conditionis, wt, pofite
AT A
= a. ifa fratlio
x a: 4 ff 1 4 uXx
exiffeniibus Z & Y funclionibus quibnfcungue ipflarum %, ¥, P s
q, [, &e. five dererminaiis, [frve indererminatis,

chtineat maximum minimumuve valorem :

S§O0LUTIO

Cafu quo fit x==4«, fit[Zdx =A, atque [Tdx="B:

L] A - - - . - -
eritque = maximum vel minimum , fiquidem relatio inter

x & y refe fuerit affignata. Erit igitur fractio -g- xqualis ei-
dem huic fraltioni %
plicata y augeatur particula n, Tum vero fiet [Zdx zqualis
ipi A, una cum valore differentiali formule fZ dx, qui fit
— d A; {imilique modo /T dx abibit in B auctum valore dif-
ferentiali formule /Ydx, qui fit = 4dB; ficque ex adjecta

particula ny ad applicatam y, cafu quo x==4, tranfibic frac-

, cafu quo x ==, fi alicubi una ap-

oy il Zd x4 A+dA y ; o
tio s o hanc Fdp Tt equalis cflc debet &3&103
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gs unde nafcitur ifta @quatio B4 A= A4 B; qua prabebic
xquationem inter ¥ & y quafitam. Q. E, I,

Cloxint i ik

24. Ad hanc igitur 2quationem inter ¥ & y inveniendam |,
effici debet ut valores differentiales ipfarum /z4dx & STdx

proportionales fiant ipfis harum formularum valoribus, quos obti-
nent pofito x = 4.

Corornr it

25. Quanquam, in hac xquatione inventa B4 A — A 4B,
duz inefle videantur conftantes incognite 4 & B, tamen am-

: . . Mg 3
bas in unam compingere licet. Pofito enim z- = C, erit

d A== CdB; inventaque xquatione, ex valore « loco % fubf
tituto determinabitur valor ipfius C.

i 2N - QU ¢ A A G S

26. Si hujus & pracedentis Problematis folutiones inter fe
conferantur , ingens in iis deprehendetur confenfus. Nam £
maximum minimumve efle debeat faGum [ Zdxx[Tdx, orta

. . Z
eft ifta @quatio o == 44 B 4+ Bd.A; fin autem quotus AL

[ydx
debeat eflfe vel maximus vel minimus, inventa eft ifta zquatio

o==AdB — BdA; utroque autem cafu littere A, B &
dA, dB cofdem retinent valores. Quare cum A & B fint
quantitates conftantes, ambz ®quationes tantum ratione figni

3, RN { .
conftantis differunt ; pofito enim - = €, priore cafi habe-

tur d4d = — C4B, pofteriore vero d4 =— 4+ C4B. Ex
quo pro utroque cafu etiam eadem fere prodibit folutio ; quia
torum dilcrimen tantum in figno quantitatis conftantis C fitum
erit.  Quod fi ergo zquatio inter ¥ & y fuerit inventa , qua

conti-
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contineat, pro x==4«, fattum [Zd x X%/ T d x maximum vel mi-
"

nimum ; eadem xquatio, levi adhibita mutatione , fimul conti-
. s [Z dx ‘ 1 S .
nebit quotum rdn maximum vel minimum. Perlpicuum
I &

Z(-!\‘ " . . @
autem eft, five j:":"_f'_ cbeat efle maximum vel minimum ,
i ax
[Td=x J 1 o
five L= , utroque cafu eandem plane effe prodituram 2qua-
[Zdx
tionem. Hanc vero convenientiam ipfa rei natura poftulat:
Zdx . e Sl s A0 & S
pam fi f— eft maximum, tum eo ipfo erit [T2% ini-
[Tdx [Zdx
mum & viciffim ; unde utrique quaftioni eandem folutionem
(atisfacere necefle eft.  Caterum hunc quoque nexum obferval-
fZ rf_:c
[T dx
. . A " 0 . 4
fito x=—=a , abir in = & inter zquationem inventam BdA

fe juvabit inter maximi minimive formulam , qu&, po-

— AdB —o: hzc enim zquatio oritur ex differentiationc
formulae -{;— , ponendo cjus differentiale == o ; iftiufmodi au-
tem nexum perpetuo locum habere in fequente Propolfitione de-
monftrabimus.

ExeEmerrum L

a7, Invenire curvam , cujus area coordinatis ovthogonalibus abj=
ciffa ad arcum curve masimam teneas ravionem , (i abfciffe daius
valor a tribuasar,

Pofita curve quefite abfciffa==x, applicata == y; erit area

= [ydx, & arcus = fdxy (14+pp); pofito dy = pdx:
[yd x

maximum ergo effe decbet 32 cafu quo ponitur

; Jdxy/(14pp
x = 4. Sitigitur, cafu x =— 2, valor tormula [y d x, {eu area

— A, & fdxy/( 14 pp) fen arcus ablciffx « refpondens = B.
Deinde formule /¥4 x valor diflerentialis 44 erit == #y. dx,
Euleri de Max. & Min. A’ 1,




e
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]
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1, & formule /7 « V C1dpp) feu dB = uy, dx ( — d_!x.
Jeenn SO DR RTINSl i Alori=
L -39 == annd TR Quibus vilori

bus in @quatione BdA — A4 B fubfticutis, prodibit pro cur-

. n P
va quefita fequens xquatio : Bdx — — Ad
: 4 : 1 v i(espp)
Pognatur 7=, ita ut, pro abfciffa ¥ =— 4, arca curvae fiat
zqualis produ®to ex arcu in hanc confantem ¢. Erit ergo

dx — — ¢d

(lifﬂ) > & integrando x'=— 4 —

5
(—"Tf—iy?) » feu ¢cp = (b—=x) /(1 + 22), hincque

b— d | :
P = q,.’(c‘—-(bi—x,*)zg“i' Erit ergo y = .. . ;

Aag leaae. o t :
[T s N i R R b
(37 b ~=%) = ¢&s ande conflar curvam quafi--
tam effe Circulum radio ¢ deferiptum, ad redam quamcun-
que tanquam axem relatum.  Hujus autem Circuli ea tantum
portio quafito fatisfacit, qua refpondet abfcife — 4, a quo.
valore pendet ¢, ita ut fumpta abfciffy — 4, area xqualis fiat
producto ex arcu in radium Circuylj multiplicato. Quod fi ergo
vicifim radius ¢ detur , tanta in axe abicifly abfeindi debet, ut
arcus per radium multiplicatus prebear aream. Infinitis igitur
modis quafito fatisfieri poteft ; quaftio autem erit determinata,
fi duo prafcribantur pun&a , Per qua curva quafita fit tran-
feunda.  Sumamus igitur radium ¢ tanquam cognitum , co-
que defcribamus Circulum BM D centro C. Porro fumatur
linca quacunque APD pro axe, in caque A pro origine abf-
cifflarum.  Hoc jam fa&o, quaftioni fatisfier f; applicata P M
tantum fpatiom AB M P abfcindatur, ur id fit xquale produc-
to ex arcu B M in radivm Circuli B C, Quia autem fe&or
BCMeft—:BM. B C, oportet aream AB MP effe du-
plo majorem feGtore BCM. Apparet qutem, fumto pro lu-

bitu,

Sr——

i
k&
&
i

:
1
;E
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bitu. cum axe, tum ejus initio , fepe- numero conditionem
prafcriptam nequidem impleri pofle.  Nam fi axis AD per
centrum tranfcat , tum area A BMP perpetuo minor erit quam
duplum fecoris B CM; nifi, arcu BM infinite parvo, pri-
ma applicata B A fimul per centrum tranfeat : {in autem axis
AD fupra centrum tranfirer, tum nullo medo conditioni in-
venta fatisfieri poteft. Quare necefle eft, ur axis AD infra
centrum C ducatur, qua de re multz egregie obfervationes
geometrice fieri poflent , fi ratio inftituti id permirteret. Ca-
terum fi haec Solutio cum Exemplo fecundo praced. Prop. §.
20 comparetur ; apparebit candem prorfus aquationem cffe
inventam , five [ydxxfdxy (1+pp) debeat efle minimum,
,Ir's' ." x . T .
4 Y% maximum. Dilcrimen tamen in hoc con-
fdxy (1 pp)

. A I R A 20 U \
fiftit 5 quod radius Circuli ¢ =— = alteros cafu affirmative, alte-

five

ro negative debeat accipi.  Scilicet fi [ydxxfdx(1-+pp)
debeat effe minimum , arcus BM  convexitate fua {patium
ABMP; altero autem cafu , concavitate claudere debet.

ExegmMrPpruM IL

28, Intra datwm angulum ACM, curvam AM confiruere
f14 COMPAraiam , Wi Area ACM per areuwm A M divifa fiz om-
Bium MAxma,

Ponatur angulus A CM, feu arcus circuli BS radio CB
— 1 defcriptus == x, quiin cafu propofito fiat = 4, quo
ACM ¢cori debet maximum., Ponatur porro CM =y, fit-
ql]C (JJ) By };‘d;.k‘., Cl’i‘: :\! n — }{E‘l 3 & area A C}\i ==
Y [yydx : arcus autem AM reperitur = fdxv/ (yy+2p):

_J' Ty nr- x

1 xc fraftio —— e
l.ndC h C fract 2 [dx y/ 9y + rr) ?

feu ejus duplum

e ;- - . .
ok — debebit ¢fle maximum, Sit, calu quo x¥—=

Y 2 elt,

Jfde o y+t2e)

e
18 §
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ety [yyde =A, & fdxy (3y +pp)=28; erit, fix=a
aed ACM =1 4, & arcus AM =B. Jam formule
/5 4x == A valor differentialis 44 eft = uy. dx. 29, &
formule /Zx o/ (yy-+pp) valor differentialis dB eft = ny.

d.‘\.’ — j._______ 211470 __T__ ﬂ!. _-.'-._..P______ :
( v ('J"‘,“i "i”‘jfp) dx ‘/(.:",7*‘1’}’) )- QU&TC cum

generaliter invenerimus pro curva hanc @quationem Bd A —

A dB, erit divifione per n, inftitura, 2 Bydx — — 4249 _
> 10N¢€ per ny inlttuia yax 7 (.-j')u..}.},w

MESHO et 0 SR S0 o
ICTESTI, Multiplicetur ea per p, ob pdx=dy

ric 2 Bydy = A P 5 SN - ; 4
AT (v’(n-{*w) »e ASTE D)

td lo ydy pdp
y y(:(‘y)—i—‘p‘p) \/(M+PPJ+\/(J)+IJF)
9

— e == ], e P o Hih
v Qy+re) vy +22) v s+ rp ) P s
de fiet 2B_y»{y=d(d.3/(y_y+ﬁp)-—d.

Y At

R e Ll O
1/()*.9'+PP))’
p

it gl R R s
OdeVLJJ+PP)+ 4 v oytrr) o ‘/(-;9"*‘}?’)
= ‘/G;{Z*‘_“_;}T)- Quare integrando habebitur, fi T =

ponatur, ifta aquatio yy + bb=—=c v (yy+pp) “Q‘(gﬁ@
L | e g |6 (8 s (9988)%) _ “dy .
vo+tre) 1 bb T e

5

+ bb)dy .

y (c;;{',_'m (ﬁﬁ’_é b5 %) ¢ €X qua @quatio-
ne facile deduci poteft, fi fit ¢ & 464 quantitas pofitiva ,
conftructionem per quadraturam Circuli abfolvi poffe. At idem
facilius patebit, fi loco dx, vel p, introducamus perpendicu-
lum CP, ex C in tangentem M P demiflum. Quod fi au-
gem  hoc perpendiculum CP ponatur =— u, erit y: » =

. it 3y
4%y (yy+pp): ydx, hincque v Oy+re)

hincque dx ==

==#; quamo-
brem
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brem cum effet yy + 46 :Ff;y? erit yy + b6 ==cu, quam
05 )

conftat effe aquationem ad ipfum Circulum. Hoc ut oftenda-
mus , fumatur Circulus quicunque , centro O, radio OM =¢
defcriptus , punétumque C fumrum fit in C, ita ut fit O C==4.
Jam dufa reta CM =y, & CP=uw, perpendiculari in tan-
gentem MP, erit CP parallela radio O M. Ex M ducatur
diamerro EF parallela MR, erit MR=C O==4; CR =
OM=—¢, &PR==#—g: quiaigituret MR* =MP"+-
PR:*—=CM*—CP*4PR?, erith*=— j‘*——n'—I—(ﬁug}‘
—y* —- 2¢# +-gg: hincque yy +gg — hb == 2¢% ; qua com-
parata cum inventa yy =+ bb==cu, fiet g =1¢, & +bb =
Lec—hhy feu bh—=%eeFbéb. Erit itaque curva quafita
Circulus, radio =4 ¢ deferiptus , pun&to C ubi libuerit ac-
cepto. In tali Circulo quafito fatisfaciet arcus A M, fifuerit
‘Ef&l e zfi'; =1 ¢==radio O M; hoc eft fi firerit area ACM
— arc. AM. AO = duplici fetori AOM. Hoc autem
fieri nequit , nifi punéum C extra Circulum accipiatur 5 quo cafu
hze conditio infinitis modis adimpleri poteft; atque adeo effi-
¢i ut curva fatisfaciens per dara duo puncta tranfeat.

Exemerrum IlL

29. Invenire carvam DAD ad axem AC relatam, in gua

T o fxdxy/(14pp)

pro data abféiffa AC=a, fit T IEE T
Si ponatur abfciffa indefinita AP ==, applicata PM ==y,
Sedan/(1 + pp)
3 fdx /(1 ':;"‘PF)
tis curve M A M, tanquam uniformiter gravis {peGata a punc-
to infimo A; que ergo diftantia, tranflato P in C, debet efle
minima. Ad hoc inveniendum, pofito x==a, fit [xdxy/(14pp)
= A, & fiey(1+pp)==B: formule autem fedxy/(1+4pp)
Vg reperi-

PRERIITHM.

& dy=pdx; exprimir

diftantiam centri gravita-

Fig. 14,




w
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reperitur valor differentialis 44 = — 5,.4 W, & for-

/
mule [y '(142p) valor differentialis 4B — — 2. 4. — -t

: \ |:‘|+ r.l)
quibus in] aquationc B4 A4 — A44B fubfticutis, prodlb,c
xp A 2
B e SN AR W pofito —==v¢, eritd, ——
Vil-p) v \11". B v ( f+:.
7 4 P
== rd. bl ", undc integrando oritur —- =
v i+4pp) ‘ ; V\1+”U
e SRR S - s N i :
T b, feud V(1 +pp ) =(c——%x)p; thquc eli-
. }? (8'}' .
QI pee = e 7 El‘lf €ergo 9y —
b V{((c .);Jz'—bg’;) dx 50 J
. Bkl ST !
[ = - 7y qua equatio indicat curvam quafitam efle
iy o | I’\;"—" 5 e )|

Catenariam , initio abfciffarum pro x in loco axis A C quocun-
quE accepto : quin etiam pro axe fumi poteft re@a quecunque dia-
metro Catcnariz A C parallela, in eaque punctum quodcunque
pro axis initio, onmodocunque autem axis , c;u{quc initium
conflituatur , quaftioni fatisfiet ea tantum curva portio, ubi fic

_fxd'cg 1—}-;;;) ==c¢/fdx V(1+pp). Ponamus pro axe ip-

fam diametrum AC, & verticem A pro initio abfciffarum acci-
Quiain A, ubieftx =—o, Et-é —=p = o, necelle eft
ut fit cc —bb=o, ideoque 6==¢. Verum hoc cafu fit

cdx - L
y *‘*f =, quz curva furfum directa fit imaginaria ,

KX =1 =LK )

donec .1at X>2¢. Sitergo ¥ ==12¢-7, erit £ = abfciflze AP,

?r
& y=PM ——f il 7y curvaque DAD erit catenaria or-
(2671
dinaria. Quo autem 3pparmt quanta ejus portio qua [hom fa-
tisfaciat , notandum eft, ob dx=—4df, efle p—= —

V\"L.“'i‘.s'ﬁ) ’
& V(1428 = gty hinoque [dxy/ (1 +p) =

Jrdx (1 4-pp)
;:'., "r([ +h_)

C

1 ’f_+ ”_’j — g( ce1), At ipla cxprtﬂ'o

=
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[tdtd (x+pp)

W (2¢ct 4122)
do poteft. Ex quo concluditur nullam curva hujus postionem
quefito pra reliquis magis fatisfacere. Quamobrem initium abl-
ciffarum non fumi poteft in vertice A. Sumatur ergo in alio
quocunque punéto, pofitaque AP = #; fieri debet 262 - 1¢
= (c— x)*—¥& p; undefit, vel b4-t=—=x—c¢, vel b+
3 —¢—x. Prior @quatio ¥ =6+ ¢ ¢ locum habere ne-

fit — 2¢ 4 , que ipfi ¢ xqualis fieri nullo mo-

quit; quia , ob c_!.r:a*r, fieri non poteft ——————% {feu

e WO [de V(t4pp)
(b+¢ +f|_'f;j_rfl?‘?_-_if.+_.;-§§) —¢. Ergo fiat x—¢—b—1t, quo

cafis abfciffe ab aliquo puncto axis A C fuperiori deorfum def-
cendent : fierique deberet C——“U f'+5\ f e f'(l—}'}"ﬁ)

Jdev (1 4=pp) Jae V(1 4 pp)
— ¢, quod pariter fieri nequit; ex quo concludendum eft ,
nullam portionem magis quam aliam quamvis fatisfacere. Hoc
autem inde venire videtur , quod Catenaria duas habet partes
conjugatas veluti Hyperbola conica, hincque femper fieri po-
f.\'.'f\' Vil +_JIJP }
Jax ¥ (1 +[=‘1)

teft —o, qui eft yalor. minimus.. Hoc clarius

confirmari poteft ex valore invento p = 47 _i);___b,) ;
unde fit V(1 4pp)=— -,!(.:t--f__;; o (¢—x)r, po-
fito brevitatis gratia r = gr——— ;.:ﬁ —y Oporteret ergo
' in cafu quafito efle ‘:r‘f ; ._'ﬁ"j i\':;_—f = ¢ feu fle— x)'rdx

— o, quod cum cafu x == o evanefcere debeat, alio infuper ca-
| o (¢e—=x)*d
# fu evanefcere deberet. At eft /(e—x)*rdx _f”._i——_ e

| ‘c—x)t —b%)
l . bb , c—xdf((c—x *—b")
I e ML i ety U Ay R T Tl

I:E - 7 € .-'t':'\/(lg X ) 2 e v ( P, TR )

4 Ley/ (et —#* ), que expreflio; cum {emel fuit =0, poft,
ob(¢—x)* perpetuo affirmativium , continuo crefcet neque de-

nue
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nuo fieri poteft == o. Quamobrem ambos terminos integra.
—X)7A% ihter fo congruere oportet ;

V(o y*—=p*) 11EF, f¢ cong ’

quod evenit (i fuerit x=¢: quo cafu curva fatisfaciens abit in

lineam reGtam axi normalem, qua utique centrum fuum gravi-

tatis a fe minime habet remotum.

(¢

tionis formulz /°

ExeMmerum IV.

k \ 5
30. Invenire curvam , ix gua . pro data abfcifla x ==a , [it hec
fyxdx
expreffio ,
2ref fdxv(1-4pp)

Pofito x =4, fict fyxdx —A, & [dx (1+pp)==B.
Jam formule /5% 4x valor differentialis eft 4.4 — 7. dx. x —
#v.xdx, & formule fdx vV (1 +p2p) valor differentialis eft

T AW it AN}
dB —=—py. 4, TSN Quare cum fit B4.4—.AdB,

maximum vel minimam.

. . . fe's P Al
habebitur ifta 2quatio Bx dx — — 4. TET T feu xdx =

—ccd, m{}_—ﬁ—), pofito A=—=B ¢*, Unde integrando obtine=
be-—xx
G — (b))
(be——nx)dx
V(4*— (bc — xx)%)

2ccp
Va+p)’
quz prabet y=—= [

bitur xx =— C —

e i
O dw
@quatio generalis pro curva Elaftica cujus hxc proprietas ,
quod radius ofculi ubique abfciffe x fit reciproce proportiona-

hincque p=—=

» quz eft

Lis: id quod patet ex @quatione xdx==—g¢cd. 2 E ] fl'-PP) >

qua abit iz _::;f_:%’ eftque -;- VA )
T & T )
dx(f-i-pp)“z

r radius ofculi in curva. Hujus autem curve

tanta portio ab initio computando fatisfacit, in qua erit /yxdx

—
—

1
%'
1
|
i
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=ccfdxy (1 +"P)=“4fv’(4&"'—-(::—:@:6)'); qua de-

terminatio eo revocatur, ut effici debeat f@xy/(4¢*—(be—xx)")
— f##—-—&f)fv( d%lhe=rXx)

gct — (be—xx)')’
utramque ponatur ¥x=—=4. Hoc itaque modo conftans illa ¢
per 4 determinabitur.

fi poft integrationem

ProrosiTIio IV. PROBLEMA.

st. Invenire eguasionem inter binas wariabiles X &'y ita com=
paratam, ut, pofita vaAriabili Xx=—=a , maximum minimsmve fas
axprefio W', que [it funitio quecungue formularnm insegralinm ,
{7 dx, (Ydx, (Xdx, dc. in quibus denotent Z,Y , X e
functiones quafcungue ipfaramX, ¥, P Q> &¢. [ive, determinatas s
[five indeterminatas.

$ 0OL U ¥ I O

Ponamus idoneam aquationem inter x & y jam efle inven-
tam, pofitoque x==4, fieri [Zdx=A; [Tdx = B; [Xdx
— C &c. hisque valoribusin expreffione M {ubfticutis, habe-
bitur revera maximum vel minimum. Qued i igitur altera va-
riabilis y in uno loco particula n» augeri ponatur, arque nafcen-
tes hinc mutationes in fingulis formulis [ Zdx, [Ydx, fXdx
&c. introducantur , idem pro F# valor prodire debet. At ab
illa particula ny formule [Zdx, [Tdx, & (X dx &c.quaque
{uis valoribus differentialibus augebuntur. Si ergo ponatur for-
mulz [Zdx valor differentialis —d A, formule [T dx —dB,
formule / Xdx =—dC, &c. loco quantitatum 4, B, Cu 8.
orientur a particula n ifte auéte A+dA, B+4B, C+4dC
&c. qua in M fubftitute eundem valorem producere debent,
quem ipfe 4, B, C, &c. Ponamus, 4 +4d4, B+ 4B, C+
dC &c. loco [Zdx, [Tdx, [Xdx &c. {ubftitutis, prodire
+dW; eritque W dW-—=MW, ideoque d W =o0. Hic
autem valor 4PV, ut ex differentiationis natura liquet, inveni-

Euleri De Max. ¢ Min, X tur ,
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tur, fiquantitas 7, poftquam in illa, loco formularum integras
lium, litterz 4, B, C &c. funt fubftitutz , differentietur, his ipfis
liweris 4, B, C, &c. tanquam variabilibus traltatis; in hoc-
que differentiali,d4, 4B, dC &c. valores differentiales formu~
larum relpondentium fZdx, [Tdx, [Xdx &c. defignent. Hac
igitur fignificatione fumprum differentiale quantitatis propofita
W, fi id nihilo aquale ponatur, dabit @quationem inter ¥ &
7 quefitam. Q. E. L

CoRoLL.L

32. Si ergo propofita fuerit ejufmodi expreffio ¥V fun&io fors
mularum integralium /Zdx, [Tdx, [Xdx &c. qua, pro des
terminato ipfius ¥ valore =4, debeat effe maximum vel mij-
nimum: tum loco formularum /'Zdx, [Tdx, X dx &e. fcrie
bantur littere 4, B, C, &c. quo falto, expreflio M/ diffe-
rentictur his lirteris 4, B, C, &c. folis tanquam variabilibus trac-
tatis , atque differentiale ponatur =—o,

GO0 o1

33. In hoc differentiali, in quo inerunt litterr 4, B, C;
&c. cum fuis differentialibus 44, 4B, 4C &c. littera A, 8.C
&c. denotabunt refpective valores formularum [Zdx, [Tdx ,
SXdx &c. quos induunt pofito x —a; ar differentialia d.4 .
4B, 4C, &c. exprimunt valores differentiales earundem for-
mularum  integralium abfciffe ¥ = 4 refpondentes.

Cox 9 " I1T

34- Exprecedentibus autem apparet, fi Z,7, X &e. fuerint
funétiones determinate quantitatum «, 5, p, g, &c. tum va-
lores differentiales 44,4 B, dC, &c. non a valore « pendere :
contra vero fi Z, T, X &c. fuerint fun&iones indefinitz , tum
valores differentiales 44, dB, dC &, finul a valore « pende-
re debere.

C o-

(
I
...1
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a0 o e O R (3

35. Cum igitur hoc modo P¥" fiat functio litterarum 4, B, C,
&c. ejus differentiale hujufmodi habebit formam Fd A+ GdB
+ H d C + &c. hincque zquatio quzfita erit 0o ==Fd 4 + G4B
4+ HdC+ &c. ubi F, G, H &c. erunt quantitates conftan-
tes , per A, B, € &c. determinata,

il o g o 0 olge P

26. Aquatio ergo Problemati fatisfaciens, conftabitex valo.
ribus differentialibus fingularum formularum integralium in ma-
ximi minimive exprefiione F¥ contentarum, fingulis per conf~
tantes quantitates determinatas multiplicatis : horum fcilicet pro-
ductorum aggregatum nihilo @quale pofitum dabit zquationcm
delideratam, A

&L 0 & 1.0 N .5

37. Potniffemus hanc Problema propofitum refolvendi me-
thodum , ex folutionibus binorum Problematum precedentium,
-per induétionem, jam concludere:: quippe ex quibus jam pate-
bat, {i fuegit maximi minimive formula 27, vel productum ex dua-
bus formiﬁis integralibus , vel quotus ex divifione unius per alte-
ram ortus, tum difierentiale expreffionis #/ modo expofito
fumtum prxbere zquationem Problemati convenientem, Praf
titit autem hoc Problema, ob fummam ejus extenfionem, fin-
gulari folutione munire, In hoc enim Problemate continentur
omnes omnino Quaftiones , que inhoc genere , quo expreflio
quepiam maxima minimave defideratur , unquam proponi atque
excogitari poffunt : ideoque per iftam Propofitionem penitus
exhaufta eft methodus maximorum ac minimorum ablfolura ,
quam primo pertractandam fufcepimus, Praterea hic notandum
eft, fi expreffio # non tantum formulas integrales , uti pofui-
b, mus,
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mus, comple&atur ; verum etiam funGtiones determinatas ipfa-
rum x, 5,2, ¢, &c. tum folutionem nihilo difficiliorem redds.
Nam pari modo, loce harum fun&ionum determinatarum, quanti-
tates conftantes poni debent , in quas fcilicet abeunt pofito
X ==4; at poftmodum, in differentiatione ipfius MV, has quan-
titates etiam tanquam conftantes tractari oportet; eo quod func-
tiones determinata nullos valores differentiales recipiunt. Quo
autem clarius appareat, quomodo iftinfmodi cxprefliones trac-
tari conveniat; in fequentibus Exemplis nonnulla occurrent 2
qua hoc argumentum penitus illuftrabunt,

Exgimepzon L

38. Invenive curvam coordinatis orthogonalibus contentam | in

gua fit maximum wvel minimuns iffa expreffio (1 4 PP)II 2 fdy
+ yldx v(1+ PP); fi poratur abfiifa x— 3.

Ponamus zquationem inter » & ¥ quafito fatisfacientem jam
effc inventam, atque pofito x = « fieri 4 =f& (14pp)
==g: itemque [ydx=—=A, & [dxy/ (1 +27)=D5B;eritd A—=
w.de,& dB ——ny.d —L Expreffio igitur, quaz ma- -

S Va+pp) g
xima erit vel minima, hoc cafu cft ¢ 44 £ B, cujus difkerentiale

et gd A+ fd B; quod pofitum — o, dabit &quationem de-
fideratam pro curva. Hic fcilicer intelligitur lirteras y & £, qua
ex functionibus determinatis funt ortz, in differentiatione tan-
quam quantitates conftantes effe traGtatas. Subftitutis jam pro
dA4 & 4B valoribus debitis, divifioneque per »y fala, orie-

: . ! et LT T
sur ifta zquatio pro curva quefita ¢ dx [ Y TR

Ponatur -'é—’: == ¢, itaut ﬁr-v—zl—_’;_—zj-ﬂ- =y, calu quo eft

T - 3 1 —— —-—.__c__-p_-_.___ j)
¥ == «; crit integrando ¥ + ¢ Y GiFpp) atquep
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x & L dy . : L Tl
TR G e fity=k 4+ v (¢* =—
(x+46)*). Curvaigitur fatisfaciens eft Circulus, radio ¢ def-
criptus, abfciffis fuper redta quacunque affumptis , pariterque
abfciffarum initio ubicumque ftaruto. Quantitas autem ¢, qua
radium Circuli conftituit, ex definita abciffa ¥ = # determina-

tur;; quia effe deber ——7,—~ ==~¢, cafu quo x =4, Fit

(14pp)

autem hoc cafu y== 4 + v (¢* — (4+6)" ), &V Q+2p)
il ;-&_I_ N unde oritur ¢ e = & v/ (c6e— (a+6)*)
4 (ce — (a+6)*), perquam, vel ¢ per #, vel viciffim
« per ¢ determinari poteft. Ponamus effe 4 =—o0,6—= —¢,
ita ut axis fit Circuli diameter, initiumque abfciffarum in verti-
ce conftituatur; erit y=+v/ (2¢x— x x ), atque fiet (2 — ¢)*
—o,feuc =4«. Ex quo imtelligitur, hoc caflu quadrantem
Circuli quefito fatisfacere.  Sin autem initiumabfciffarum in lo-
co diametri quocunque capiatur, fiet tantum b =o, & fiap-
plicatz pofitiva fumantur fiet (44-6)' —o,fen, & — — <.
Diameter Circuli ergo manet indeterminatus: portioque Cir-
culi hoc modo fumti queftioni fatisfaciet, qua abfciffz a fua
origine ad centrum Circuli ufque producta refpondet.

EXEMPLUM g

39. Invenive equationem inter X ¢ Y > ¢ pro walore definito %

== a, hatexpreffioy fdx V(1 +pp) {ydx flar maximum vel minie
wnm,

Pofito x—u, fiat y=F, fdx V(14-pp) =— A & [ydx
=B, erit dA— — #v. d. P _ & dB = 5y dx

v(rtpp)
Maximum ergo minimumve effe oportet hanc q11:1nrit:uern_,t‘"(‘j B,
cujus differentiale cﬁfA BaAlf+ f“! d B; quod pofitum =—o
dabic Bd4if=— dB. Pro zquatione quifita igitur ha-
X 3 betur
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’ Lty inea W I
betur Bifd. ; e 4’;’, & integrando x4 6 — e

e LR S ik
) pofito B/ f = ¢. Habetur ergo p =
X

J (cci—j-(.fr-i—x)’) &yp=bt ¢ (¢ — (b+x)*). Erie
igiur =14t v (e* — (b4 a)*), pofito x = 4, atque
B=/[ydx=ha+fds (e* — (é+4x)*), pofito poft
integrationem ¥ ==4. Fatto igitur B/f =—c¢, innotefcet va-
lor 4, cui fi ¥ ®qualis capiatur in Circulo radii ¢, portio abfcin-
detur Problemati fatisfaciens. Ceterum ex his & Coroll. 5
colligere licet, quoties formula maximi minimive fuerit funcio
quacunque binarum harum formularum [y dx & [d x v/ (x +22)s
curvam fatisfacientem perpetuo effe Circulum : tantum ex folu.

tione quantitas portionis fatisfacientis debet diligenter invefti=
gari ac determinari,

Exxuwr»ron TIL

40. Drvenive &quationems inter X ¢ Vo ut, poﬁ:g X=——24, maximum
i e ol
minimumuve fiat iffa expreffio ¢ sy KL A=bp) ﬁ‘:nﬁh“/\I + g X.

Ponamus, cafu propofito quo x == 4, fieri nfdxy C14pp)
=== My e P SE NS TR ) e By o i i
nimumve fic hec quantitas e 4 B | cujus differentiale eft

P —e ~“BdA; quod pofitum == o dabit zqua-
tionem hanc dB=Bd A, At eft 4 4 valor differentialis for=

; SR fard et aue
mule #/dxy (14pp),unde eric d Ad=—=—n,. 4. VCi-42p)

atque B eft valor differentialis formulz /z"/4*V(1 1) 4, i
lqu_a: continetur in Cafur fecundo §. 7, ubi eft 2=V (1t pp)
&n=/fdx V(x4 pp), ita ut fit P "B & 42

747, unde erit L==¢""n, & reliqua licterz A4, N,
b,

i I1
&

i
pulsFae—
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P, &c. fient == o. Porro, ob n=/fdxv (1+pp). erit [2)

=y (14pp), & d[ 2] == ?'TEPT??FJ ex quo erit [M ]
o N]l=—o, o B {
o; I N)==0,&[F] T+ Jam eft fLdx

:af:n"rdxv(“l-j’?)dx, cujus valor, pofito x = a4,
?Ifffxv’(l"i"f-'}'}de
(f;l J

erit == #B; hincque ¥V = # (8 — [«
Per Regulam ergo datam fiet d 2 —=n». dx( —
Pily 2 llP(l-—-—fe”fJxa(I-l-PP)dx)
7 R"" T (=T
d. ﬁﬁ) ,f:b :; B+=)B d A, Integrando itaque eris
nfdxv (14pp
s # Bp o

wp(B—/¢ & 34
e o 2 i Y i p) ;
bV +rp) — A5V (1FP2) 4y Ex qua

= = NV

hincque
squatione , quia valor determinatus 4 exceffit , perfpicuum eft
xquationem inventam pro quovis ipfius x valore =que valere,
Ut autem hanc zquationem evolvamus , erit, differentialibus

; —bdyp =£ufd:c s’(l-{-pp)dx:
p*v(1+pp) :
¥ (1 + pp) multiplicata atque integrata, dat EP— + ¢ ==

fumtis que, per

p ufdxy/ (1tpp) » qui exponentialis quantitatis valor in illa

nbhdx b d
.2 PV (i)’

Commodior autem 2qua-

zquatione fubftitutus, dabit

—bdp
; p(nb+cp) VOtrr)
tio oritur, fi ponatur /dx v ( 14 pp) = s, eritque s arcus
curve, fi fuerint x & y coordinata normales. Quare habebi-

feu dx —

ms

tur ifta 2quatio #b +-cp=—c¢

ta, ob dy == pdx, abit in hanc #bdx +¢dy=¢"" dp
Cum

P, qu& per d x multiplica-
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Cum autem, pofito , ¥ == o, arcus s evanefcere debeit, ne-
cefle eft ut fit hoc cafy s + ¢ =.0; hinc itaque vel dato

curva initio conftans ¢ determinabitur, vel viciffim ex ¢ pofitio
prima tangentis innotelcet. . Caeterum fi hanc quzftionem arten-
tius contemplemur, deprehendemus eam jam contineri in Exem-
plo quodam Capitis praced. §. 45. Cum enim noftra exprel~

fio, qua maximum minimumve effe debea, it ¢ /4 (122)
ff”fdx Viidrp) d x ; ponatur eca=— I¥/, crite”m’“"(' +PP)W

et g nidzr ¥ (1dasp) dx, atque differentiando fiet 4/
+2Wdxy(1 + pp) = dx. Maximi igitur minimive cx-
preflio J¥ datur per aquationem differentialem , qua in Cafu
quarto §. 7 continetur: atque methodo convenienti tractata
ad eandem perducit =quationem, quam hic invenimus. Quaf-
tionem autem illam in fe compleitentem fupra in Cap. prec.
S-45 trattavimus, in quo hufic ipfum cafum adjunétum fpec-
tare licet.  Comparatione autem inftituta, fummus perfpicie-
tur confenfus folutionum variarum ejufdem Problematis, quz
quidem tentari queant.

Ex2uP»roN. IV,

41. nvenire curvam in gua, pro data abciffi ==, flar iffa expreffie

Fdxﬁn.:f.y.t/(:-{-pp_) : i
fdx col Ay. v (1 Fpp) maximum vel miniminn.

Pofito x =4, fiat fdx (1 +pp) " * fin, Ay=4A4, &
Jdx(1+pp)* cof. Ay =— B; erit, per valores differentiales,
dA—=—uny. d’.‘h’((; -j—‘pp)l:zcoﬂ’Aj—_..dL P M) , &

i % V(I+I:'PJ
4B =» ¥ =Ly i Ay Loy, “‘_‘Lfff’ﬁm J:

o o : 5 :
Cum igitur = debeat effe maximum vel minimum , erit B 4.4

——
——
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== A 4 B; pofito ergo -'g—m;&, fict (1—|~pp)“ze{.\:mf.ﬂj

22 ) _j'iﬁﬂ, o o\ w finn. Ay —= md peol Ay
RUETD ot 7 Bt S R N

Multiplicetur per p, erit [ob d (1 + pp ) " fin, Ay ==
Ay(14pp) " “col. Ay +‘f‘;éi—f_',_7ﬂ'{ & d. (x+pp)  cof.
2 - pdpcol Ay 1; 3
AJ:-—-.J)'(I-}-PP)‘ IIHAT"I“;EI;N_%—MJ‘{(I‘{—FF)
ey o phn Ay 112 e
fin. Ay rd'Av’__—__(I*-PP) = mld. (1 +pp) l:{)i-.r Af
gpool A%ee | v fea e A
d. i) qua integrata & reducta prabet GCE TR
= :%ECI—D:_—%-I-EJ: five by/(x+pp) = fin. A y— m col. Ay;
ubi notandum eft fieri debere, fi x = « ponatur, m ==

12
fﬁxff!'-i-PP)i_zﬁ“' 82, Sit m:{_;“i' A% — tang. An; fet
Jr‘,fx(;—}—jgp)' ool Ay col. A n
‘,vf(I_F?P):M:f}Ja:qugjr:ﬂ—[—ﬂﬁn.f}(l—}—pp)“z

col. An
col. An. Quiavero cft dy=—=pdx, eritdx — d?y At eft dy=
. cpdp
v(a4+pp)(x —cc—ccpp)
quibus conficitur ¥ =/ s

- cpd

Y= TR = copp)
erit —_-/L-_'-—:Ccf“;p—_—;ﬁl = A fin. \f'(_lf-{- oy Quare fi
arcus cutve dicatur ¢ 5 habebitur ifta concinna @quatio 4« fin, As
= -.f(_:_iif;?) . Conftruétio vero ex anterioribus formulis {pon-
te conlequitur,

, pofito & cof. An=¢. Ex
t‘n’jﬂ

(rtpp) (1 —cc— ccpp

; longitudo autem curva

3> atque

(a4

Euleri de Mux. & Min. Y $CHO:-
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SCHOLION IL

2. His igitur Capitibus penitus abfolvimus eam Methodi
maximorum ac minimorum ad lineas curvas inveniendas ac-
commodate partem, quam abfolutam vocavimus : in qua fem-
per linea curva requiri folet, que habeat , pro dato quodam
ablciflz feu alterius variabilis x valore, expreflionem quamcun-
que indeterminatam, maximum minimumve. Nam ifta expref=
fio , que maximum minimumve efle debet, ve! erit una qua-
dam formula integralis forme /' Z 4 x, ita ut Z (it funttio qu-
cunque ipfarum x, y, 2, g, &c. five definita five indefinita ;
pro quibus cafibus Methodum tradidimus in Capitibus prace-
dentibus : Vel maximi minimive expreffio illa continebit in fe
plures ejufmodi formulas integrales, ‘ita ut fic dvarum pluriumve
formularum integralium funétio quacunque; pro hocque cafu Me-
thodus idonea in ifto Capite eft expofita, atque Exemplis il-
luflrara.  Univerfa autem Methodus, quam hic dedimus, ni-
titur inventione valorum differentialium , qui fingulis formulis
integralibus que vel ipfe maximum minimumve effe debeant,
vel in maximi minimive expreffione contineantur, atque ideo to-
ta {olvendi Methodus reducitur ad Cafus illos, quos §. 7 hu-
jes Capitis conjunctim reprefentavimus.  Qui igitur illos cafus
in memoria tenet, vel in promtu habet, is ad omnia hujus
generis Problemata expedite refolvenda erit paratus. Neque
vero folum Cafus ibi enumerati Methodum maximorum ac mi-
nimorum abfolutam conftituunt s verum etiam Methodum altew
ram relativam , quam in fequentibus aggrediemur, abfolvent 3
ex quo illorum Cafuum fummus ufus in utraque Methodo abun-
de perfpicietur. Hanc autem tractationem duobus Capitibus
abfolvemus, in quorum priori omnibus curvis , ex quibus qua-
fita deber ervi, unam-quandam proprictatem communem , in
pofteriori vero plures tribuemus.

C A-

.\;

-
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